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EXERCISE'jAft EUCLID. 



I. ltol5. 



1. Let AB be the given straight line on which the isosceles triangle 
is to be constructed j let DE be the straight line to which each side is to be 
^"*~ JYith centre A, and radius equal to DE, describe a circle-; with 
radius equal to DE t describe another circle; let these circles 
C. Join AC and BG; then ABC will be the triangle required. 




The given point and the vertex of the constructed triangle both fall 
on the circumference of 'the small circle. 

3. Let AB and CD be two straight lines which bisect each other at right 
angles at the point O; so that AO is equal to OB, CO is equal to OD, and 
the angles at O are right angles. In CD take any point 2?, and join EA anl 
EB: then EA shall be equal to EB. 

? - For AO is equal to BO by hypothesis; EO is common to the two tri- 
V tingles AOE and BOE; and the angle AOE is equal to the angle BOE 

by Axiom 11. Therefore EA is equal to EB 9 by I. 4. 

Similarly it may be shewn that any point in AB is equally distant from 

C and D. 

4. The angles ABC and AGB are equal by L 5. Hence the angles BBC 
and DCB are equal by Axiom 7* Therefore the sides DB and DC are equal 
by I. 6. 

"""' 5. The angle DBA is half the angle ABC, by construction. The angle 
BAD is equal to half the angle ABC, by hypothesis. Therefore the angle 
DBA is equal to the angle BAD. Therefore BD is equal to AD by I. 6. 

6. It is shewn in the demonstration of I. 5, that the angle BCF is equal 
to the angle CBG; therefore BH is equal to CH, by I. 6. Also it is shewn 
that FC is equal to GB % Therefore FH is equal to GH by Axiom 3. 

7. AF is equal to AG, by construction; AH is common to the two 
triangles FAH and GAH; and FH is equal to GH, by Exercise 6: therefore 
the angle FAH is equal to the angle GAH by I. 8. 

8. AB is equal to AD, by hypothesis; AG is common to the two tri- 
angles BAG, DAC; and the angle BAG is equal to the angle DAC, by 
hypothesis: therefore the base BG is equal to the base DC, and the angle 
AGB is equal to the angle ACD by I. 4. 

T. EX. 1 
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2 EXERCISES IN EUCLID. 

9. The angle ACB is equal to the angle BDA by L 8; and then the two 
triangles ACB and BDA are equal in all respects by I. 4; so that the angle 
ABC is equal to the angle BAD. Therefore AO is equal to BO by I. 6. 

JO. Let ABCD be the rhombus, so that AB, BC, CD, DA are all equal. 
Join BD. Then in the two triangles BAD, BCD the base BD is common; 
and the two sides BA, AD are equal to the two sides BC, CD, each to each; 
therefore the angle BAD is equal to the angle BCD, by I. 8. Similarly it 
may be shewn that the angle ABC is equal to the angle ADC, 



11. Let ABCD be the rhombus, so that AB, BC, CD, DA, are all equal. 
Join BD. Then in the two triangles ABD, CBD, the side AB is equal to the 
side CB, the side BD is common, and the base AD is equal to the base CD; 
therefore the angle ABD is equal to the angle CBD by I. 8. Thus the angle 
ABC is bisected by BD. Similarly it may be shewn that the angle ADC is 
bisected by BD; and also that the angles BAD and BCD are bisected by AC. 

12. Let there be two isosceles triangles ACB, ADB on the same base 
AB, and on opposite sides of it. Join CD; then CD shall bisect AB at right* 
angles.- 

In the two triangles ACD, BCD the side CD is common; AC is equal 
to BC, by hypothesis; and the base AD is equal to the base BD, by 
hypothesis ; therefore the angle ACD is equal to the angle BCD by I. 8. 

Let AB and CD intersect at E. Then in the triangles ACE, t BCE the 
side CE is common ; the side AC is equal to the side BC; and the angle 
ACE has been shewn equal to the angle BCE: therefore the triangles are 
equal in all respects by I. 4. Thus AE is equal to BE ; and the angle AEC 
is equal to the angle BEG, so that each of them is a right angle. 

Next let the two isosceles triangles ACB, ADB be on the same base A 
and on the same side of it. Join CD and produce it to meet AB at E. It 
may be shewn as before that AE is equal to BE, and that the angles at 
E are right angles. 

13. Let AB be the given straight line, C and D the two given points. 
Join CD and bisect it at E. From E draw a straight line at right angles to 
CD, meeting AB at F. Join CF, DF. Then CF shall be equal to DF. 

For in the two triangles CEF and DEF, the side EF is common, CE 
is equal to DE, and the right angle CEF is equal to the right angle DEF: 
therefore CF is equal to DF, by I. 4. 

The problem is impossible when the two points C and D are situated on 
the same perpendicular to the given straight line AB, and at unequal dis- 
tances from that straight line. 

14. Let AB be the given straight line, C and D the two given points. 
From D draw DE perpendicular to AB, and produce DE through E to 
a point F such that EF=ED. Join CF, and produce it to meet AB.&t G; 
join DG: then CG and DG shall be the required straight lines. 

For ED is equal to EF, and EG is common to the two triangles EDG 
and EFG ; the right angles GEF and GED are equal : therefore by I. 4 the 
triangles FEG and DEG are equal in all respects, so that the angle FGE 
is equal to the angle DGE. 

The problem is impossible when the two points C and D are equally 
distant from the straight line AB, and not on the same perpendicular to AB. 
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If C and D are equally distant from AB, and on the same perpendicular, then 
any point in AB may be taken for the point O, 

15. Let the angle BAG be bisected by AD, and the angle BAG by AE: 
the angle DAE shall be a right angle. 

Since the angle BAD is half the angle BAC, and the angle BAE is 
half the angle BAG, the two angles BAD and BAE together are half the 
two angles BAC and BAG together. But the angles BAC and BAG together 
are- equal to two right angles, by I. 13 j therefore the angles BAD and BAE 
together are equal to a right angle. 

16. Let the four straight lines AE, BE, CE, DE meet at the point E, 
and make the angle AEB equal to the angle CED, and the angle BEC equal 
to the angle DEA : then shall AE and EC he in one straight line, and also 
BE and ED in one straight line. 

By I. 15, Cor. 2 the four angles AEB, BEC, CED, DEA are together 
equal to four right angles; but the two angles AEB and B&C are equal 
to the two angles CED and DEA ; therefore the angles AEB and BEC aie 
together equal to two right angles;. therefore AE and EC are in one straight 
line by L 14. Similarly it may be shewn that BE and ED are in one 
straight line. 

L 16 to 26. 

17. The angle BDA is greater than the angle CAD, by L 16; the angle 
CAD is equal to the angle BAD, by hypothesis: therefore the angle BDA is 
greater than the angle BAD. Therefore the side BA is greater than the side 
BD, by 1. 19. Similarly it may be shewn that CA is greater than CD. 

18. Take any point G in BC, and join AG. The angle AGO is greater 
than the angle ABC, by I. 16; and the angle AGB is greater than the angle 
ACB, by L 16. Therefore the angles ABC and ACB are together less than 
the angles AGC and AGB together; therefore the angles ABC and ACB are 
together less than two right angles by L 13. 

19. Join BD. The angle ABD is greater than the angle ADB, and the 
angle DBC is greater than the angle BDC, by I. 18; therefore the whole 
angle ABC is greater than the whole angle ADC. Similarly by joining AC 
we can shew that the angle DCB is greater than the angle DAB. 

20. Let ABCD be the square; on BC take any point E; join AE and 
produce it to meet DC produced at F: then shall AF be greater than AC. 

The angle DC A is greater than the angle CFA by L 16. The angle A CF, 
which is greater than a right .angle, is greater than the angle DC A, which is 
less than a right angle. Therefore the angle ACF is greater than the angle 
AFC. Therefore AF is greater than AC, by 1. 19. 

21. Let AB be the given straight line, the given point without it. 
From draw OC perpendicular to AB; then OC shall be shorter than any 
other straight line OD drawn from O to AB. 

For the angle OCD is a right angle; therefore the angle ODC is less than 
a right angle, by I. 17 : therefore OC is less than OD, by I. 19. 

Next, let OE be a straight line drawn from O to AB, and more remote 
from OC than OD is : OD shall be less than OE. 

1—2 
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For the angle ODC is greater than the angle OEC, by I. 16 ; and the 
obtuse angle ODE is greater than the acute angle ODC: therefore the angle 
ODE is greater than the angle OED. Therefore OD is less than 0E t by 
L 19. 

Lastly, from C on the straight line AB take CF equal to CD, and on the 
other side of C; join OF. Then OF is equal to OD by I. 4. And no other 
straight line can be drawn from to AB equal to OD, besides OF. 

For if this straight line were nearer to OC than OD or OF is it would 
be less than OD, and if it were more remote from OC than OD or OF is, it 
would be greater than OD. 

22. Let ABC be a triangle, and any point. Join OA, OB, OC. Then 
OA and OB are together greater than AB, OB and OC are together greater 
than BC, and OC and OJ are together greater than CA, by I. 20. Hence 
twice the sum of OA, OB, and OC is greater than the sum of AB, BC, and 
CA ; therefore the sum of OA, OB, and OC is greater than half the sum of 

AB, BC, and CA. 

23. Let ABCD be a quadrilateral figure. Draw the diagonals AC and 
BD. Then AB and BC are greater than AC, and .42) and DC are greater 
t ( ian ^O; therefore the four sides AB, BC, CD, DA are greater than twice 

AC. Similarly it may be shewn that the four sides are greater than twice 
BD. Hence twice the sum of the four sides is greater than twice the sum of 
the diagonals; therefore the sum of the four sides is greater than the sum of 
the diagonals. 

24. Let ABC be a triangle, and D the middle point of the base BC; join 
AD : then AB and AC together shall be greater than twice AD. 

Produce AD to a point E so that DE may be equal to AD; join BE. 
In the two triangles ADC and EDB the two sides AD, DC are equal to the 
two sides ED, DB each to each; and the angle ADC is equal to the angle 
EDB, by 1. 15 : therefore AC is equal to BE, by I. 4. The two sides AB, BE 
are greater than AE, by I. 20; therefore the two sides AB, AC are greater 
than AE, that is greater than twice AD. 

25. Let ABC be a triangle in which the angle C is equal to the sum 
of the angles A and B. At the point C in the straight line AC make the 
angle ACQ equal to the angle A, and let CG meet AB at D. Then the 
triangle ACD is isosceles, by L 6. Also as the angle ACB is equal to 
the sum of the angles A and B, and the angle AGG is equal to the angle A, 
the angle BCG is equal to the angle B: therefore the triangle BCD is 
isosceles, by L 6. 

26. It is shewn in the preceding Exercise that ACD is an isosceles 
triangle, having AD equal CD ; also that BCD is an isosceles triangle having 
BD equal to CD. Hence, as AD and BD are each equal to CD, the point 
D is the middle point of AB, and AB is equal to twice CD. 

27. Let AB be the given base; at the point A make the angle DAB 
equal to the given angle. From AD cut off AE equal to the given sum 
of the sides; join EB. At the point B make the angle EBF equal to the 
angle AEB, and on the same side of EB; let BF meet AE at C: then ACB 
will be the triangle required. 

For, since the angle EBC is equal to the angle BEC, the sides EC and 
BC are equal, by I. 6. Therefore the sum of AC and CB is equal to the sum 
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of AC and CE, that is to the given snm of the sides. Also the base AB and 
the angle BAC have the required values. 

28. From any point D in the straight line bisecting the angle A of 
a triangle draw DE perpendicular to the side AB, and DF perpendicular 
to the side AC. Then in the triangles DAE and DAF, the side DA is 
common ; the angle DAE is equal to the angle DAF, by hypothesis ; and the 
right angles DEA and DFA are equal: therefore DE is equal to DF by I. 26. 

29. Let AB be the given straight line in which the point is to be found. 
Let CD and EF be the other two straight lines, and let them, meet, produced 
if necessary, at 0. Through draw a straight line bisecting the angle 
between CD and EF; and let AB, produced if necessary, meet this straight 
line at K; then K will be such a point as is required : for the perpendiculars 
from K on the straight lines CD and EF may be shewn to be equal in the 
manner of the preceding Exercise. 

Two straight lines can be drawn through bisecting angles formed by 
the given straight lines, so that in general two solutions of the problem can 
be obtained, but there will be only one solution if AB is parallel to either of 
the bisecting straight lines. 

If CD and EF are parallel the construction fails. We must then draw a 
straight line KL parallel to CD. and EF, and midway between them : the 
intersection of this straight line with AB, produced if necessary, will be the 
required point. But if KL is parallel to AB there will be no solution. 

30. Suppose A the given point through which the straight line is to be 
drawn, and B and C the other given points from which perpendiculars are 
to be drawn. Join BC, and bisect it at D ; join AD : this shall be the 
required straight line. 

For draw BE and CF perpendicular to AD, produced if necessary. Then 
in the triangles BDE, CDF the sides BD and CD are equal ; the angles 
BDE and CDP are equal, by I. 15 ; and the right angles BED and CFD 
are equal : therefore BE is equal to CF, by I. 26. 

31. In the triangles ADB, ADE the side AD is common ; the angles 
BAD and EAD are equal by hypothesis ; and the right angles ADB and 
ADE are equal : therefore BD is equal to ED, by I. 26. 

32. Bisect the angle BAC by the straight line AD ; from P draw PG 
perpendicular to AD, and produce PG both ways to meet AB at E, and 
AC at F: then AE will be equal to AF. 

For in the two triangles AGE, AGF the side AG is common ; the angles 
EAG and FAG are equal, by construction; and the right angles EGA and 
EGA are equal : therefore AE is equal to AF, by I. 26. 

33. Let ABC be a triangle having the angle B a right angle, and let 
DEF be a triangle having the angle E a right angle ; also let AC he equal to 
DF, and AB equal to DE : then shall the triangles ABC and DEF be equal 
in all respects. 

Produce CB to G, so that BG may be equal to EF; and join AG. Then 
the angle ABG is a right angle, by I. 13, and is therefore equal to the angle 
DEF ; also the sides AB, BG are equal to the sides DE, EF each to each : 
therefore the triangles ABG, DEF are equal in all respects, so that AG is 
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equal to DF. But AC is equal to DF by hypothesis ; therefore AC is equal 
to AG, and the angle ACG is equal to the angle AGC. Therefore the two 
triangles ABC, ABG are equal in all respects, by I. 26. But the triangles 
ABG, DEF were shewn to be equal in all respects ; therefore the triangles 
ABC, DEF are equal in all respects. 

I. 27 to 31. 

34. Let ABC be a triangle having the sides AB and AC equal. Draw 
any straight line parallel to BC, meeting AB at D, and AC at E ; then the 
• angle ABE shall be equal to the angle AED. 

For the angle ADE is equal to the angle ABC, and the angle AED 
is equal to the angle ACB, by I. 29. But the angle ABC is equal to 
the angle ACB, by I. 5. Therefore thfe angle ADE is equal to the angle 
AED. 

'' 35. Let the straight lines A and B meet at K, let the straight lines C 
and D meet at L, and let the straight lines A and D meet at M. The acute 
angle at K is equal to the acute angle at M, by I. 29 ; and the acute angle 
at M is equal to the acute angle at L also, by I. 29. Therefore the acute 
angle at K is equal to the acute angle at L, 

36. Let the straight line AB be terminated by two parallel straight 
lines. Let C be the middle point of AB ; through C draw any straight line 
DCE, terminated by the same parallel straight lines as AB, so that AD is 
parallel to EB. Then will ED be bisected at C. 

F6r in the two triangles ACD, BCE the two sides AC, BC are equal by 
hypothesis ; the angles A CD, BCE are equal by I. 15 ; and the angles CAD, 
CBE are equal by L 29 : therefore the triangles are equal in all respects by 
I. 23, so that CD is equal to CE. 

37. Let be a point equidistant from two parallel straight lines; 
through draw one straight line AOB terminated by the parallels, and also 
another straight line COD terminated by the parallels, so that A and C are 
on one of the parallels, and B and D on the other: then will AC be equal 
to BD. 

Since the given straight lines are parallel, a straight line can be drawn 
through to meet the parallels at right angles, and this straight line will be 
bisected at because is equidistant from the parallels, by hypothesis. 
Therefore by Exercise 36 the straight lines AB and DC are bisected at 

0. Thus in ihe two triangles AOC, BOD the two sides AO, OC are equal 
to the two sides BO, OD each to each; and the angle AOC is equal to 
the angle BOD, by L 15 : therefore AC is equal to BD, by I. 4. 

38. Let ABC be a triangle : produce BA to D ; suppose that AE 
bisects the angle DAC, and that it is parallel to BC: then will ABC be 
an isosceles triangle. 

For since AE is parallel to BC the angle DAE is equal to the angle 
ABC, by I. 29, and also the angle CAE is equal to the angle ACB, by 

1. 29. But the angle DAE is equal to the angle EAC, by hypothesis ; 
therefore the angle ABC is equal to the angle ACB: therefore the side 
AB is equal to the side AC, by I. 6. 
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39. Take any point E in DC, and at the point E make the angle CEF 
equal to the given angle. Through A draw a straight line parallel to FE t 
and meeting CD at I? : then B is the required point. 

For the angle ABC is equal to the angle FEC by I. 29 ; and therefore the 
angle ABC is equal to the given angle. 

40. Let ABC be a triangle; let a straight line be drawn bisecting 
the angle A, and meeting BC at D. From D draw a straight line parallel 
to AB, meeting AC at F, and also a straight line parallel to AC, meeting 
AB *tE: then DE shall be equal to DF. 

For in the triangles AED, AFD the side AD is common; the angle 
EAD is equal to the angle FAD, by construction ; the angle EDA is equal 
to the angle DAF, and the angle FDA to the angle DAE, by I. 29 ; so 
that the angle EDA is equal to the angle FDA ; hence the two triangles 
are equal in all respects by L 26. Thus DE is equal to DF. 

41. The angle FEC is equal to the angle ECB, by I. 29 ; the angle 
ECB is equal to the angle ECF, by hypothesis; therefore the angle FEC 
is equal to the angle ECF. Therefore EF is equal to EC, by L 6. Again, 
the angle FGC is equal to the angle GCD, by J. 29 ; the angle GCD is equal 
to the angle FCG, by hypothesis ; therefore the angle FCG is equal to 
the angle FGC. Therefore FG is equal FG, by I. 6. And it has been 
shewn that FE is equal to FC ; therefore EF is equal to FG. 

42. Bisect the angle ABC by a straight line meeting AC at E ; through 
E draw a straight line parallel to CB meeting AB at D : then D shall 
be the point required. ^ 

For the angle DEB is equal to the angle EBC, by I. 29; the angte 
DBE is equal to the angle EBC, by construction ; therefore the angle DEB 
is equal to the angle DBE ; therefore DB is equal to DE, by L 6. And 
the angle DEA is equal to the angle BCA by I. 29, and is therefore a 
right angle ; so that DE is perpendicular to AC. 

43. Bisect the angle ABC by a straight line, meeting AC at E; 
through E draw a straight line parallel to BC, meeting AB at D. Then 
will BD, DE, EC be all equal. 

For the angle DEB is equal to the angle EBC, by L 29; the 
angle EBC is equal to the angle DBE by construction; therefore the 
angle DEB is equal to the angle DBE. Therefore DB is equal to DE, 
by L 6. Again, the angle ADE is equal to the angle ABC, and the angle 
AED is equal to the angle ACB, by I. 29; also the angle ABC is 
equal to the angle ACB: therefore the angle ADE is equal to the angle 
AED. Therefore AD is equal to AE, by I. 6. But the whole AB is 
equal to the whole AC; therefore DB is equal to EC. Thus BD, DE, EC 
are all equal. 

44. From A draw a straight line bisecting the angle BAC, and meeting 
BC at F. Then the triangles BAF and CAF are equal in all respects, 
by L 4; so that the angles AFB, AFC are equal, and therefore each 
of them is a right angle. Therefore AF is parallel to ED, by I. 28. The 
angle AED is equal to the angle CAF, and the angle EDA is equal to 
the angle BAF, by L 29. But the angle BAF is equal to the angle CAF, 
by construction; therefore the angle AED is equal to the angle ADE: 
therefore AE is equal to AD, by L 6. 
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L 32. 

45. Let ABC be a triangle having the sides AB and AC equal. From 
B draw a perpendicular to AC meeting AC at D, and from C draw a 
perpendicular to ,42? meeting it at E. Then each of the angles GBD, BCE 
will be equal to half the angle A. 

Bisect the angle A by a straight line meeting the base BC at F. 
Then the triangles BAF, CAF are equal in all respects, by I. 4 ; and 
therefore the angle AFB is a right angle. Then in the triangles BAF, 
BCE the angle ABC is common; the right angle AFB is equal to the 
right angle CEB : therefore the third angle BAF is equal to the third angle 
BCE, by L 32. Similarly the angle CAF is equal to the angle CBD. 

46. AC is equal to CE, and BC is equal to CD, by construction. 
Tbe angle ACE is equal to the angle BCD, each being one-third of two 
right angles, by I. 32; to each of these add the angle ACB : therefore the 
whole angle ACD is equal to the whole angle BCE. Thus in the two 
triangles ACD, EGB the two sides AC, CD are equal to the two sides EC, 
CB each to each ; and the included angles are equal : therefore AD is equal 
to BE. Similarly AD is equal to FC. 

47. The figure has eight equal sides, and eight equal angles: the in- 
terior angles of the figure together with four right angles are equal to 
sixteen right angles : therefore all the interior angles of the figure are equal 
to twelve right angles, by I. 32, Corollary I. Hence each angle is twelve- 
eighths of a right angle, that is, a right angle and a half. 

48. Let A and B be the two given points, CD the given straight line. 
At the point C make the angle ECD equal to the angle of an equilateral 
triangle ; and at the point D make the angle FDC also equal to the angle 
of an equilateral triangle, and on the same side of CD as the angle ECD. 
Through A draw a straight line parallel to EG, meeting CD, produced if 
necessary, at G: through B draw a straight line parallel to FD meeting 
CD, produced if necessary, at If. Produce GA and HB to meet at K: 
then GHK is the equilateral triangle required. 

For since the angle at G is a third of two right angles, and so also is 
the angle at H, the angle at K is also a third of two right angles, by I. 32. 
Hence the triangle GHK is equiangular, and therefore also equilateral 
by I. 6. 

49. Let ABC be a triangle, having AB equal to AC. Bisect the angles 
B and C by straight lines meeting at D. Produce CB to any point E. 
The angle DBE is equal to the two angles BDC, DCB by I. 32; but 
DCB is half the angle ACB, and is therefore equal to half the angle 
ABC, and is therefore equal to the angle ABD. Therefore the angle 
DBE is equal to the two angles ABD and BDC. Take away the common 
angle ABD ; therefore the angle ABE is equal to the angle BDC. 

50. The angle ACB is equal to the angle ABC, and the angle ACD 
is equal to the angle ADC, by L 5. Therefore the angles ACB and ACD 
together are equal to the angles ABC and ADC together. But the angles 
ACB, ACD, ABC, ADC are together equal to two right angles, by I. 32. 
Therefore the angles ACB and A CD are together equal to one right angle. 
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51. Produce AB to any point H, and AC to any point K; bisect 
the angle CBH by the straight line BD, and bisect the angle BCK by the 
straight line CD : then the angle BDC, together with half the angle BAC, 
will make up a right angle. 

Bisect the angle ABC by the straight line BE, and bisect the angle 
ACB by the straight line CE; then the angles EBD and ECD will be 
right angles. For the angle EBC is half the angle ABC, and the angle 
CBD is half the angle CBH; therefore the angles EBC and CBD are 
together half the angles ABC and CBH, that is equal to a right angle, 
by I. 13 : thus EBD is a right angle. Similarly ECD is a right angle. 
The angles BEC, EBC, ECB are together equal to two right angles, by 
L 32 ; that is BEC together with half ABC and half ACB are equal to 
two right angles. Join ED. Then BED and EDB are together equal to 
a right angle, by I. 32; CED and EDC are together equal to a right 
angle, by I. 32 : therefore BEC and BDC are together equal to two right 
angles. Thus BEC and BDC are equal to BEC together with half ABC 
and half ACB. Therefore BDC is equal to half ABC and half ACB. 
Therefore BDC together with half BAC is equal to half BAC, half ABC, 
and half ACB, that is equal to half two right angles, that is equal to a 
right angle. 

52. Let ABC be a triangle. Suppose the angle ABC greater than the 
sum of the other two angles; then twice the angle ABC is greater than the 
sum of the angles ABC, BCA, CAB, that is greater than two right angles ; 
therefore the angle ABC is greater than a right angle. Again, suppose the 
angle ABC equal to the sum of the other two angles; then twice the angle 
ABC is equal to the sum of the angles ABC, BCA, CAB, that is equal to two 
right angles: therefore the angle ABC is a right angle. Lastly, suppose the 
angle ABC less than the sum of the other two angles ; then twice the angle 
ABC is less than the sum of the angles ABC, BCA, CAB, that is less than 
two right angles: therefore the angle ABC is less than a right angle. 

53. Construct an equilateral triangle ABC. Bisect the angle A by a 
straight line AD, and bisect the angle C by a straight line CD. Then ADC 
will be such a triangle as is required. 

For the angle DAC, being half the angle of an equilateral triangle, is one 
sixth of two right angles; so also is the angle DC A; therefore the angle 
ADC is four sixths of two right angles, by I. 32. Thus the angle ADC 
is four times each of the angles DAC, DC A. 

54. Since BC is bisected at E the two sides AE, EC are equal to the 
two sides FE, EB each to each ; the angle AEC is equal to the angle FEB, 
by 1. 15 ; therefore the triangles AEC and FEB are equal in all respects, so 
that the angle ACE is equal to the angle FBE. 

In a similar way by comparing the triangles CGA and HOB, we see that 
the angle CAGib equal to the angle HBG. 

Therefore the angles FBE, EBG, GBH are together equal to the angles of 
the triangle ABC, that is to two right angles, by L 32. Therefore the angles 
ABF and ABH are together equal to two right angles: therefore HB and BF 
are in the same straight line, by 1. 14. 

55. Take any straight line AB. At the point A make the angle BAD 
equal to a right angle. Bisect the angle BAD by the straight line AE ; and 
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bisect the angle DAE by the straight line AF; L 9. Then the angle BAF is 
three fourths of a right angle. At the point B make the angle ABG equal to 
the angle BAF, and on the same side of AB; let AF and BG meet at Cz 
then ABC will be the triangle required. 

For the two angles ABC and BAG are by construction together equal to 
three halves of a right angle, therefore the angle ACB is half a right angle \y 
L 32. Thus the half of the angle ACB is a fourth of a right angle, and is 
therefore equal to one third of each of the angles BAC and ABC. 

56. On AB measure off AD equal to the given straight line. At the 
point D draw DQ making with AD the angle ADQ equal to half the given 
angle, and meeting AC at Q. At Q draw QP, on the same side of QD as 
DA is, making the angle DQP equal to the angle QDP, and meeting AB at P. 
Then PQ is equal to PD, by I. 6 ; so that AP and PQ together are equal to 
AD, that is to the given straight line. And the angle APQ is equal to the 
sum of the angles PDQ and PQD, and is therefore equal to the given angle. 

57. Let ABC be a triangle having the sides AB and AC equal. From B 
draw a straight line making the angle DBC equal to one third of the angle*' 
ABC, on the other side of BC, and meeting AC produced at D. From C 
draw a straight line making the angle ECB equal to one third of the angle 
ACB, on the other side of CB, and meeting AB produced at E. Let BD and 
CE intersect at F. 

The triangle BFC has obviously the angles BCF and CBF equal, and 
is therefore isosceles by L 6. 

The angle BFE is equal to the sum of the angles BCF and CBF, by I. 32, 
and is therefore equal to two thirds of the angle ABC. The angle BEG 
is equal to the difference of the angles ABC and BCE, by L 32, and is there- 
fore equal to two thirds of the angle ABC. Therefore the angles BFE and 
BEF are equal, and the triangle BFE is isosceles, by L 6. Similarly the 
triangle CFD is isosceles. 

58. The angle AEC is equal to the sum of the angles ECB and EBC 
by I. 32, and so also is the angle DEB: therefore the angles ECB and EBC 
are together half the angles AEC and DEB. The angles ECF and EBF are 
together half the angles EC A and EBD, by construction. Hence the angles 
ECB, EBC, ECF, EBF are together half the angles AEC, DEB, EGA, 
EBD. Take the former sum from two right angles, and. the remainder is the 
angle BFC ; take the latter sum from two right angles, and the remainder is 
half EAC and EDB; therefore the angle BFC is half the sum of the angles 
EAC, EDB. 

59. Let ABC be a triangle having the angle ACB a, right angle. At the 
point C draw a straight line CD making the angle A CD equal to the angle 
CAB, and meeting AB at D. Since the angle ACB is a right angle it is 
equal to the sum of the two angles CAB and CBA, by L 32 ; the angle 
AGD is equal to the angle CAB, by construction: therefore the remaining 
angle BCD is equal to the angle CBA. Because the angles CAD and ACD 
are equal, the sides AD and CD are equal, by I. 6; and because the angles 
CBD and BCD are equal, the sides BD and CD are equal, by I. 6. Hence 
AD, BD, and CD are all equal; so that D is the middle point of AB, and CD 
is equal to half of AB. 
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60. Let F be the middle point of AB: then will EF be equal to DF. 
For EF and DF are each equal to half of AB, by Exercise 59; therefore 

EF is equal to DF. 

61. Use the diagram drawn for Exercise 60; from F draw FG perpen-* 
dicolar to ED; then will EG be equal to DG. For FE is equal to FD y by 
Exercise 60; therefore the angle FEG is equal to the angle FDG 9 by L5; 
and the right angle FQE is equal to the right angle FGD: therefore the 
triangle,. FEG is equal to the triangle FDG in all respects, by I. 26. Thus 
EG is equal to DG. 

62. In the diagram of L 1, let BA be produced through A to meet the 
circle at K. Join CK 9 HK, AH, CH. 

The angle CAB is one third of two right angles; therefore the angle CAK 
is two thirds of two right angles. Also, each of the angles CAB, HAB being 
one third of two right angles, the whole angle CAR is two thirds of two 
Tight angles. Therefore the angle CAK is equal to the angle CAK. 

In the two triangles CAK, CAH the two sides CA, AK are equal to the 
£wo sides CA, AM each to each ; and the angle CAK is equal to the angle 
CAH: therefore CK is equal to CH, by L 4. 

Similarly it may be shewn that HK is equal to HC. Thus KC, CH, and 
HK are all equaL 

63. Let AB and AC be the equal sides; let BD bisect the angle ABC; 
and let CE bisect the angle ACB. Join DE. 

In the triangles BCD, CBE the angle BCD is equal to the angle CBE, and 
the angle DBC is equal to the angle ECB ; therefore these triangles are equal 
in all respects, by L 26, so that CD is equal to BE. But AC is equal to AB; 
therefore AD is equal to AE; therefore the angle AED is equal to the angle 
ADE. Also the angle ABC is equal to the angle ACB. Therefore the angle 
AED is equal to the angle ABC, by L 32. Therefore ED is parallel to BC, 
byL28. 

64. In AC take a point D such that AD is equal to AP; join DP; in AD 
produced, take a point Q such that DQ is equal to DP; join PQ: then will 
the angle APQ be equal to three times the angle AQP. 

Since DP is equal to DQ the angle DPQ is equal to the angle DQP, by 
L 5. The angle ADP is equal to the sum of the angles DPQ and DQP, 
by L 32: therefore the angle ADP is twice the angle DQP. Therefore the 
angle APD is twice the angle DQP, by L 5. To the former add the angle 
DPQ, which is equal to the angle DQP: therefore the angle APQ is three 
times the angle AQP. 

65. Take a straight line AD equal to the given sum of the sides. At 
the point D draw a straight line DE making the angle ADE equal to half 
a right angle. With centre A, and radius equal to the given hypotenuse, 
describe a circle cutting DE at a point B. From B draw BC perpendicular 
to AD. Then ACB will be such a triangle as is required. 

For ACB is a right angle by construction ; and the hypotenuse AB is of 
the required length. Also since the angle BCD is a right angle, and the 
angle BDC is half a right angle, the angle CBD is half a right angle, and 
is therefore equal to the angle BDC: therefore BC is equal to CD, by L 6. 
Thus the sum of the sides AC and CB is equal to AD, that is to the given sum. 

In order that the construction may be possible the given hypotenuse must 
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not be less than the perpendicular from A on DE; and if this condition 
is satisfied there will be two intersections of the circle with DE, and thus 
two solutions apparently: but it will be found on examination that there 
is only one distinct solution. 

66. Take a straight line AD equal to the given difference of the sides. 
At the point D draw a straight line DE making with AD, produced through 
D, an angle equal to half a right angle. With centre A, and radius equal 
to the given hypotenuse, describe a circle cutting DE at B. From B draw 
BG perpendicular to AD produced. Then ACB will be such a triangle as 
is required. 

For ACB is a right angle by construction; and the hypotenuse AB is 
of the required length. Also since the angle BCD is a right angle, and the 
angle BDC is half a right angle, the angle DBC is half a right angle, 
and is therefore equal to the angle BDC: therefore BC is equal to CD. 
Thus the difference of the sides is equal to AD, that is to the given difference. 

In order that the construction may be possible the given hypotenuse 
must be greater than the given difference of the sides. 

67. Let AB be the given hypotenuse. Bisect AB at D; from D draw 
a straight line at right angles to AB, and on it take DE equal to the given 
perpendicular. Through E draw FEG parallel to AB. From centre D, with 
radius equal to -4 D,. describe a circle cutting FG at C. Join CA and CB:t& 
then ACB shall be the triangle required. 

For the angle ACD is equal to the angle CAD, and the angle BCD is 
equal to the angle CBD, by I. 5; therefore the whole angle ACB is equal 
to the sum of the angles CAB and CBA : therefore the angle ACB is a right 
angle, by I. 32. Thus ACB is a right-angled triangle having the given 
hypotenuse. 

Trom G draw GH perpendicular to AB ; then will CH be equal to ED. 
The angles EDH and CHD are together equal to two right angles ; therefore 
CH is parallel to ED, by I. 28; therefore the angle EDC is equal to the 
angle HCD, by I. 29. Therefore the two triangles EDC and HCD are equal 
in all respects, by I. 26; so that CH is equal to ED. Thus the perpendicular 
from the right angle on the hypotenuse has the given length. 

68. Let DE be the given perimeter, and FGH the given angle. Draw 
GK at right angles to GH, and on the same side of it as GF. At the point 
D draw DL, making the angle LDE equal to half the angle FGH; at the 
point E draw EM on the same side of DE as DL, making the angle MED 
equal to half the angle FGK. Let DL and ME meet at C. Draw CA, 
meeting DE at A, and making the angle DC A equal to the angle CD A; 
draw CB, meeting ED at B, and making the angle ECB equal to the angle 
CEB: then ABC will be the required triangle. 

For the angle CAB is equal to the sum of the angles ACD, ADC; that 
is to twice the angle ADC; that is to the angle FGH. Similarly the angle 
CBA is equal to the angle FGK. Thus the two angles CAB and CBA are 
together equal to a right angle; and therefore the angle ACB is a right angle 
by I. 32. 

The side AC is equal to AD, and the side BC to BE, by I. 6. Therefore 
the sum of the sides AC, BC, and AB is equal to DE, that is to the given 
perimeter. 
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69. Let BAC be a right angle. On AlB describe an equilateral triangle 
ADB; bisect the angle BAD by the straight line AE: then will the angles 
BAE, EAD, J) AC be all equal. 

For the angle BAC is a right angle; the angle BAD is one third of 
frwp right angles, that is two thirds of one right angle, by I. 32 ; therefore 
the angle CAD is one third of a right angle. And as the angle BAD is 
bisected by AE the angle BAE is equal to the angle EAD, each being 
one third of a right angle. Hence the angles BAE, EAD, DAC are all 
equal, each being one third of a right angle. 

70. Let AB be the given straight line. On AB describe an equilateral 
triangle ABC. Bisect the angle CAB by the straight line AD, and bisect the 
angle CBA by the straight line BD. Through D draw a straight line 
parallel to CA, meeting AB at E ; and through D draw a straight line DF 
parallel to CB t meeting AB at F. Then will AE, EF, FB all be equal. 

Since DE is parallel to CA the angle EDA is equal to the angle DAC, 
by I. 29; but the angle DAE is equal to the angle DAC, by construction ; 
therefore the angles EDA and DAE are equal: therefore AE is equal to 
ED, by I. 6. Similarly it may be shewn that BF is equal to FD. 

Because DE is parallel to CA the angle DEF is equal to the angle CAB, 
by I. 29. Similarly the angle DFE is equal to the angle CBA. Therefore 
the angle EDF is equal to the angle ACB, by L 32. Thus the triangle EDF 
is equiangular; and therefore it is equilateral by I. 6. 

Now AE was shewn to be equal to ED; therefore AE is equal to EF. 
Similarly BF is equal to FE. Thus AE, EF, FB are all equal. 

71. Let LM and PQ be the parallel straight lines; and A the given 
point. Suppose A to be between the parallel straight lines. Through A 
draw a straight line perpendicular to one of the parallel straight lines, and 
therefore also perpendicular to the other by I. 29. Let this straight line 
meet LM at B, and PQ at C. From B on LM take BD equal to AC; and 
from C on PQ take CE equal to AB, and on the same side of BC as BD 
is. Join AD and AE : these will be the required straight lines. 

For the triangles BAD, CEA are equal in all respects by I. 4; so that 
AD is equal to AE, and the angle CAE is equal to the angle BDA. But the 
angles BAD and BDA are together equal to a right angle, by I. 32 : therefore 
the angles BAD and CAE are together equal to a right angle. Therefore the 
angle EAD is a right angle, by 1. 13. 

If ^ is not between the parallel straight lmeg, CE and BD must be taken 
on opposite sides of BC. . • 

72. Let ABC be the given triangle, and DE the given perimeter. At 
the point D make the angle LDE equal to half the angle ABC; and at the 
point E, on the same side of ED, make the angle MED equal to half the 
angle ACB. Let DL and EM meet at F. From F draw FG, meeting DE at 
G, making the angle DFG equal to the angle FDG; and from F draw FH, 
meeting ED at H, making the angle EFH equal to the angle FEH. Then 
FGH will be the triangle required. 

For FG is equal to DG, and FH is equal to HE, by I. 6. Therefore the 
sum of the sides FG, GH, HF is equal to DE, the given perimeter. 
• Also the angle FGH is equal to the sum of the angles FDG, DFG, by 
L 32 ; that is to twice the angle FDG, that is to the angle ABC. Similarly 
the angle FHG is equal to the angle ACB. Therefore the angle GFH is 
equal to the angle BAC, by I. 32. 
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I. 33, 34. 

78. Let ABCD be * quadrilateral having AB parallel to DC, and AD 
equal to BC. Suppose AB leas than DC-, from A draw a straight line 
parallel to BC, meeting DC at E. Then ABCE is a parallelogram. There- 
fore the angle ABC is equal to the angle AEC, and the side AE is equal to 
the side BC, I. 34. Therefore AD is equal to AE, and the angle ADE is equal 
to the angle AED. Therefore the angles ABC and ADE are equal to the 
angles AEC and AED; that is they are together equal to two right angles, 
by 1. 13. 

In the same manner it may be shewn that the angles BAD and BCD are 
together equal to two right angles. 

74. Suppose that AB and CD are equal but not parallel, and that the 
angle ABD is equal to the angle CDB. Produce AB and CD to meet at E. 
Since the angles ABD and CDB are equal EB is equal to ED. Therefore 
also EA is equal to EC ; and the angle EC A is equal to the angle EAC. 
The two angles EBD and EDB are together equal to the two angles EAC 
and EC A, by I. 32. Therefore the angle EBD is equal to the angle EAC. 
Therefore BD is parallel to AC, by I. 28. 

75. Let ABC be a triangle ; let E be any point in AC, and D any point 
in BC : then AD and BE will not bisect each other. 

Let AD and BE intersect at F. 

If possible suppose that AF is equal to FD, and BF equal to FE. Then 
the triangles AFE and DFB are equal in all respects, by I. 4 ; so that the 
angle EAF is equal to the angle BDF. Therefore AE is parallel to BD, by 
I. 27. But this is impossible, since BD and AE, when produced, meet at C. 

76. Let ABCD be a quadrilateral, having AB equal to DC, and AD 
equal to BC : the figure shall be a parallelogram. 

Join AC; then in the two triangles ABC and CD A, the sides BA, AC 
are equal to the sides DC, CA each to each ; and the base BC is equal to 
the base DA : therefore the angle BAG is equal to the angle DC A. There- 
fore AB is parallel to DC, by I. 27. 

Similarly it may be shewn that AD is parallel to BC. 

77. Let ABCD be a quadrilateral such that the angle A is equal to the 
angle G, and the angle B equal to the angle D : then the figure shall be 
a parallelogram. 

The angle A is equal to the angle C, and the angle B is equal to the 
angle D ; therefore the two angles A and B together are equal to the two 
angles G and D together. But the four angles A, B, C, D together are 
equal to four right angles, by I. 32 ; since the quadrilateral may be divided 
into two triangles by drawing AC or BD. Thus the angles A and B are to- 
gether equal to two right angles. Therefore AD is parallel to BC, by I. 28. 

Similarly AB is parallel to DC. 

78. Let ABCD be a parallelogram. Draw the diagonals AC and BD 
intersecting at E : then AC and BD shall be bisected at E. 

In the triangles AED and CEB the sides AD and BC are equal, by I. 34 ; 
the angles ADE and CBE are equal, by I. 29 ; and the angles DAE and 
BGE are equal, by I. 29. Therefore the triangles are equal in all respects 
by I. 2G. Thus AE is equal to CE, and DE is equal to BE. 
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79. LetABCD be a quadrilateral figure, and let AC and BD intersect 
at E ; suppose that AG and BD are bisected at E : then ABCD will be a 
parallelogram. 

In the triangles AED and CEB the sides AE, ED are equal to the sides 
CE, EB each to each, by supposition ; the angle AED is equal to the angle 
CEB, by 1. 15 ; therefore the triangles are equal in all respects, by I. 4. 
Thus the angle ADE is equal to the angle CBE ; therefore AD is parallel to 
CB, by I. 27. 

Similarly AB is parallel to DC. 

80. Let ABCD be a parallelogram, and suppose that the straight line, 
AC bisects the angles at A and C: then the four sides of the parallelogram 
will be equal. 

For in the triangles ACB and ACD the side AC in common, the angle 
ACB is equal to the angle ACD t and the angle BAG is equal to the angle 
DAC; therefore the side BC is equal to the side DC, and the side BA to. 
the side DA, by I. 26. But AB is equal to DC, and AD is equal to BC, by 
I. 34. Therefore the four sides AB, BC, CD, DA are all equal. 

81. Let AB and CD be the parallel straight lines, and the given 
point. In AB take any point E, and from E as centre, with radius equal 
to the given length, describe a circle meeting CD at F; join EF. Through 
O draw a straight line parallel to EF, meeting AB at G, and CD at H. 
Then EGHF is a parallelogram, by construction ; therefore GH is equal 
to EF, by I. 34 : thus GH is equal to the given length. 

82. Let ABCD be a parallelogram; let straight lines bisecting the 
angles A and B meet at E : then AEB will be a right angle. 

The angles EAB and EBA are together half of the angles DAB and 
ABC together. But the angles DAB and ABC are together equal to two 
right angles, by I. 29. Therefore the angles EAB and EBA are together 
equal to a right angle. Therefore the angle AEB is a right angle, by I. 32. 

83. Let ABCD be a parallelogram. Suppose that the straight lines 
which bisect the angles A and C are not coincident : then they shall be 
parallel. 

Let the straight line which bisects the angle A meet BC at E ; and let 
the straight line which bisects the angle C meet DA at F. Then, by I. 29, 
the angle BE A is equal to the angle DAE, that is. to the half of the angle 
DAB, that is to the half of the angle DCB, by I. 34. Thus the angle BE A 
is equal to the angle BCF. Therefore EA is parallel to CF, by I. 28. 

84. Let ABCD be a parallelogram, and suppose that the diagonals AC 
and BD are equal : then all the angles of the parallelogram will be equal. 

In the two triangles ABC and BAD the side AB is common; AD is .. . 

equal to BC, by I. 84 ; and AC is equal to BD by supposition : therefore the Ivijr 

angle ABC is equal to the angle BAD, Similarly it may be"shewn that any ^ 
other two adjacent angles are equal ; so that all the four angles are equal. 

85. Let AB and CD be the given straight lines; suppose that the 
required point is to be at a distance equal to E from AB, and <at a distance 
equal to F from CD. 
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Draw a straight line parallel to AB, and at a distance E from it; 
also draw a straight line parallel to CD, and at a distance F from it ; let 
the two straight lilies thus drawn meet at : then will be the required, 
point. 

For the distance of from AB will be equal to E, and the dw^atTwift 
of O from CD will be equal to F, by I. 84. 

Two straight lines can be drawn parallel to AB, and at the required 
distance from it, namely, one on each side of it ; and in like wntntipr two 
straight lines can be drawn parallel to CD, and at the required distance 
from it : hence four points can be found which will satisfy the condition* of 
the problem, assuming that AB and CD are not parallel. 

86. Let AB and CD be the two given straight lines in which the 
required straight line is to be terminated. Let E be a straight line to which 
the required straight line is to be equal, and F that to which the required 
straight line is to be parallel. 

From A draw a straight line parallel to F, by I. 81 ; and cat off from it 
AG equal to E } by I. 3. Through G draw a straight line parallel to AB, 
and let it meet CD at H. Through H draw a straight line parallel to AG, 
and let it meet AB at K. Then UK is the required straight fine. 

For UK is eaual to AG, by I. 84 ; so that UK is of the required length : 
and it is parallel to AG, and therefore to F, by I, 80, 

87. Let AEB, BFC, CGD be the three equilateral triangles : then will 
EF be equal to AC, and GF be equal to BD. 

Jn the two triangles ABO and EBF the two sides AB, BC are equal to 
the two sides EB, BF each to each. The angle FBC is equal to the angle 
ABE, each being the angle of an equilateral triangle ; to each of them add 
the angle ABF\ therefore the angle ABC is equal to the angle EBF. Hence 
the triangles ABC and EBF are equal in all respects, by I. 4; so that AC 
is equal to EF. 

Similarly it may be shewn that BD is equal to GF. 

89. Let ABCD be a parallelogram, and let ABEF be another parallelo- 
gram having BE equal to BC, but the angle ABE greater than the angle 
ABC : then will the diagonal BF be less than the diagonal BD. 

The two angles ABC, BCD are together equal to two right angles, and 
so also are the two angles ABE, BEF, by I. 99 ; therefore the two angles 
ABC, BCD are together equal to the two ABE, BEF : but the angle ABE 
is greater than the angle ABC, by hypothesis ; therefore the angle BEF is 
less than the angle BCD. 

In the two triangles BCD, BEF the two sides BC, CD are equal to the 
two sides BE, EF each to each ; but the angle BCD is greater than the 
angle BEF. ; therefore the base BD is greater than the base BF, by L 24. 

89. Let AD, BE, CF be the perpendiculars from A, B, C respectively 
on the straight line : the sum of AD and CF shall be equal to twice BE. 

The straight line DF produced does not pass between A and C ; suppose 
that it outs AC produced through C. Through E draw a straight line 
parallel to AC, and let it meet AD at G, and CF produced, through F, at H. 
Thus GE is equal to AB, and EH is equal to BC, by I. 34 ; therefore GE is 
equal to EH. 
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In the two triangles GED, HEF the angle GED is equal to the angle 
HEF, by I 15 ; the angle DGE is equal to the angle FHE, by I. 29 ; and 
the side GE was shewn equal to the side HE : hence these triangles are 
equal in all respects, by I. 26 ; so that GD. is equal to HF. Therefore AD 
and CF together are equal to AG and CH together, that is equal to twice 
BE, by I. 34. 

90. Let ABCD be the parallelogram ; let be the point of intersection 
of the diagonals AC and BD. Then by Exercise 78 the diagonals AC and 
BD are bisected at 0. By Exercise 89 the sum of the perpendiculars from 
A and C on any straight line outside the parallelogram is twice the 
perpendicular from ; and also the sum of the perpendiculars from B and 
D is twice the perpendicular from 0. Hence the sum of the perpendiculars 
from A and C is equal to the sum of the perpendiculars from B and D. 

91. Let ABCDEF be the six-sided figure. Then AB is by supposition 
equal and parallel to ED ; therefore ABDE is a parallelogram, by I. 33. 
Therefore AD passes through the middle point of BE, by Exercise 78. 
Similarly it can be shewn that CF passes through the middle point of BE. 
Thus AD, BE, and CF meet at a point. 

92. Through E draw a straight line parallel to AB, and let it meet AC 
at F. On FC take FG equal to AF. Join GE and produce it to meet AB 
at H : then GEH shall be the straight line required. 

Through F draw a straight line parallel to GH, and let it meet AB at 
K. In the triangles AFK and FGE the side AF is equal to the side FG by 
construction; the angle AFK is equal to the angle FGE, and the angle 
FAK is equal to the angle GFE, by I. 29 : therefore FK is equal to GE, by 
I. 26. But FK is equal to EH, by I. 34 : therefore GE is equal to EH, so 
that GH is bisected at E. 

93. Let ABCD be the given parallelogram, and P the given point on the 
side AB. On CD take CQ equal to AP ; join AC and PQ intersecting at R. 
Through R draw a straight line at right angles to PQ, meeting AD at S, 
and CB at T. Then PSQT will be the required rhombus. 

In the triangles APR and CQR the sides AP and CQ are equal, by con- 
struction ; the angle ARP is equal to the angle CRQ, by I. 15 ; and the 
angle RAP is equal to the angle RCQ, by I. 29 : therefore PR is equal to 
QR, and AR is equal to CR, by I. 26. 

In the triangles PRS and QRS the sides PR and QR are equal ; RS is 
common ; and the angles PRS and QRS are equal being right angles : 
therefore PS is equal to QS, by I. 4. 

In the triangles CRT and ARS the sides AR and CR are equal ; the 
angle ARS is equal to the angle CRT, by I. 15 ; and the angle ASR is equal 
to the angle CTR, by I. 29 : therefore RS is equal to RT, by I. 26. 

In the triangles SRP and TRP the sides SR and TR are equal ; the side 
RP is common ; and the angles SRP and TRP are equal being right angles : 
therefore SP is equal to TP, by I. 4. 

In the same manner it may be shewn that TQ is equal to SQ, and also 
equal to TP* Hence PSQT is a rhombus. 

The construction fails if the straight line through R at right angles to 
PQ, instead of meeting AD and CB, meets DC and BA. 

T. EX. 2 
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94. Let BE intersect AC At O, and DF intersect AC at H. Through 
G draw a straight line parallel to AD, meeting DF at K. 

Then ED is equal and parallel to BF ; therefore EB is equal and parallel 
to DF, so that EGKD is a parallelogram, and GK is equal to ED, and there* 
fore equal to AE, In the triangles AEG and GKH the sides AE and GK 
are equal; the angles EAG and KGH are equal, and the angles EGA and 
KHG are equal, by L 29 : therefore AG is equal to GH, hy I. 26. 

Similarly it may be shewn that CH is equal to HG : hence the three 
straight lines AG, GH, HC are all equal ; so that AC is trisected. 

I. 35 to 45. 

95. Let be the middle point of DC, Of the two straight lines AD 
and BC, suppose AD the less. Through draw a straight line parallel to 
AB, meeting AD produced at E, and meeting BC at F. 

Then in the two triangles EOD and FOC the sides DO and CO are 
equal ; the angle EOD is equal to the angle FOC, by I. 15 ; and the angle 
OED is equal to the angle OFC, by I. 29 : therefore the triangles are equal 
by I. 26. To each triangle add the figure ADOFB : thus the figure ABFE 
is equal to the figure ABCD. 

96. Construct a parallelogram by drawing through E a straight line 
parallel to AB ; this parallelogram is equal to ABCD by Exercise 95. The 
triangle AEB is half this parallelogram, by I. 41 : therefore the triangle 
AEB is half the quadrilateral ABCD. 

97. Let ABCD be a parallelogram; let be the middle point of the 
diagonal AC ; through draw any straight line meeting AB at E and CD 
at F : then the straight line EOF shall bisect the parallelogram. 

In the two triangles AOE and COF the sides AO and CO are equal ; the 
angle AOE is equal to the angle COF, by I. 15 ; and the angle OAE is equal 
to the angle OCF, by I. 29 : therefore the triangles are equal, by I. 26. To 
each triangle add the figure AOFD ; thus the figure AEFD is equal to the 
triangle ACD. But the triangle ACD is half the parallelogram ABCD: 
therefore the figure AEFD is half the parallelogram ABCD. 

98. Let ABCD be the parallelogram, and P the given point within it. 
Bisect AC at O; join PO and produce it to meet opposite sides of the 
parallelogram at E and F respectively. Then, by Exercise 97, the straight 
line EPF bisects the parallelogram. 

99. Let ABCD be the parallelogram. Bisect AC at 0; through draw 
a straight line at right angles to AC, and let it intersect at E the straight 
line drawn through D parallel to AC. Produce EO through to F, making 
OF equal to OE. Then AFCE will be such a rhombus as is required. 

For in the two triangles AOE and COE the two sides AO, OE are equal 
to the two sides CO, OE each to each ; and the right angles AOE, COE are 
equal: therefore AE is equal to CE. Similarly we can shew that AF is 
equal to AE ; and also that CF is equal to CE, and to AF. Therefore 
AFCE is a rhombus. Also the triangle AEG is equal to the triangle ADC, 
by I. 37 : therefore the rhombus AFCE is equal to the parallelogram ABCD. 

100. Let ABC, DEF be two triangles having the sides AB, BC equal to 
the sides DE, EF each to each ; also the angles ABC and DEF together 
equal to two right angles : then the triangles shall be equal in area. 
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Produce CB to G, making BG equal to BC or JSF; and join AG. Then 
in the two triangles ABG, DEF the sides AB, BG are equal to the sides 
DE, EF each to each ; also the angles ABC and DEF are equal to two right 
angles by hypothesis, and the angles ABC and ABG are equal to two right 
angles by I. 13; therefore the angle ABG is equal to the angle DEF. 
Hence the two triangles ABG, DEF are equal in all respects, by I. 4. 

Now the triangles ABC and ABG are equal in area by 1 88 : therefore 
the triangles ABC and DEF are equal in area. 

101. The triangle BEC is half the parallelogram ABCD by I. 41 : 
therefore the triangle BEC is equal to the figure PJMTC Take away the f£uC 
triangle FEC from both; then the remainders are equal; that is the 
triangle EBF is equal in area to the triangle CED. 

102. Let ABCD be a parallelogram ; and let AC and BD intersect at 6. 
Then, by Exercise 78, the straight lines AC and BD are bisected at O. 
Because AO is equal to OC the triangles AOB and COB are equal, by I. 88. 
Similarly BOC and DOC are equal ; also COD and AOD are equal. Thus 
the four triangles are all equaL 

103. The triangle AEC is equal to the triangle BED ; to each of these 
add the triangle BEC ; therefore the triangle ABC is equal to the triangle 
DBC : therefore DA is parallel to BC, by L 89. 

104. Let the diagonals intersect at O; then AO is equal to Cd by 
Exercise 78. The triangle AOB is equal to the triangle COB, and the 
triangle AOP is equal to the triangle COP, by L 88. Therefore the triangle 
FAB is equal to the triangle FCB. 

105. Let ABCD be any quadrilateral figure. Through A and C draw 
straight lines parallel to BD, and through B and D draw straight lines 
parallel to AC: thus a parallelogram is formed having two opposite sides 
equal to BD, and two opposite aides equal to AC, and its angles equal to 
those at O the intersection of AC and BD. Also this parallelogram is 
double the figure ABCD ; for it consists of four parallelograms which are 
double of AOB, BOC, COD, DOA respectirely. By drawing a diagonal 
of this parallelogram we obtain two triangles bavin? two sides equal to the 
diagonals of the given quadrilateral, and an angle equal to one of those at 
O ; and this triangle will be equal in area to the given quadrilateral by L 41. 



106. Let ABC be any triangle; letD be the middle point of BC, and 
E the middle point of AC-, then ED shall be parallel to AB. 

Join AD and BE. The triangle AED is equal to the triangle CED, by 
L 38. The triangle BED is equal to the triangle CED, by L 38. There- 
fore the triangle J£D is equal to the triangle BED. Therefore JB is 
parallel to ED, by L 30. 

107. Let ABCD be a quadrilateral; let E,F, G, H be the middle points 
of JB, BC, CD, I>J respectively : then shall £FOH be a {parallelogram, 

EF *od GH *re both parallel to JC, by Exercise 106; therefore they 
are parallel to each other, by L 30. Similarly FG and HE are parallel: 
therefore EFGH is a parallelogram. 

108. Tlie triangfe BDC is equal to the triangje .4BE, for each of them 
is half the triangle ^BC, by L 38. Take away the triangle BDF t and the 
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remainders are equal; that is the triangle BFC is equal to the quadrilateral 
ADFE. 

109. Let ABC be a triangle ; let D be the middle point of CB, and 
E the middle point of CA : ED shall be equal to half of AB. 

Through D draw a straight line parallel to CA, and let it meet AB at 
F ; then ED is parallel to AF, by Exercise 106 : therefore AF is equal to ED, 
by I. 34. 

In the two triangles CDE, DBF the sides CD, DB are equal by hypo- 
thesis ; the angle CDE is equal to the angle DBF, and the angle ECD is 
equal to the angle FDB, by I. 29 ; therefore ED is equal to FB, by I. 26. 
Therefore AF is equal to FB ; therefore AF is half of AB ; therefore ED is 
half of AB. • 

110. By Exercise 106 the straight lines EG and FH are both parallel 
to BD, therefore they are parallel to each other, by I. 30 ; and by Exercise 
109 they are each equal to half of BD, and therefore they are equal to each 
other. 

111. Let D, E, F be the three given points ; through D draw a straight 
line parallel to EF, through E draw a straight line parallel to FD, and 
through F draw a straight line parallel to DE. Let the first and second 
straight line meet at C, the second and third at A, and the third and first 
at B, Then ABC shall be the triangle required. 

For by construction BDEF and DCEF are parallelograms, so that BD 
and DC are each equal to FE, by I. 34 : therefore BD is equal to DC, and 
D is the middle point of BC. Similarly E is the middle point of CA, and 
F is the middle point of AB. 

112. Let ABC be any triangle; let D be the middle point of BC, and 
E the middle point of CA i then the triangle EDC shall be one-fourth of 
the triangle ABC. 

Join EB. The triangle EBA is equal to the triangle EBC by I. 38; 
therefore the triangle EBC is half the triangle ABC. Again, the triangle 
DEC is equal to the triangle BED by I. 38 ; therefore the triangle DEC is 
half the triangle BEC; therefore the triangle DEC is one-fourth the 
triangle ABC. 

113. EA is equal to ED, by Exercise 59 ; therefore. the angle EAD is 
equal to the angle EDA. Similarly the angle FAD is equal to the angle 
FDA. Therefore the whole angle EAF \a equal to the whole angle EDF. 

Again, the triangle EAD ia equal to the triangle EBD, and the triangle 
FAD is equal to the triangle FCD, by I. 38. Therefore AFDE is equal to 
EBD and FCD together. Therefore AFDE is half the triangle ABC. 

114. Let ABC, DBC be triangles of eqftri area on opposite sides of the 
same base BC; join AD cutting BC, or BC produced, at F: then shall AF 
be equal to FD. 

Make the triangle BEC on the same side of BC as BDC, so that BE 
may be equal to BA and CE to CA ; then the triangle BCE is equal to the 
triangle BCA in all respects, by I. 8. Therefore the triangles BCE and 
BCD are equal in area. Therefore ED is parallel to BC, by I. 39. There- 
fore the triangle FCE is equal to the triangle FCD, by I. 37. 

In the two triangles CAF and CEF the side CF is common; the sides 
CA, CE are equal by construction ; and the angles ACF and ECF are equal, 
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since the angles ACB and ECB are equal: hence these triangles are equal 
in all respects, by I. 4. 

Thus the area of the triangle A CF is equal to the area of the triangle 
ECF; and therefore the triangles ACF and DCF are equal in area. Thus 
AF must be equal to DF ; for if these are not equal it can be shewn by the 
aid of I. 38, that the areas are not equal 

115. Let ABCD, BEFC, EGHF be the three parallelograms. Join AF 
cutting BC at K; join BR cutting EF at L : then BLFK shall be half of 
BEFC. 

AF is parallel to BH, by I. 33. In the triangles ABK, BEL the sides 
AB and BE are equal, by hypothesis ; the angles ABK and BEL, and the 
angles BAK and EBL are equal, by I. 29 : therefore the triangles ABK and 
BEL are equal, and BK is equal to EL, by I. 26. 

Thus EL is equal to LF, and the triangle ELB is half the parallelogram 
LFBK, by I. 38 and I. 41. 

In the same way it may be shewn that the triangles ABK and FCK are 
equal, so that BK is equal to CK, and the triangle CKF is half the paral- 
lelogram KBLF. 

Hence the triangles BEL and FCK are together equal to the paral- 
lelogram KBLF; so that KBLF is half BEFG. 

116. The triangle BCG is equal to the triangle BDG, by I. 37. Also the 
triangle BDG is equal to the sum of BFG and BFD, that is to the sum of 
BFG and BFA, by I. 37. And the triangle BCG is the sum of BFG and 
CFG. Hence the sum of BFG and BFA is equal to the sum of BFG and 
CFG, Therefore the triangle BFA is equal to the triangle CFG. 

117. Suppose AB greater than AB. Join CD; through B draw a 
straight line parallel to DC, meeting AC at E ; join ED : then AED will be 
the triangle required. 

For the triangle EBD is equal to the triangle EBC, by I. 37. To each 
of these add the triangle ABE; then the triangle ADE is equal to the 
triangle ABC. 

If AD is less than AB the straight line drawn through B parallel to DC 
will meet AC produced; but the demonstration will not be essentially 
changed. 

118. Let D be the given point in BC. Join DA ; through C draw a 
straight line parallel to DA, meeting BA produced at E; join DE : then 
DEB will be the triangle required. 

For the triangle DEA is equal to the triangle DC A, by L 37. To each 
of these add the triangle ADB : then the triangle EDB is equal to the 
triangle ABC. 

If the given point D is in BC produced the process will not be essentially 
changed. 

119. Let P be the given point in CD ; join PA and PB. Through C 
draw a straight line parallel to PB, and through D draw a straight line 
parallel to PA. Through P draw a straight line parallel to AB, let it meet 
the straight line drawn through C at E, and the straight line drawn through 
D at F : then ABEF is the quadrilateral required. 

For the triangle PEB is equal to the triangle PCB, and the triangle 
PFA is equal to the triangle PDA, by I. 37. Therefore the figure ABEF 
ig equal to ABCD. 



^ 
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120. Join PA and PB. Through C draw a straight line parallel to. PB, 
and let it meet AB produced at M; through 2) draw a straight line parallel 
to PA, and let it meet BA produced at N: then PMN is the triangle 
required. 

For the triangle PBC is equal to the triangle PBM, and the triangle 
PAD is equal to the triangle PAN, by I. 37. Therefore the triangle PMN 
is equal to ABCD. 

121. Let AC, produced if necessary, meet the given straight line at D ; 
join DB ; through C draw a straight line parallel to DB, meeting AB, pro- 
duced if necessary, at E : then AED is such a triangle as is required. 

For the triangle CED is equal to the triangle CEB, by I. 37 : therefore 
the triangle AED is equal to the triangle ABC. 

122. Let ABC be the given triangle, P the given point in the side AC. 
Suppose P to be nearer to A than to C. Bisect BC at D; join AD and 
PD. Through A draw a straight line parallel to PD, meeting BC at E. 
Join EP : then EP will bisect the triangle ABC. 

For the triangle PED is equal to the triangle PAD, by I. 37 ; to each 
of these add the triangle PDC : therefore the triangle PCE is equal to the 
. triangle ACD. But the triangle ACD is half the triangle ABC by I. 38: 
r^b \ therefore the triangle PEG is half the triangle ABC. 
"* If P be nearer to C than to A the side AB must be bisected. 

123. Let ABCD be the given quadrilateral, A the given angular point. 
Draw the diagonals AC and BD ; bisect BD at E ; join AE, CE. Through 
E draw a straight line parallel to AC; suppose this straight line to be 
further from B than AC is, and let it meet DC at G. Join AG : then AG 
will bisect the quadrilateral. 

The triangle AEC is equal to the triangle AGC, by I. 37. To each add 
the triangle ABC ; therefore the figure ABCE is equal to the figure ABCG. 

But the triangle ABE is half the triangle ABD, and the triangle CBE 
is half the triangle CBD, by L 38 : therefore the figure ABCE is half the 
figure ABCD. Therefore the figure ABCG is half the figure ABCD. 

If the straight line drawn through E parallel to AC is nearer to B than 
AC is, it will meet BC instead of DC ; but the demonstration will not be 
essentially changed. 

124. If possible suppose that is not in the diagonal AC. Let the 
straight line through O parallel to BC meet AB at E, and DC at F ; and 
suppose that AC intersects EF at a point G between and F, Through- 
G draw a straight line parallel to AB. 

Then the parallelogram GD is equal to the parallelogram GB, by I. 43. 
Therefore the parallelogram OD is greater than the parallelogram OB. 
But this is impossible, for they are equal by hypothesis. Therefore the 
point cannot fall otherwise than on AC. 

I. 46 to 48. 

125. The angles A CD and BCF are equal, being right angles; to each 
add the angle ACB; thus the whole angle BCD is equal to the whole 
angle ACF. 
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In the two triangles BCD and ACF the two sides BC, CD are equal to 
the two sides FC, CA each to each ; and the angle BCD is equal to the 
angle FCA : therefore FA is equal to BD f by I. 4. 

126. Let BAG be a triangle, having the angle BAG acute; then will the 
square on BG be less than the sum of the squares on BA and AG. 

From A draw a straight line at .right angles to BA, and out off AD equal 
to AC ; join BD. 

Then BD is greater than BC by I. 24. Now the square on BD is equal 
to the squares on BA and AD by I. 47. Hence the square on BC is lees 
than the squares on BA and AD, that is less than the squares on BA, 
and AG. 

127. Let BAG be a triangle, having the angle BAG obtuse: then will 
the square on BC be greater than the sum of the squares on BA and AG. 

From A draw a straight line at right angles to BA, and cut off AD equal 
to^O; join BD. 

Then BD is less than BC, by I. 24. Now the square on BD is equal to 
the squares on BA and AD, by I. 47. fience the square on BC is greater 
than the squares on BA and AD, that is greater than the squares on BA 
and AC. 

128. Let ABC be a triangle ; and suppose the square on BC less than 
the squares on BA and AG : then the angle BAG will be an acute angle. 

The angle BAG cannot be a right angle, for then the square on BC 
would be equal to the squares on BA and AC, by L 47. The angle BAG 
cannot be obtuse, for then the square on BG would be greater than the 
squares on BA and AC, by Exercise 127. Therefore the angle BAG must 
be an acute angle. 

Again, let ABC be a triangle ; and suppose the square on BC greater 
than the squares on BA and AC: then the angle BAG will be an obtuse 
angle. 

The angle BAG cannot be a right angle, for then the square on BG 
would be equal to the squares on BA and AG, by I. 47. The angle BAG 
cannot be acute, for then the square on BC would be less than the squares 
on BA and AC, by Exercise 126. Therefore the angle BAG must be an 
obtuse angle. 

129. Let BAG be a triangle, having the angle A a right angle. Let 
a straight line meet AB at D, and AC at E : then shall the squares on BE 
and CD be equal to the sum of the squares on BC and DE. 

The square on BE is equal to the squares on BA and AE, and the 
square on CD is equal to the squares on CA and AD, by I. 47. Therefore 
the squares on BE and CD are equal to the squares on BA, CA, AE, AD ; 
that is to the squares on BC, AE, AD, that is to the squares on BC 
on&DE. 

130. Draw through P a straight line parallel to AD, meeting AB at K 
and CD at L. Draw through P a straight line parallel to AB, meeting 
BC at M and AD at N. Then AK is equal to DL, and KB is equal to LC, 
by I. 34. 

The squares on PA and PC are together equal to the squares on AK, 
PK, CL, LP, by I. 47 ; that is to the squares on DL, PA', KB, LP ; that is 
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to the squares on DL, LP, PK, KB ; that is to the squares on PD and PB t 
by I. 47. 

131. Let ABC be a triangle having a right angle at C; and let the 
Bquare on AC be three times the square on BC. From C draw CD to bisect 
AB, and CE perpendicular to AB. Then will the angles ACD, DCE, ECB 
be all equal. 

The square on AB is equal to the squares on AC and BC, that is to 
three times the square on BC and the square on BC, that is to four times 
the square on BC. Hence it may be shewn that AB is twice BC. But 
AB is twice DC, by Exercise 59. Thus BC, CD, DB are all equal, so that 
BCD is an equilateral triangle. Hence the angle BCD is two- thirds of 
a right angle, and ACD is one-third of a right angle, by I. 32. 

Again, in the two triangles BEG and DEC, the sides BC and DC are 
equal ; therefore the angle CDB is equal to the angle CBD ; and the angles 
BEG and DEC are eqiml being right angles : therefore the angles BCE and 
DCE are -equal, by I. 32. Hence BCE and DCE are each one-third of a 
right angle ; so that the three angles ACD, DCE, BCE are all equal. 

• 132. Let ABC be a triangle, having a right angle at A ; let E be the 
middle point of AG, and F the middle point of AB: then four times the 
squares on BE and CF will be equal to five times the square on BC. 

For four times the square on BE is equal to four times the square on 
AB and four times the square on AE, by I. 47. And four times the square 
on CF is equal to four times the square on AC and four times the square on 
AF. Therefore four times the squares on BE and CF are equal to four 
times the square on AE, four times the square on AF, and four times the 
squares on AB and AC ; that is to four times the square on AE, four times 
the square on AF, and four times the square on BC; that is to the squares 
on AC and AB, and four times the square on BC; that is to five times the 
square on BC. 

133. From D draw a perpendicular DM on GB produced. The angles 
DBM and MBC are together equal to a right angle ; and so are the angles 
CBA and MBC: hence the angles DBM and CBA are equal. 

In the two triangles DBM, CBA the sides DB and CB are equal ; the 
angles DBM and CBA are equal ; and the right angles DMB and CAB are 
equal : hence BM is equal to BA, and DM is equal to CA, by I. 26. There- 
fore GM is equal to twice BA, and tlje square on GM is equal four times the 
square on BA. The square on D G is equal to the squares on GM and DM, 
by I. 47; that is to four times the square on BA and the square on CA. 
Similarly it may be shewn that the square on EF is equal to four times the 
square on CA and the square on BA. Hence the squares on DG and EF are 
equal -to five times the square on BA and five times the square on CA, that is 
to five times/the square on BC, by I. 47. 

H. ltoll. 

134. Let a straight line AB be divided into two parts at C, and suppose 
that the squares on AC and CB are equal to twice the rectangle AC .CB: 
then shall AC be equal to CB. 

For i£ AC be not equal to CB suppose AC the greater, and construct the 
diagram of £L 4 ; on CA take CX equal to CB, draw through X a straight 
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line parallel to AD, meeting HG at Y and DF at Z. Then we have given 
that HF and <JK afe together equal to AG and GE. By our construction we 
make XG equal to CJT, and YF equal to GS. Thus HZ and Ctf are to- 
gether equal to AG; therefore HZ is equal to AY. But this is impossible 
for HD is greater than AH. Hence AC and CB cannot be unequal; that is 
they are equal. 

135. By II. 5 the rectangle contained by the parts is always less than the 
square on half*the line, except when the straight line is bisected ; so that 
the rectangle contained by the parts is greatest when the straight line is 
bisected. 

136. Take AC equal to a side of the smaller square; produce AC to D so 
that CD is equal to a side of the larger square: and from CD cut off CB 
equal to CA. Then by II. 6 the rectangle AD, DB is equal to the difference 
of the squares on CD and CB. Thus the required rectangle is found. 

137. By II. 9 the sum of the squares on the two parts is always greater 
than double the square on half the straight line, except when the straight 
line is bisected ; so that the sum of the squares on the parts is least when the 
straight line is bisected. 

138. Take AC equal to the greater of the two straight lines; on AC 
produced take CD equal to the less of the two straight lines, and also take 
CB equal to AC. ^SEhen AD is equal to the sum of the two straight lines, 
and DB is equal to their difference; And it is shewn in II. 9 that the squares 
on AD and DB are together double of the squares on AC and CD. 

139. Let AB be the .given straight line to be divided; KL a side of the 
given square. 

Make the angle ABE equal to half a right angle. With centre A and 
radius equal to KL describe a circle cutting BE at F. From F draw FD 
perpendicular to AB : then AB shall be divided at D in the manner required. 

For it may be shewn as in II. 9 that FD is equal to DB. Also the * 
Bquares on AD and DF are equal to the square on ^f^, so that the squares &^ 
on AD and DB are equal to the square on KL. hf* *£ & 

A remark may be made like the last sentence of the^solution of Exer- 
cise 65. 

140. Let AB be the given straight line. Produce AB to C so that AC 
may be equal to the diagonal of the square described on AB ; and from BA 
cut off BD equal to BC: then will the square on DA be double the square 
on DB. 

Since the straight line CD is bisected at B and produced to A, we have 

the squares on CA and DA together equal to double the squares on BA and _, 

BD, by II. 10. But the square on CA is double the square on BA, by I. 47: / 

therefore the square on DA is double the square on DB. %m ' 

141. In the triangles HAC, FAB the two sides HA, AC axe equal 
to the two sides FA, AB each to each; and the right angles HAC, FAB are 
equal: therefore the angle HCA is equal to the angle FBA, that is to the 
angle HBL. The angle LHB is equal to the angle AHC, by I. 15. There- 
fore the angle HLB is equal to the angle HAC, by I. 32. Thus the angle 
HLB is a right angle. 
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142. Since EB is equal to EF, the angle EBF is equal to the angle 
EFB; that is the angle OBL is equal to the angle CFL. Therefore the 
angle FCL is equal to the angle LOB, by I. 32 and Exercise 141. Thus 
the angle ECO is equal to the angle BOL, and therefore to the angle EOC, by 
1. 15. Therefore EO is equal to EC by I. 6; and therefore also equal to EA. 

Thus the angles EOC and EOA are together equal to the two angles ECO 
and EAO; that is the angle AOC is equal to the two angles ACO and CAOz 
therefore the angle AOC is a right angle by L 32. 

143. In II. 11 it is shewn that the rectangle AB, BH is equal to the 
square on AH. Therefore the rectangle All, HB together with the square 
on BH is equal to the square on AH. Thus the rectangle AH, HB is equal 
to the difference of the squares on AH and BH, that is to the rectangle 
contained by the sum and the difference of AH and BH. See the note on 
page 269 of the Euclid respecting II. 5 and II. 6. 



n. 12 to 14. 

144. Let ABC be a triangle having the sides A^^^^eqa&l. \^6m 
B draw BD perpendicular to CA. By II. 13 we know thafsffie^squar&pii AC 
is less than the squares on AB and BC by twice the rectangle s *4£ r -027r But 
the squares on AC and BC are equal, by hypothesis; therefore the square on 
BC is equal to twice the rectangle AC, CD* 

145. See page 293 of the Euclid. 

146. The squares on CD and AC are equal to twice the squares on 
AB and CB, by Exercise 145. And AC is equal to AB. Therefore the square 
on CD is equal to the square on AB together with twice the square on CB. 

147. Let A BCD be the parallelogram ; join AC and BD intersecting at 
; then AC and BD are bisected at 0, by Exercise 78. 

The squares on AB and BC are equal to twice the squares on AO and 
OB, by Exercise 145 ; and similarly the squares on AD and DC are equal 
to twice the squares on AO and OD. Therefore the squares on the sides 
of the parallelogram are equal to four times the square on AO and four 
times the square on BO, that is to the square on AC and the square on BD. 

148. Let ABC be the triangle, and the middle point of AB. By 
Exercise 145 the squares on AC and BC are equal to twice the squares 
on AO and OC. Now AO is given, and OC is of- constant length : therefore 
the sum of the squares on AC and BC is invariable. 

149. Let ABCD be the quadrilateral ; let E, F, O, H be the middle 
points of AB, BC, CD, DA respectively : the squares on AC and BD will be 
equal to twice the sum of the squares on EG and FH. 

We know that EFGH is a parallelogram, that EH is half BD, and HG 
is half AC : see Exercises 107 and 109. Therefore the squares on AC and 
BD are equal tp four times the squares on EH and HG, that is to twice 
the sum of the squares on the sides of the parallelogram EFGH, that is 
twice the sum of the squares on the diagonals EG and FH t by Exercise 147.. 
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150. Let ABCD be the parallelogram ; let the diagonals AC and BD 
intersect at 0. Let a circle be described from O as centre, and let P be any 
point on the circumferenoe of this circle. Then, by Exercise' 145, the sum 
of the squares on PA and PC is equal to twice the squares on PO and AO ; 
and this remains constant at whatever point of the circumference P may be. 
Similarly the sum of the squares on PB and PD remains constant. There- 
fore the sum of the squares on PA t PB, PC, PD remains constant. 

151. Let ABCD be the quadrilateral ; let E be the middle point of AC, 
and F the middle point of BD. 

The squares on AB and BG are equal to twice the squares on AE and 
BE by Exercise 145 ; and similarly the squares on AD and DC are equal to 
twice the squares on AE and DE : therefore the squares on the sides of the 
quadrilateral are equal to four times the square on AE together with twice 
the squares on BE and DE, that is to tie square on AC together with 
twice the squares on BE and DE. 

But the squares on BE and DE are equal to twice the squares on BF 
and EF by Exercise 145 ; and therefore twice the squares on BE and DE 
are equal to four-times the square on BF together with four times the 
square on EF, that is to the square on BD together with four times the 
square on EF. 

Therefore the. squares on the sides of the quadrilateral are equal to the 
squares on the, diagonals together with four times the square on EF. 

152. Let be the centre of the circle. By Exercise 145 the squares on 
EC and ED are equal to twice the squares on 0E and OC, that is to twice 
the squares on AO and OC. Now one of the two straight lines AC and 
AD is the sum of AO and OC, and the other is the difference ; hence the 
squares on AC and iD are equal to twice the squares on AO and OC : see 
the note on page 269 of the Euclid respecting II. 7 ; or Exercise 138. 

Therefore the squares on EC and ED are together equal to the squares 
on AC and AD. 

153. Let O be the middle point of AD. Hy Exercise 145 the squares on 
AB and BD are equal to twice the squares on BO and OD ; and the squares 
on AC and CD are equal to twice the squares on CO and OD. But the 
squares on AB and BD are equal to the squares on AC and CD by supposi-* 
tion; hence twice the squares on BO and OD are equal to twice the squares 
on CO and OD. Therefore the square on BO is equal to the square on CO, 
so that BO is equal to CO. 

154. Let AB be the base of an isosceles triangle ABC ; from C draw CO 
perpendicular to AB : take any point D in the base, then will the square on 
AC exceed the square on DC by the rectangle AD, DB. 

Suppose D to fall between A and 0. The square on AC is equal to the 
squares on AO, OC by I. 47 ; and similarly the square on DC is equal to 
the squares on DO, OC. Hence the square on AG exceeds the square on f / , 
DC by the difference of the squares on JO and DO, last is by the rectangle "^ 
contained by the sum and the difference of JO and DO : see page 269 A T.s rd. 
of the Euclid. Now BD is equal to the sum of AO and DO ; and AD is the 
difference of AO and DO. Therefore the square on AG exceeds the square 
on DC by the rectangle AD % DB, The process is similar if D tails between 
£andO. 
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155. From D draw DF perpendicular to AB produced, and from JET 
draw EG perpendicular to AC produced. The angles DBF and CBA are 
together equal to a right angle, by I. 13. The angles ACB and CBA are 
together equal to a right angle, by L 32. Therefore the angle DBF is equal 
to the angle ACB. 

In the two triangles DBF and BCA the sides DB and BC are equal ; 
the angle DBF is equal to the angle BCA, and the right angles DFB and 
BAG are equal: therefore the triangles are equal in all respects. Similarly 
it may be shewn that the triangles CEG and BCA are equal in all respects. 

The square on DA is equal to the squares on DB, BA, and twice the 
rectangle BA, BF 9 by II. 12 ; that is the square on DA is equal to the 
squares on BC, BA and twice the rectangle BA, AC : therefore the squares 
on DA and AC are equal to the squares on BC, BA, AC and twice the 
rectangle BA, AG. Similarly it may be shewn that the squares on EA and 
AB are equal to the squares on BC, BA, AC and twice the rectangle 
BA, AC. Therefore the squares on DA and AC are equal to the squares on 
EA and AB. 

156. By II. 13 the square on BD is less than the squares on BA and 
AD by twice the rectangle AB, AE ; and by the same Proposition the square 
on BD is less than the squares on BA and AD by twice the rectangle AC, 
AD ; therefore the rectangle AB, AE is equal to the rectangle AC, AD. 

157. Let ABC be an equilateral triangle ; suppose AB produced to D 
so that the rectangle AD, DB is equal to the square on CB ; then will the 
square on DC be equal to twice the square on CB. 

From C draw CE perpendicular to AB; then the triangles CEA and 
CEB will be equal in all respects by I. 26. The square on DC is equal to the 
squares on CB, BD and twice the rectangle DB, BE, by II. 12 ; that is to the 
squares on CB, BD and the rectangle DB, BA ; that is to the square on 
CB and the rectangle AD, DB, by n. 3; that is to twice the square on CB, 
by supposition. 

• 158. Let ABC be a triangle, having the angle C a right angle ; from 
C draw CD perpendicular to AB : then will the square on CD be equal to 
the rectangle AD, DB. 

r Bisect AB at E. Then one of the two straight lines AD and DB is 
equal to the sum of AE and ED, and the other is equal to their difference. 
Hence the rectangle AD, DB is equal to the difference of the squares oh AE 
and ED : see the Euclid, page 269. But EC is equal to AE, by Exercise 59. 
Therefore the rectangle AD, DB is equal to the difference of the squares on 
EC and ED ; that is to the square on CD, by I. 47. 

159. Use the same diagram as in Exercise 158. Then the square on 
BC is equal to the squares on CD and DB, by I. 47; that is to the 
rectangle AD, DB and the square on DB, by Exercise 158; that is to 
the rectangle AB, DB, by II. 3. 

Similarly the square on AC it equal to the rectangle BA, DA. 

160. By IL 13 the square on AC together with twice the rectangle 
AB, BF is equal to the squares on AB, BC; and the square on AB together 
with twice the rectangle AC, CE is equal to. the squares on AC, BC. Hence 
the squares on AC, AB, together with twice the rectangle AB, BF and twice 
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the rectangle AC, CE are equal to the square on AB, the square oniC, 
and twice the square on BC. Therefore twice the rectangles AB, BF and 
AC, CE are equal to twice the square on BC; and therefore the rectangles 
AB 9 BF and AC t CE are equal to the square on BC. 

161. Let AB be the straight line which is to he divided. Let LM be 
a side of the given square. Bisect AB at C. From L draw a straight line 
LO at right angles to LM ; with centre M and radius equal to AC describe a 
circle cutting LO at N. From CB cut off CD equal to LN. Then will the 
rectangle AD, DB be equal to the square on LM. 

The rectangle AD, DB is equal to the difference of the squares on AC 
and CD, by II. 5 ; that is to the difference of the squares on MN and LN, 
by construction ; that is to the square on LM, by I. 47. 



HI. ltol5. 

162. Let A be the centre of the circle which is to be described, B the 
centre of the given circle. Join AB; through B draw a straight line at 
right angles to AB, cutting the given circle at L and M : then will AL be 
the radius of the circle required. 

■ In the two triangles ABL and ABM, the side AB is oommon; BL is 
equal to BM ; and the right angles ABL and ABM are equal : therefore AL 
13 equal to AM, by I. 4. Therefore a circle described from the centre A 
with the radius AL will pass through M, and so will cut the given circle at 
the extremities of a diameter. 

163. Each of the straight lines passes through the centre of the circle, 
as may be shewn in the manner of III. 1 : thus the straight lines intersect 
at a fixed point. 

164. Let the circles cut each other at B and E. Through B draw any 
straight line meeting one circle again at A and the other again at C. 
Through E draw a straight line parallel to ABC, meeting the first circle 
again at D and the second circle at F. Then shall AC and DF be equal. 

Find P the centre of the circle ABED, and Q the centre of the circle 
BCFE. From P draw PK perpendicular to AB ; and produce KP to meet 
DE at M: then since DE is parallel to AB the angles at M are right 
angles. Again, from Q draw QL perpendicular to BC, and produce LQ 
to meet EF at N : then the angles at N are right angles. Thus KLNM is a 
light-angled parallelogram, and therefore KL is equal to MN. 

KB is half of AB by III. 3, and BL is half of BC : therefore KL is half 
of AC. Similarly MN is half of DF. But KL is equal to MN: therefore 
AC is equal to DF. 

165. Suppose that D and F are on the circumference of the circle with 
centre A ; and that E and G are on the circumference of the circle with 
centre B. From A draw AL perpendicular to FC, and AP perpendicular to 
DC ; from B draw BM perpendicular to CG and BQ perpendicular to CE, 
From B draw BX perpendicular to AL, so that BX is parallel to FG, 
Again from B draw a perpendicular BY on PA produced, so that BY ia 
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parallel to DE. Then the angle BAY will be equal to the angle BAX, since, 
by supposition, FG and DE are equally inclined to AB. 

Now by L 26 it will follow that BX is equal to BY; also, as in Exercise 
164, it may be shewn that BX is equal to half of FG, and BY is equal to 
half of DE. Therefore FG is equal to DE. 

If the perpendiculars from B instead of meeting AL and PA produced, 
meet LA produced and AP the process is substantially unchanged. 

166. Let A and B denote the centres of the two circles. From the 
process given in the solution of Exercise 165 it follows that the straight line 
drawn through the point of intersection of the two circles is always less 
than twice AB except when it is parallel to AB, and then it is equal to 
twice AB. Therefore the greatest possible straight line is obtained by 
drawing a straight line through one of the points of intersection of the circles 
parallel to the straight line joining the centres. 

167. Let C denote the centre of the circle, A the point in the diameter, 
P and Q the extremities of the chord parallel to this diameter. From C 
draw CD perpendicular to PQ ; then PQ is bisected at D, by III. 3. 

By Exercise 145 the squares on AP and AQ are equal to twice the 
squares on AD and PD ; that, is to twice the squares on AC, CD, and PD, 
by I. 47 ; that is to twice the squares on AC and CP. 

Now one of the segments of the diameter is the sum of AC and the 
radius, and the other is the difference of AC and the radius. Therefore the 
sum of the squares on the segments is equal to twice the square on AC and 
twice the square on the radius ; that is to twioe the squares on AC and CP ; 
that is to the squares on AP and AQ. See Exercise 138. 

168. Let be the middle point of AB ; then the sum of the squares on 
AP and BP is equal to twice the square on OP together with twice the 
square on AO. Hence we require OP to be the least possible. Join with 
the centre of the circle, and let the joining line cut the circumference at Q ; 
then Q is the required point : for OQ is less than any other straight line 
drawn from to the circumference, by III. 8. 

169. Let ABC be a circle, and let F be its centre ; let DBF, be another 
circle, and let G be its centre ; let the second circle fall within the first, and 
let them touch at B. Let AC and DE be parallel diameters, A and D being 
towards the same parts. Then B, D, and A will be in a straight line. 

Join BD and AD. If they are not in a straight line let BD produced 
meet AC at H. Join FG ; then FG produced will pass through B, by 
III. 11. The angle GDB is equal to the angle FHB, by L 29. Therefore 
the angle FHB is equal to the angle FBH. Therefore FH is equal to FB. 
Therefore FH is equal to FA which is absurd. 'Therefore B f I), and A 
cannot lie otherwise than in a straight line. 

If the circles touch externally the process will be similar; but then 
the extremities of the diameters must be taken towards opposite parts. 

170. Let C be the centre of the larger circle, A the centre of the other. 
Let FAE be a chord of the larger circle at right angles to AC; and let H 
be one of the points where it cuts the smaller circle. Let BHD be another 
chord of the larger circle, and let it be at right angles to FAE. Of the two 
EH and FH let FH be the less ; and of the two BH and DH let DH be the 
less. Then will EH be equal to BH f and FH equal to DH. 
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From Cdraw CK perpendicular to BD; then ACKH will be a square. 
The chords FE and BD are equally distant from C, and are therefore equal, 
by HX 14. Therefore AE and BK, the halves of these chords, are equal. 
But AH is equal to UK ; therefore EH is equal to BH ; and therefore FH 
is equal to BH. 

171. Let A be the given point, C the centre of the circle. Join CA and 
through A draw a chord BAD at right angles to AC: this shall be the 
shortest chord through A. 

For draw any other chord EAF through A ; and from C draw the 
perpendicular CG on EAF. Then since CGA is a right angle CAG is less 
than a right angle, by L 32. Therefore CG is less than CA, by I. 19. 
Therefore EAF is nearer to the centre than BAD ; and therefore EAF is 
greater than BAD, by HE. 15. 

172. From draw the radiuB OB parallel to PN, so that OB and PN 
are on opposite sides of the diameter on which ON lies. Join PB. 

The angle tfP£ is equal to the angle OBP, by I. 29 ; the angle OBP is 
equal to the angle OPB by I. 5 : therefore the angle NPB is equal to the 
angle OPB. Thus the angle OPN is bisected by the straight line PB ; so 
that so long as P is on the same side of the fixed diameter the straight line 
bisecting the angle always passes through the fixed point B. 

Produce BO to meet the circumference again at B\ Then if P is on 
the other side of the fixed diameter, the straight line bisecting the angle 
will pass through B'. 

173. Take the centre of the circle DBCE ; join OD and OE. Take 
P the centre of the circle on which A and B lie, and Q the centre of the 
circle on which A and C lie. 

The angle PAB is equal to the angle PBA, and therefore equal to the 
angle OBD, and -therefore equal to the angle ODB, by I. 5 and L 15. 
Therefore PA is parallel to DO by I. 27. Similarly QA is parallel to OE. 
But PA and QA form one straight line by III. 12. Therefore OD and OE 
form one straight line, which is a diameter of the circle DBCE, and is 
parallel to PQ. 

174. Let A BCD be the quadrilateral figure. Let the circles described 
on AB and BC as diameters intersect at E. Then the straight line which 
bisects EB at right angles will pass through the centres of the circles, 
by m. 1, so that it will bisect AB and BC. Therefore this straight line 
will be parallel to AE and to EC, by Exercise 106. Hence AE and EC are 
in one straight line; and the common chord EB is at right angles to AG. 
Similarly the common chord of the circles described on CD and DA as 
diameters is also at right angles to AC; and therefore the two common 
chords are parallel. 

In like manner the common chord of the circles described on JD and 
AB as diameters is parallel to the common chord of the circles described on 
CB and CD as diameters. 

175. Let C be the centre of the given circle, A the given point in the 
given straight line. On this straight line take AB equal to the radius of 
the given circle; join BC; at C draw the radius- CD, making the angle 
BCD equal to the angle CBA, and on the same side of CB. Produce DC 
to meet the given straight line, at 0. Then will be the required centre. \ 
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For the angle OCB is equal to the angle OBC, by construction ; there* 
fore OC is equal to OB, by I. 6. And BA is equal to CD, by construction ; 
therefore OD is equal to OA ; and the circle described from the centre O 
with the radius OA will pass through D, and will touch the given circle 
atD. 

in. 16 to 19. 

176. In the diagram of in. 17 let FD be produced to meet the outer 
circle at H ; join EH cutting the inner circle at K ; join AK: then AK will 
touch the circle BCD, 

This may be shewn precisely as in m. 17. Also DH is equal to DF by 
HE. 3 ; therefore AK will be equal to AB, 

177. Let C be the centre of the given circle. From C draw a straight 
line perpendicular to the given straight line meeting it at A, and intersect- 
ing the circumference at B. Through B draw a straight line at right angles 
to CB ; this touches the given circle by in. 16 Corollary ; and it is parallel 
to the given straight line by I. 28. 

178. Let C be the centre of the given circle. Draw the radius CA 
parallel to the given straight line. Through A draw a straight line at right 
angles to CA ; this touches the given circle by III. 16 Corollary ; and it is 
perpendicular to the given straight line by L 29. 

179. Let C be the centre of the circle, A the end of the diameter. 
Draw AD at right angles to CA, and make it of the given length. Join 
CD cutting the circumference at B ; from B draw a straight line at right 
angles to CB and let it meet CA produced at E. Then EB will be the 
required tangent. 

For in the two triangles CAD, CBE the angle C is common, the right 
angles CAD and CBE are equal, and the sides CA and CB are equal; 
hence AD is equal to BE, by 1. 26. And BE touches the circle at B, by 
III. 16 Corollary. 

180. Let be the centre of the two circles. Let ABC be a chord of 
the outer circle, touching the inner circle at B ; let DEF be another chord 
of the outer circle, touching the inner circle at E : then will AC be equal 
to DF. 

Join OB and OE. The angles at B and E are right angles, by HI. 18. 
Thus AC and DF are equally distant from : therefore AC is equal to DF, 
by in. 14. 

181. Let be the centre of the given circle, P the given point. In 
the circle place a chord AB equal to the given straight line. From draw 
a .perpendicular OC on AB* With centre and radius OC describe a circle, 
and from P draw a straight line touching this circle at E and meeting 
the given circle at the points D and F. Then PDEF shall be the straight 
line required. 

For by Exercise 180 the straight lines AB and DF are equal. 

182. Let MCN be the diameter ; let tangents be drawn at M and N ; 
let AB be the portion of another tangent which is intercepted between the 
tangents at M and N : then ACB shall be a right angle. 

Let AB touch the circle at E. Join AC and BC. 
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In the triangles CAE and CAM the sides AE and AM are equal, by 
Exercise 176; the sides EC and MC are equal; and the right angles A EC 
and AMC are equal : therefore the angles ACE and ACM are equal, by I. 4. 
Similarly the angles BCE and BCN are equal Therefore the angle ACB 
is equal to the. two angles ACM and BCN. Therefore the angle ACB is a 
right angle, by 1. 13. 

183. Let AB be the given straight line, C the centre of the given circle. 
Draw a straight line BE parallel to AB, and at a distance from it equal to 
the radius of the required circle which is given. With centre C describe 
a circle having its radius equal to the sum of the radii of the given circle 
and the required circle ; let this circle cut BE at the points F and G : then 
either F or G may be taken as the centre of the required circle. 

For the distance of F from A B is equal to the radius of the required circle, 
and therefore the circle described from F as centre with the given radius 
will touch A B. And the distance of F from C is equal to the sum of the 
radii of the given circle and the required circle; and therefore the circle 
described from F as centre will touch the given circle. Similarly G may 
be taken as the centre of the required circle. 

If the line AB lies without the given circle, BE must be drawn on the 
same side of AB as C is. 

184. Let be the centre of the given circle. Let a circle described 
from C as centre touch the given straight line at A, and touch externally 
the given circle at B. From draw a straight line parallel to CA to meet 
the circumference of the given circle at 2), so that OB and CA may be 
on opposite sides of OC. Then 2) will be a fixed point ; and D, B, A will 
lie in one straight line. 

For OB and CA are parallel, by construction ; and the angles at A are 
right angles, by III. 18: therefore if DO be produced to meet the given 
straight line the angles at the point of intersection will be right angles. 
Thus OD is a fixed straight line, and D is a fixed point. 

Join AB, BD. The angle BOD is equal to the angle BCA by I. 29. 
Therefore the angles ODB and OBD together are equal to the angles CAB 
and CBA by I. 32. But the angle OBD is equal to the angle ODB, and the 
angle CBA is equal to the angle CAB, by I. 5. Therefore the angle OBD 
is equal to the angle CBA. Therefore DB and BA are in the same straight 
line. 

185. See the Euclid, page 295. 

186. Let ABC, DEF be the circles. It is required to draw a straight 
line touching the circle ABC, and so that the part of it intercepted by DEF 
may be equal to a given straight line. 

In the circle DEF place the straight line BE equal to the given straight 
line. Find G the centre of this circle, and with G as a centre describe a 
circle touching DE. Draw a straight line AFH to touch the latter circle 
and to touch ABC, cutting the circle DEF at F and H: this shall be the 
straight line required. 

For since DE and FH are equally distant from the centre of the circle 
DEF, they are equal : therefore FH is of the required length. 

187. Let A and B be the centres of the two circles. In the circle 
having its centre at A place a chord PQ of the length which is to be 

T. E. 3 
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intercepted by this circle from the required straight line. In the circle 
having its centre at B place a chord RS of the length which is to be inter- 
cepted by this circle from the required straight line. With A and B as centres 
describe circles touching these chords respectively. Draw a straight line to 
touch the two circles thus described : this will be the straight line required. 

For let this straight line meet the given circle which has A for centre 
at the points K and L, and the given circle which has B for centre at the 
points M and N. Then KL and PQ are equally distant from A, and 
therefore they are equal by in. 14. Similarly MN and RS are equal. 

188. Let ABGD be a quadrilateral, the sides of which touch a circle : 
then will AB and CD together be equal to BG and DA together. 

Let AB touch the circle at P, let BC touch it at Q, let CD touch it at R> 
and let DA touch it at 8. Then AP is equal to AS, BP to BQ, CQ to CR, 
and DR to DS, by Exercise 176. Therefore the sum of AP, PB, CR, RD is 
equal to the sum of AS, BQ, CQ, DS ; that is AB and CD together are 
equal to BC and DA together. 

189. Let ABCD be a parallelogram which is described about a circle. 
Then AB and CD together are equal to BC and DA together, by the pre- 
ceding Exercise. But AB is equal to CD, and BC is equal to DA, by I. 34. 
Hence AB, BC, CD, DA are all equal, so that the parallelogram is a 
rhombus. 

190. If possible suppose that DE does not touch the circle but cuts it. 
Draw DF to touch the circle at F and produce DF to meet AE produced 
at G. 

Then DF is equal to DB, and GF is equal to GG, by Exercise 176. 
Therefore DG is equal to the sum of DB and GC. But, by hypothesis, 
DE is equal to the sum of DB and EC y add EG to both ; thus DE and 
EG are equal to the sum of DB, EC, and EG ; that is to the sum of DB 
and GC. Therefore DE and EG are equal to DG ; that is two sides of a 
triangle are equal to the third, which is impossible by I. 20. Therefore 
DE does not cut the circle. In the same way it may be shewn that DE 
does not fall without the circle. Therefore DE touches the circle. 

191. Take the diagram of Exercise 188. Let be the centre of the 
circle. Draw OA, OB, OC,OD, OP, OQ, OR, OS. 

In. the triangles OAS, OAP the side OA is common ; the sides OS and 
OP are equal ; the sides AS and AP are equal by Exercise 176. Therefore 
the angles A OS and A OP are equal, by 1. 8. Similarly the angles BOP and BOQ 
are equal ; also the angles COQ and COR are equal ; and the angles DOR 
and DOS are equal. Therefore the angles AOP, BOP, COR, DOR are 
together equal to the angles A OS, BOQ, COQ, DOS) therefore each set of 
four angles are together equal to two right angles, by I. 15. Corollary 2. 

192. Let CA and CB be the two radii which are at right angles. Let 
a straight line touch the circle, and meet CA produced at P, and CB pro- 
duced at Q. From P draw PM to touch the circle, and from Q draw QN to 
touch the circle ; then PM will be parallel to QN. 

It may be shewn as in Exercise 191 that the angle MPQ is double the 
angle CPQ, and that the angle NQP is double the angle CQP. Therefore 
the two angles MPQ and NQP are double the angles CPQ and CQP. But 
the angles CPQ and CQP are together equal to a right angle, by I. 32 : 
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therefore the^angles MPQ and NQP are together equal to two right angles. 
Therefore PM and QN are parallel, by I. 28. 

193. Let a straight line touch at C a circle which has its centre at A, 
and touch at D a circle which has its centre at B. Let DC and BA 
produced meet at 0. Let the straight line OAB meet the first circle at E 
and the second circle at F, where E and F are taken on the same sides of 
A and B respectively. Then CE will be parallel to DF. 

The angles OCA and ODB are right angles, by HX 18; therefore the 
angles CAO and DBO are equal, by I. 32. Therefore the two angles ACE 
and AEC are together equal to the two BDF and DFB, by I. 32. But the 
angles ACE and AEC are equal, and the angles BFD and BDF are equal, 
by L 5. Therefore the angle AEC is equal to the angle BFD. Therefore 
CE is parallel to DF, by I. 28. 

194. Let ABCD be a quadrilateral. Let a circle touch AB at E, touch 
BC at F, and touch DA at L ; let another circle touch BC at G, touch CD 
at H, and touch DA at K. Also let the two circles touch each other at 0. 
Let the straight line MON be drawn touching both circles at 0, and 
meeting AD at M, and BC at iV. Then 4Z) and BC together will exceed 
AB and DC together, by twice MN. 

By Exercise 176 we see that AB and CD together are equal to AL, DK, 
CG, and FB : thus the excess of AD and BC together above AB and DC 
together is equal to LK and FG together. But LM and MK are each equal 
to MO, and FN and NG are each equal to NO. Therefore LK and FG 
together are equal to twice MN. 

195. Let D be the point where the circle and the semicircle touch. 
Then D, 0. C are in one straight line, in. 11. Let F be the point at which 
the circle touches AB, and produce FO to meet at E the tangent to the 
semicircle parallel to 4B. Then will CO be equal to 6e. 

For FE is equal to tne radius of the semicircle, because E is in the 
tangent to> the semicircle which is parallel to AB. Thus FE is equal to 
CD. Also FO is equal to OD. Therefore OC is equal to OE. 
* 

196. From any point A without a circle having its centre at let two 
straight lines AB, AC be drawn touching the circle. The angle BAG will 
be double the angle OBC. 

The angles ABC and OBC together make up a right angle ; so also do 
the angles ABC and BAO ; therefore the angle OBC is equal to BAO. 
But the angle BAC is double the angle BAO; therefore the angle BAC is 
double the angle OBC. 

197. Let AB be the diameter of a circle, C the centre. At any point 
D on the circumference let a tangent be drawn, meeting at E the tangent 
at A, and meeting at F the tangent at B. The area of the figure ABFE 
will be half that of a rectangle contained by AB and EF. 

The triangle EAC is equal to the triangle EDC, and the triangle FDC 
is equal to the triangle FBC t by I. 8 and Exercise 176. Hence the figure 
ABFE is equal to twice the triangle ECF; and is therefore equal to a 
rectangle contained by EF and DC, and is therefore equal to half a 
rectangle contained by EF and AB. 

3—2 
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198. Let ABCD be the quadrilateral, having BC parallel to AD. Let 
K be the centre of a circle which touches AB at E, BC at F, CD at G, and 
DA at H. Through K draw a straight line LKM parallel to AD, and 
terminated by AB and DC. Then LM will be equal to one-fourth of the 
perimeter of ABCD. 

It may be shewn that AB is bisected at L, and DC bisected at M: 
see Exercise 36. 

The angle EBK is equal to the angle FBK, by Exercise 176. The angle 
FBK is equal to the angle LKB, by I. 29. Therefore the angle LBK is 
equal to the angle LKB. Therefore LK is equal to LB, by I. 6. Thus 
LK is half AB. Similarly MK is half DC. Thus LM is half the sum of 
AB and DC; that is LM is one-fourth of the perimeter of ABCD, by 
Exercise 188. 

199. Let A be the fixed point in the fixed straight line. Let a circle 
which touches the fixed straight line at A cut the fixed parallel straight line 
at B and C. Draw a tangent to this circle at B, and let it meet the fixed 
straight line through A at F ; and draw from A the perpendicular AE on 
this tangent : also draw from A the perpendicular AD on BC. 

The angle FBA is equal to the angle FAB, by Exercise 176; and is 
therefore equal to the angle ABD, by L 29. Hence in the two triangles 
ABE and ABD the side AB is common ; the angle ABE is equal to the 
angle ABD ; and the right angles AEB and ADB are equal : therefore AE 
is equal to AD, by L 26. Hence the straight line FB will touch at E 
the circle described from A as a centre with a radius equal to the fixed 
length AD. 

Similarly the tangent at C to the circle which passes through A, B, C 
will touch the same fixed circle. 

200. Let A and B be the two given points. Let C be a point on the 
convex circumference of the given circle such that the tangent to the circle 
at C is equally inclined to AC and CB. The sum of AC and BC shall be 
less than the sum of the straight lines drawn from A and B to any other 
point on the circumference. 

For take any other point on the circumference, as P; join PA and PB. 
Let PA cut at E the tangent at C, and join EB, Then the sum of PE and 
PB is greater than EB, by I. 20. Therefore the sum of PA and PB is 
greater than the sum of EA and EB. But the sum of EA and EB is 
greater than the sum of CA and CB, by page 306 of the Euclid. Therefore 
the sum of PA and PB is greater than the sum of CA and CB. 

201. Join CD. The angle CDA is equal to the angle CAD, by I. 5. 
The angles CDB and BDE are together equal to a right angle, by III. 18. 
The angles CBA and CAB are together equal to a right angle, by I. 32. 
Therefore the angle BDE is equal to the angle CBA. Also the angle DBE 
is equal to the angle CBA, by I. 15. Therefore the angles BDE and DBE 
are equal ; and the triangle DBE is isosceles, by I. 6. 

202. Let be the centre of the circle. Produce OC to a point F such 
that CF is equal to CO : then by comparing the triangles PCO and PCF it 
may be shewn that PF is equal to PO, and also Oi^is equal to OP, so that 
POF is an equilateral triangle. Therefore the angle'POC is two-thirds of a 
right angle. Therefore the angle EPA. is one-third of a right angle, by 
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I. 32. Therefore the angle PEA is two-thirds of a right angle, by L 32. 
Therefore the angle CED is two-thirds of a right angle, by I. 15. 

The angle COA is equal to the angles OBC and OCB, by L 32, that is to 
twice the angle OBC, by I. &: therefore the angle OBC is one-third of 
a right angle. The angle BAD is a right angle. Therefore the angle ABB 
is two-thirds of a right angle. Thus each of the angles CDE and GED is 
equal to two-thirds of a right angle ; and therefore the angle ECD is also 
two-thirds of a right angle, by L 32. Thus the triangle DEC is equi- 
angular, and therefore equilateral. 

m. 20 to 22. 

203. The four angles ABD, BDC, DCA, CAB are equal to four right 
angles. The angle BAG is fixed, and the angle BDG is constant, by HI. 21 : 
therefore the sum of the angles ABD and AGD is constant. 

204. The angle BAB is half the sum of the angles PAB and QAB ; and 
the angle KB A is half the sum of the angles PBA and QBA. Thus the 
angle R together with half the sum of the angles PAB, QAB, PBA, QBA is 
equal to two right angles. Again, half the sum of the angles Q, QAB, QBA 
is equal to a right angle ; and half the sum of the angles P, PAB, PBA is 
equal to a right angle. Thus half the sum of the angles P and Q together 
with half the sum of the angles PAB, QAB, PBA, QBA is equal to the angle 
R together with half the sum of the angles PAB, QAB, PBA, QBA. There- 
fore the angle R is equal to half the sum of the angles P and Q, and is 
therefore constant by III. 21. 

205. In the quadrilateral QCPD the angles QCP, CPD, PDQ are all 
constant by HI. 21. The four angles of a quadrilateral are together equal 
to four right angles. Therefore the angle CQD is constant. 

206. The angles at Q and R are constant by HI. 21; therefore the 
third angle of the triangle formed on QR as a base by QA and RB produced 
is constant, by I. 32. 

207. The angles ODC and ADC are together equal to two right angles 
by I. 13 ; but the angle ODC is equal to the angle ABC ; therefore the angles 
ABC and ADC are together equal to two right angles. Therefore a circle 
can be described round ABCD : see the Euclid, page 276. 

208. Let ABCD be the quadrilateral inscribed in a circle. Let AB pro- 
duced through B, and DC produced through C, meet at 0. 

The angles BAD and BCD are together equal to two right angles, by HI. 
22. The angles BCD and BCO are together equal to two right angles by 
I. 13. Therefore the angles BAD and BCD are together equal to the two 
angles BCD and BCO. Therefore the angle BCO is equal to the angle 
DAO. Similarly the angle CBO is equal to the angle ADO. 

209. Let ABCD be a parallelogram inscribed in a circle. By HI. 22 
the angles A and C are together equal to two right angles ; by I. 34 the 
angles A and C are equal : therefore each of the angles A and C is a right 
angle. 

Similarly each of the angles B and D is a right angle. 
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210. Let ABC be a triangle inscribed in a circle. Let D, E, F he 
points in the segments exterior to the triangle cut off by BC, CA, AB 
respectively. The angles CAB and CDB are together equal to two right 
angles, by HE. 22; so also are the angles CBA and CEA, and the angles 
ACB and AFB. Therefore the angles in the exterior segments together 
with the angles of the triangle are together equal to six right angles ; 
therefore the angles in the exterior segments are together equal to four 
right angles, by I. 32. 

211. Take the diagram of III. 22. Let ABCD be a quadrilateral 
inscribed in a circle. The angle in the segment exterior to AB and the 
angle ACB are together equal to two right angles, by in. 22. So also are 
the angle in the segment exterior to BC and the angle CAB. Also the 
angle in the segment exterior to CD and the angle CBD. Also the 
angle in the segment exterior to DA and the angle DBA. Therefore the 
angles in the four exterior segments together with the angles ACB, CAB, 
CBD, DBA are equal to eight right angles. But the angles ACB, CAB, 
CBD, DBA together make up the angles of the triangle ABC, and are 
therefore equal to two right angles. Hence the angles in the four exterior 
segments are equal to six right angles. 

212. Let ACB be a triangle inscribed in a circle such that the angle 
ACB is one-third of two right angles. In the segment cut off by AB on the 
opposite side of C take any point D on the circumference. Then the angles 
ACB and ADB are together equal to two right angles, by in. 22. But the 
angle ACB is one-third of two right angles, by construction. Therefore the 
angle ADB is two-thirds of two right angles. Thus the angle in the seg- 
ment ADB is double the angle in the segment ACB. 

213. Let ACB be a triangle inscribed in a circle such that the angle 
ACB is one-sixth of two right angles. In the segment cut off by AB on 
the opposite side of C take any point D on the circumference. Then the 
angles ACB and ADB are together equal to two right angles, by in. 22. 
But the angle ACB is one-sixth of two right angles by construction. There- 
fore the angle ADB is five-sixths of two right angles. Thus the angle in 
the segment ADB is five times the angle in the segment ACB. 

214. Let ABCD be a quadrilateral. Let a side AB be produced to E, 
and suppose that the angle EBC is equal to the angle ADC. 

The angles ABC and EBC are equal to two right angles by I. 13. But 
the angle EBC is equal to the angle ADC, by supposition. Therefore the 
angles ABC and ADC are together equal to two right angles. Therefore 
a circle can be circumscribed round ABCD : see the Euclid, page 276. Then 
the angles ADB and ACB will be equal by in. 21. In like manner any 
other side of the quadrilateral will subtend equal angles at the opposite 
angles of the quadrilateral. 

215. Let ABCDEF be a hexagon inscribed in a circle ; suppose that 
AB is parallel to DE, and BC parallel to EF: then will CD be parallel 
to FA. 

Join AD. The angle ABC is equal to the angle FED by Exercise 35. 
The angles FED and FAD are together equal to two right angles by m. 22 ; 
so also are the angles ABC and ADC. Therefore the angles FED and 
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FAD are together equal to the angles ABC and ADC. Therefore the angle 
FAD is equal to the angle ADC. Therefore FA is parallel to DC, by I. 27. 

216. Let the straight lines which respectively bisect the angles APC 
and AQC meet at H : the angle PHQ will be a right angle. 

The angle PCQ' and the angle BAD are together equal to two right 
angles, by 1. 15 and III. 22. Therefore the angles PQC and QPC are together 
equal to the angle at A. Now the angle CQH and half the angles at A 
and B are equal to a right angle by L 82 ; so also the angle CPH together 
with half the angles at A and D are equal to a right angle. Thus the 
angles CQH, CPH, together with the angle at A, and half the angles at B 
and D are equal to two right angles ; therefore the angles CQH, CPH, and 
A are together equal to a right angle, by HI. 22. Therefore, by what is 
shewn above, the angles HQP and HPQ are together equal to a right angle. 
Therefore the angle PHQ is a right angle, by L 32. 

217. Let ABCD be a quadrilateral inscribed in a circle. Let a straight 
line EFGH be drawn meeting the circumference at E and H, the side AD 
at F, and the side BC at G ; and suppose the angle AFG to be equal to the 
angle BGFi then will EH also make equal angles with AB and DC. 

Since the angles AFG and BGF are equal the arcs ED and ABH are 
together equal to the arcs HC and EAB : see the Euclid, page 294. There- 
fore the difference between the arcs HC and ED is equal to the difference 
between the arcs BH and EA. Therefore HE makes equal angles with AB 
and DC : see the Euclid, page 294. 

218. Let EFGH be a quadrilateral which can be inscribed in a circle, 
so that the angles E and G are together equal to two right angles. Suppose 
also that a circle can be inscribed in this quadrilateral touching the sides 
EF, FG, GH, HE at A, B, C, D respectively. Then will the straight lines 
BD and AC be at right angles to each other. 

Let be the centre of the circle ABCD. The angle between AC and BD 
is measured by half the sum of the arcs DA and BC ; see the Euclid, page 
294, and is therefore equal to half the sum of the angles DOA and BOC. 
Now the angles ODE and OAE are right angles ; therefore DOA and DEA 
are together equal to two right angles, by I. 32. But the angles DEA and 
BGC are together equal to two right angles, by supposition. Therefore the 
angle DOA is equal to the angle BGC. Similarly the angle BOC is equal 
to the angle AED. Therefore the angle between AC and BD is equal to 
half the sum of the angles AED and BGC, that is to a right angle. 

m. 23 to 80. 

219. Let AC and BG be chords of two equal arcs in a circle ; let AB 
and CG join the extremities of these chords towards the same parts : then 
AB and CG shall be parallel. 

The angle ABC is equal to the angle BCG by m. 27 : therefore CG is 
parallel to AB by L 27. 

220. Let AB and CG be parallel chords in a circle ; let them be joined 
towards the same parts by AC and BG, and towards opposite parts by AG 
and BC : then AC will be equal to BG, and AG to BC, 
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Because AB is parallel to CG the angle ABC is equal to the angle BCG, 
by I. 29 : therefore the aro AG is equal to the aro BG, by ILL 26 : therefore 
the straight line AG is equal to the straight line BG, by ILL 29. 

Again, it has been shewn that the arc AC is equal to the arc BG ; to 
each add the arc CG: therefore the arc ACG is equal to the arc BGC: 
therefore the straight line AG is equal to the straight line BC, by HI. 29. 

221. Suppose C and B on opposite sides of A, and C and E on opposite 
sides of B. Then the angle DAE is the sum of the angles ACB and 
AEB, which are invariable by HI. 21, and is therefore invariable. Therefore 
the arc BE is invariable, by HI. 26. 

But C and B may be on the same side of A, and C and E on the same 
side of B. Thus the angle ECD is equal to the angle ACB, and is therefore 
invariable, by in. 21. Also the angle AEB is invariable, by III. 21. 
Therefore the angle EAD which is the difference of E CD and AEB, by 
I. 32, is also invariable. Therefore the arc BE is invariable, by III. 26. 

222. Let the straight line which bisects the angles meet the arc CB at 
a point P : then will EP be equal to BP. 

The angles ECP and EBP are together equal to two right angles, by HI. 
22; the angles ECP and DCP are equal to !wo right angles, by I. 13: 
therefore the angle EBP is equal to the angle BCP, that is to half the 
angle BCB. Again, the angle BEP is equal to the angle BCP, by IH. 21, 
that is to half the angle BCB. Thus the angles EBP and BEP are equal ; 
therefore EP and BP are equal, by I. 6. 

223. Let ABCD be a quadrilateral figure inscribed in a circle ; produce 
CB to any point E ; let the straight lines which bisect the angles ABC and 
ABE meet at F : then F shall be on the circumference of the circle. 

Let AB and BF intersect at H. The angle ABE is equal to the angle 
ABC, by IH. 22 : therefore the angle HDF is equal to the angle HBA. 
The angle BHF is equal to the angle BHA, by I. 15. Therefore the angle 
BFH is equal to the angle BAH, by I. 32. Therefore F is on the circum- 
ference of the circle. See the Euclid, page 276. 

If BF meet AB produced at H, the proof will be similar, using the con- 
verse of IH. 22 instead of that of IH. 21. 

224. Let C be the centre of the given circle. From B as centre with 
radius equal to CB describe a circle cutting AB produced at F. Join FB 
and produce it to meet the given circle again at E. Then will the arc AE 
be three times the aro BB. 

For the angle ACE is equal to the two angles CEF and CFE, by I. 32 ; 
therefore the angle ACE is equal to the two angles CBE and CFB, by I. 5 ; 
therefore the angle ACE is equal to the angle BCF and twice the angle 
BFC, by I. 32 ; therefore the angle ACE is equal to three times the angle 
BCF, by I. 5. Hence the arc AE is three times the arc BB, by IH. 26. 

225. The points P and Q will always lie on a fixed segment of a circle 
described on AB: see the Euclid, page 276. Also as the angle AQB is 
given, and the angle C is given, the angle QBP is invariable. Hence the 
straight line PQ is always of the same length. 

226. Let AB be the common chord of the two equal circles. Through 
A draw a straight line meeting one circle at C, and the other at B ; draw 
BG and BB : these straight lines shall be equal. 
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For the angle ACB is equal to the angle ABB, by III. 27 and IH 28 : 
therefore BC is equal to BD by I. 6. 

227. In the two triangles BOP, BOQ the side OB is common ; the 
angle BOP is equal to the angle BOQ, by supposition ; and the right angles 
BPO and BQO are equal : therefore BP is equal to BQ, by I. 26. 

Now AB is equal to BC, by III. 26 and III. 29. Therefore the square on 
AB is equal to the square on BC. Therefore the squares on AP and PB 
are equal to the squares on CQ and QB. But PB has been shewn equal to 
QB. Therefore the square on AP is equal to the square on CQ. Therefore 
AP is equal to CQ. 

228. Suppose AB to lie between AL and AM, and AM nearer to the 
centre than AL. From B draw BP perpendicular to AM and BQ perpen- 
dicular to J£ produced Then, as in Exercise 227, we .nave PM equal to 
QL. Therefore the sum of AL and AM is equal to twice AP ; aryl this is a 
fixed quantity, because the side AB is fixed, and so are the' two angles PAB 
and APB. 

Next let AB not lie between AL and AM, and suppose AM nearer to the 
centre than AL. From B draw BP perpendicular to AM and BQ perpen- 
dicular to LA produced. Now LB 'and Mf$ are equal by Exercise. 222 ; and 
thus we find-as in Exercise 2^7 'that LQ and PM are equal. Hence the 
difference of AM and AL will be found to be equal to twice AP, and this as 
before is a fixed quantity. 

229. Let FE and OA be produced to meet at H. Bisect OF at K, and 
join EK. 

The triangles EFK and EOK are equal in all respects by I. 8 ; so that 
EKO is a right angle : therefore KE and OH are parallel by I. 28. There- 
fore the angle FEK is equal to the angle EHO, and the angle KEO is equal 
to the angle EOH, by I. 29. Therefore the angle EHO is equal to the 
angle EOH. 

The angle GOB is equal to the two angles OGH and OHG, by I. 32 ; 
therefore the angle GOB is equal to the two angles OEG and OHG, by L 5 ; 
therefore the angle GOB is equal to the angle EOH and twice the angle 
OHG ; therefore the angle GOB is equal to three times the angle EOH. 
Hence the arc BG is three times the arc AE, by IIL 26. 

230. Let AB be the given base, and ABC one of the triangles. The 
point C will be situated on the arc of a certain fixed segment of a circle 
described on AB as a base : see the Euclid, page 276. Let the angle at C be 
bisected by a straight line, and let this straight line be produced to cut at B 
the circumference of the circle of which the segment is part. Then since 
the angles ACB and BOB are equal the arcs AB and BB are equal ; so that 
B is the middle point of the arc ABB. Hence D is a fixed point, and the 
straight lines which bisect the vertical angles all pass through this fixed 
point. 

231. Let the two circles touch at A. Let K be the centre of the smaller 
circle, and L the centre of the larger circle. Let BBC be a chord of the 
larger circle, touching the smaller circle at B. Then BB and BC will 
subtend equal angles at A. 

Produce AB to cut the larger circle at F. Join KB and LF. Then A, 
K, L are in one straight line, by HI. 11. The angle KAB is equal to the 
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angle KB A, and the angle LAB is equal to the angle LFA, by I. 5 : there- 
fore the angle KB A is equal to the angle LFA : therefore LF is parallel to 
KD, by 1. 28. But KB is at right angles to BC, by III. 18 ; therefore LF is at 
right angles to BC, by L 29. Therefore LF bisects BC, by HI. 3. There- 
fore the arc BF is equal to the arc CF. Therefore the angle BAF is equal 
to the angle CAF, by III. 27. 

m. 81. 

232. Let AB be the given hypotenuse, and ABC one of the triangles 
having the angle at C a right angle. Let B be the middle point of AB. 
Then DC is equal to DA by Exercise 59, so that C is on the circumference 
of a circle having D as centre, and DA as radius, and therefore having AB 
as diameter. 

233. Let ABC be a triangle having the sides AC and BC equal. Let 
D be the middle point of AB. Then the triangles ADC and BDC are equal 
in all respects, by L 8; so that the angles ABC and BBC are right angles. 
Hence the circle described on AC as diameter will pass through D, by 
Exercise 232; and also the circle described on BC as diameter will pass 
through D. Thus the circles intersect at D. 

234. Let ABCB be a rectangle inscribed in a circle. Since the angle 
ABC is a right angle AC is & diameter of the circle. Let be the centre 
of the circle. The rectangle is double of the triangle ABC by I. 34. The 
triangle DAG has a fixed base, namely the diameter of the circle ; but its 
height is always less than OB except when BOA is a right angle. Therefore 
the greatest rectangle that can be inscribed in a circle is one which has 
its diameters at right angles to each other ; this by I. 4 has its sides all 
equal, and is therefore a square. 

235. Suppose C and E on opposite sides of A B, and C and A on opposite 
sides of FE. CB is equal to half AB, by Exercise 59. Therefore a circle 
described from the centre B with radius CB will pass through B, E, A, F. 
The angle ECB is half the angle EBB, by III. 20 ; that is half a right 
angle, and is therefore half the angle ACB, by III. 31. Thus EC bisect* 
the angle A CB. 

Similarly the angle FGA is half the angle FBA, that is half a right 
angle. Thus FC bisects the angle between CA and BC produced. 

236. Let be the centre of the circle. Let E and C be on the same 
side of AB. EF is parallel to BC ; therefore the angle OEB is equal to the 
angle EBC, by I. 29. But the angle OEB is equal to the angle OBE, by I. 5. 
Therefore the angle OBE is equal to the angle EBC. Thus EB bisects the 
angle OBC. 

Similarly if CB be produced to B it may be shewn that the angle OBB 
is bisected by BF. 

287. A circle described on AC as diameter will pass through B and E, 
by Exercise 232. Then ACE and ABE will be angles in the same segment, 
and therefore equal by III. 21. 

238. The angles ABC and ABB are both right angles, by m. 31. 
Therefore BC and BB are in one straight line by L 14. That is the straight 
line CB passes through B. 
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239. Draw through A any chord AC of the larger circle, and let it 
intersect the smaller circle at B. Then OBA is a right angle by III. 31. 
Therefore OB bisects AC, by ILL 3. 

240. Iiet A, B, C be three given points in a given straight line ; and 
let it "be required to describe a circle which shall touch the straight line 
at 2?, and have the tangents drawn to the circle from A and C parallel. 

On ilCaa diameter describe a semicircle. From B draw a straight line 
at right angles to the given straight line, and let it meet the semicircle at 
O. From O as centre with radius equal to OB describe a circle : this will 
Y>e the circle required. 

For this circle touches ABC at B, by III. 16 Cor. Draw AD and CE to 

touch this circle. Thus AD is equal to AB, by Exercise 176 : therefore the 

triangles OAB and GAD are equal in all respects, so that the angle OAD 

is equal to the angle OAB, and therefore the angle DAB is double the angle 

OAB, Similarly the angle ECB is double the angle OCB. Therefore the 

angles JDAB and ECB are together double the angles OAB and OCB. But 

the angle AOC is a right angle, by in. 31; therefore the angles OAC and 

OCA are together equal to a right angle, by I. 32. Therefore the angles 

DAB and ECB are together equal to two right angles. Therefore AD and 

CE are parallel, by I. 28. 

241. Let A and B be the given points in the given straight line ; so that 
the tangents from A and B to the required circle are to be parallel ; let G 
denote the centre of the required circle. Then as in Exercise 182, or as in 
Exercise 240, we see that the angle ACB must be a right angle. Therefore 
C must lie on the circumference of a circle described on AB as a diameter, 
see the Euclid, page 276. 

Again, since the circle is to have a given radius and to touch AB the 
centre C must lie on a straight line which is parallel to AB, and at a 
distance from AB equal to the given radius. 

Therefore describe a circle on AB as a diameter, and draw a straight line 
parallel to AB and at a distance from AB equal to the given radius : then 
the intersection of the straight line and the circle will determine the centre 
of the required circle which can therefore be drawn. 

242. Let ABC be a triangle ; from B draw BE perpendicular to AC f 
produced if necessary ; from C draw CF perpendicular to AB, produced if 
necessary. Let D be the middle point of BC. 

Then BE and DF are each equal to DC, by Exercise 59. Therefore a 
circle described from D as centre, with radius equal to DC, will pass through 
B, F, and E. Therefore the perpendicular from D on EF will bisect EF 
by III. 3. 

243. The angle ABD is a right angle, and the angle BCD is obtuse by 
III. 31. The square on AD is equal to the sum of the squares on AB and 
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and therefore equal to the angles APM and PAH; and therefore equal 
to a right angle, by I. 32. Therefore QR touches the circle AQM at Q. 
Similarly it may be shewn that QR touches the circle BRM at R. 

245. A circle described on BO as diameter will pass through F and D ; 
also a circle described on FD as diameter will pass through E and G ; see 
the Euclid, page 276. By the aid of the latter circle we have the angle 
FEG equal to the angle FDG: by the aid of the former circle we have the 
angle FBC equal to the angle FDG. Therefore the angle FEG is equal to 
the angle FBC. Therefore EG is parallel to BC, by I. 28. 

246. Take the case in which the chords BG and AC are produced 
through C to meet the other circumference. Let HC be a diameter of the 
circle ABC, and let it be produced to cut ED at K. 

The angle CED is equal to the angle CAB, by HE. 21 ; and there- 
fore equal to the angle CHB, by III. 21. The angle ECK is equal to the 
angle HCB, by I. 15. Therefore the angle EEC is equal to the angle HBC, 
by I. 32. Therefore the angle EKC is a right angle, by III. 31. 

The figure becomes modified in other cases, but the demonstration 
remains substantially unchanged. 

247. Let ABC be a triangle having a right angle at C. Let squares 
be described on BC, CA t AB outside the triangle; and let D, E, F 
respectively be the intersections of the diagonals in these squares. 

Then the angle AFB is a right angle, and therefore a circle would go 
round ACBF: see in the Euclid the note on III. 22. The angle FCA will 
be equal to the angle FBA, by III. 21. Therefore the angle FCA is half 
a right angle. Also the angle ACE is half a right angle. Therefore the 
angle FCE is a right angle. So also is FCD. Then use 1. 14. 

248. Draw a straight line at right angles to CA at the point A ; let this 
meet the circumference of the given circle at B : then B will be the point 
required. 

For a circle described on CB as diameter will go through A, and will 
touch the given circle at B. Let P be any other point on the circumference 
of the given circle. Join CP cutting at Q the circle just described ; and 
join AQ. 

Then the angle CBA is equal to the angle CQA, by HE. 21. The angle 
CQA is greater than the angle CPA by I. 16. Therefore the angle CBA is 
greater than the angle CPA. 

249. Let FG produced meet AB at H. The angles FDG and FEG are 
right angles, by III. 31 : therefore a circle would go round EDGE, by page 
276 of the Euclid. Therefore the angle DFG is equal to the angle DEG ; 
and therefore equal to the angle DBA, by III. 21. Hence in the triangles 
AFH and ABD the angle at A is common ; and the angle AFH is equal 
to the angle ABD ; therefore the angle AHF is equal to the angle ADB, 
and is therefore a right angle, by III. 31. 

250. Let two equal circles touch externally at B. Let AB be a diameter 
of one circle, and BC be a diameter of the other. Draw BD, a chord of the 
first circle ; and BE at right angles to BD a chord of the second circle. 
The straight line DE shall be parallel to AC and equal to the distance, 
between the centres of the given circles. 
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Join AD and CE, The angle ADB is a right angle, by HI. 31 ; the 
angle DBE is a right angle by supposition ; therefore the angles ABB and 
DBE are equal : therefore AD is parallel to BE, by I, 27. Therefore the 
angle BAB is equal to the angle CBE, by L 29. The angle ABB is equal 
to the angle BEC, by III. 31. Also AB is equal to BC. Therefore BE is 
equal to AD, by I. 26. And it was shewn that BE is parallel to AB. 
Therefore BE is equal and parallel to AB, by I. 33. 

251. Let ACBD be the rhombus, and AB- the shorter diagonal. On 
AB as diameter describe a circle cutting AC at H, BG at K % AD at L, BD 
at M. Join AK and BH, intersecting at E. Join AM and BL intersecting 
at F. Then AEBF will be a rhombus, having its angles equal to those of 
DACB. 

Since AC is equal to BC the angle CAB is equal to the angle CBA, In 
the triangles BAH and ABK the angles HAB and KB A are equal, as we 
have just shewn ; the angles AHB and AKB are equal, being right angles 
by m. 31 : therefore the angles ABH and BAK are equal, by I. 32. There- 
fore EA is equal to EB, by 1. 5. 

Also AC is parallel to BD, by Exercise 76; therefore the angle HAB 
is equal to the angle MBA ; and the right angle AHB is equal to the right 
angle BMA ; therefore the angle ABH is equal to the angle BAM. There- 
fore BE is parallel to AF. Similarly AE is parallel to BF. Thus the 
figure AEBF is a parallelogram. And since EA has been shewn equal to 
EB the parallelogram is a rhombus. 

Again, the angle AEB is equal to the angle HEK, by I. 15. The angles 
HEK and HCK are together equal to two right angles, because the angles 
EHC and EEC are right angles. The angles HCK and CAD are equal to 
two right angles, by I. 29. Therefore the angles HCK and CAD are to- 
gether equal to the angles HCK and HEK. Therefore the angle CAB is 
equal to the angle HEK, that is to the angle AEB. This shews that the 
angles of one rhombus are equal to the angles of the other. 

252. Let AB, CD be two chords of a circle ; let them meet, produced 
if necessary, at E at right angles. The squares on AE, EB, CE, ED will be 
together equal to the square on the diameter. 

Let be the centre of the circle. Draw OG perpendicular to AB, and 
OH perpendicular to CD. Then AB is bisected at G, and CD is bisected 
at H, by III. 3. The squares on AE and EB are together double of the 
squares on AG and EG, and the squares on CE and ED are together double 
of the squares on CH and HE : see the Euclid, page 269. Also EG is 
equal to HO, and EH is equal to GO, by I. 34. Therefore the squares on 
AE, EB, CE, ED are equal to double the squares on AG, OG, CH, HO ; 
that is to double the squares on OA and OC, by I. 47 ; that is to four times 
the square on OA, that is to the square on the diameter of the circle. 

III. 32 to 34. 

253. Produce BC to meet the circumferenoe again at E ; and produce 
PB to meet the circumference again at F. 

Then PD is equal to FD by III. 3. The triangles BPD and BFD are 
equal in all respects, by I. 4 ; so that the angle BPD is equal to the angle 
BFD ; and therefore equal to the angle BEP, by III. 21. The angle BPA 
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is equal to the angle BEP, by HI. 32. Therefore the angle BPA is equal to 
the angle BPD. 

254. Let two circles touch each other at the point B. Let a straight 
line ABC meet one circle at the points A and B, and the other circle at the 
points B and C. The segments cut off by AB will be respectively similar to 
those cut off by BG. 

Draw a straight line EBF through B, at right angles to the straight line 
which joins the centres of the circles ; then this straight line touches both 
circles by III. 16 Cor. The angles in the segments cut off by AB are equal to 
the angles ABE and ABF respectively, by HI. 32 ; so also are the angles in 
the segments cut off by BC. Hence the segments cut off by AB are respec- 
tively similar to those cut off by BC, by the definition of similar segments. 

255. The angle DAP is equal to the angle PQA, by IH. 32 ; and there- 
fore equal to the angle QAB, by I. 29. The angle BPA is equal to the 
angle QBA, by I. 13 and III. 22. Therefore the angle PDA is equal to the 
angle BQA, by I. 82. 

256. Suppose G to fall between A and H. The angle GBD is equal to the 
angle GAB, by III. 32; the angle GAB is equal to the angle HDB, by 
III. ) 21 : therefore the angle GBD is equal to the angle HDB. Therefore 
HD is parallel to BG, by I. 27. 

The figure becomes modified in other cases but the demonstration remains 
substantially unchanged. 

257. Produce .CA to any point E, and DA to any point F. The angle 
OAF is equal to the angle ABC, and the angle DAE is equal to the angle 
ABD t by III. 32. But the angle CAF is equal to the angle "DAE, by I. 15 : 
therefore the angle ABC is equal to the angle ABD. Therefore AB, pro- 
duced if necessary, bisects the angle CBD. 

258. Draw PE the tangent at P, so that PE and PA are on the same 
side of PB. The angle EPA is equal to the angle PBA, by IH. 32. The 
angle PBA is equal to the angle PCD, by I. 13 and IH. 22. Therefore the 
angle EPA is equal to the angle PCD. Therefore EP is parallel to CD, 
by I. 27. 

259. Let A be any point in the circumference of a circle. From A 
draw the chord AB, and the tangent AC. From D, the middle point of the 
arc AB, draw DE perpendicular to the chord AB, and DF perpendicular to 
the tangent AC. Then DE will be equal to DF. 

The angle DAF is equal to the angle DBA, by HI. 32. The angle DBA 
is equal to the angle DAB, by III. 27. Therefore the angle DAF is equal to 
the angle DAE. Then in the two triangles DAF and DAE the side AD is 
common ; the angle DAF is equal to the angle DAE ; and the right angle 
DFA is equal to the right angle DEA : therefore DF is equal to DE, by 
I. 26. 

260. The angle APN is equal to the angle AQM, by HI. 32. The right 
angle ANP is equal to the right angle AMQ. Therefore the angle PAN is 
equal to the angle QAM, by I. 32. Therefore the angle NAM is equal to 
the angle PAQ. 

Again, since ANP and AMP are right angles a circle would go round 
ANPM ; see the Euclid, page 276. Therefore the angle ANM is equal to 
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the angle APQ, by III. 21. Therefore the angle AMN is equal to the angle 
AQP, by I. 32. 

261. The angle RPS is a right angle, by III. 31. The angle QPS is 
equal to the angle PAB, by III. 32 and 1. 15. But the angle PAB is equal 
to the angle OSB, by I. 32 ; that is equal to the angle PSQ. Therefore 
the angle QPS is equal to the angle QSP. 

Again, since RPS is a right angle the angles P8R and PRS are together 
equal to the angle RPS, by I. 32. And it has been shewn that the angle 
QPS is equal to the angle QSP ; therefore the angle QPR is equal to the 
angle QRP. Therefore by I; 6 we have QS and QR each equal to QP, so 
that QS is equal to QR. 

262. Let AB be the given base, and D the point in the base on which 
the perpendicular falls. On AB describe a segment of a circle containing 
an angle equal to the given vertical angle. From D draw a straight line 
at right angles to AB, and let it cut the arc of the segment at C Then 
ABC is the triangle required. For this triangle has the given base, and 
the given vertical angle; and the perpendicular from the vertex on the 
given base meets the base at the assigned point. 

263. Let AB be the given base. On AB describe a segment of a circle 
containing an angle equal to the given vertical angle. From A draw a 
straight hue AD at right angles to AB, and equal in length to the given 
altitude. Through D draw a straight line parallel to AB, and let it cut the 
arc of the segment at C and E. Then the triangle ACB will satisfy all the 
prescribed conditions ; and so also will the triangle AEB. 

264. Let AB be the given base. On AB describe a segment of a circle 
containing an angle equal to the given vertical angle. From the middle 
point of AB as centre with a radius equal to the given length describe a 
circle, and let it cut the arc of the segment at C and E. Then the triangle 
ACB will satisfy all the prescribed conditions, and so also will the triangle 
AEB. 

265. Let AB be the given base. On AB describe a segment of a circle 
containing an angle equal to the given vertical angle. From the middle 
point of AB draw a straight line at right angles to AB, and let it meet the 
arc of the segment at C. Then the triangle ABC is the greatest triangle 
that can be constructed under the prescribed conditions. 

For the straight line DC passes through the centre of the circle of which 
the segment forms part, by III. 1. Hence a straight line through C parallel 
to AB will be a tangent to the circle, by III. 16 Cor. If any other point 
except C on the arc of the segment be taken as the vertex of the triangle the 
vertex will be nearer to AB than C is ; so that the triangle will have a less 
height than ACB, and therefore will be less than ACB. 

266. We suppose that B is nearer to A than C is. We may regard 
OB as the base of the triangle ; then the height of the triangle will always 
be less than OC except when the angle COB is a right angle, and then the 
height of the triangle is OC. Hence the triangle OBC is greatest when the 
angle COB is a right angle. Then as the angles OBC and OCB are equal 
each of them will be half a right angle. 



48 EXERCISES IN ETJCLIDL 

Therefore on OA describe a segm e n t of a code containing an angle 
equal to half a light angle, and take the point at which the are cf this seg- 
ment eats the given arete for the point C. 

267. Suppose A and B the fixed points. Let C be a point in which the 
two straight lines meet. Then all the points of intersection which are on. 
the tame nde of AB as C is will he on the are of a segment of a circle 
described on AB with an angle equal to ACB : see the EmcHd, page 376. 
All the straight lines which bisect these angles pass through a fixed point, 
by Exercise 230. 

Similarly a se cond fixed point is obtained by considering the straight 
Enes bisecting the angles formed at points which lie on the side of AB 
ogptmte to that we have hitherto considered. 

268. Let AB be the side which is opposite to the given angle. On AB 
describe a segment containing an angle equal to the given angle, and also a 
segment containing an angle equal to half the given angle. From A as 
centre with radios equal to the sum of the other two sides describe a circle, 
and let D be one of the points where it i nt e rsects the second described 
segment. Join AD and let it cat the first described segment at C Then, 
the trianglw ACB will satisfy the prescribed conditions* 

The angle ACB is equal to the sum of the angles CDB and CBD, by 
L 32 ; also the angle ACB is doable the angle CDB by construction : 
therefore the angle CDB is equal to the angle CBD : th er efo re CD is equal 
to CB, by I. 6. 

Hence CA and CB together are equal to CA and CD together; that is to 
AD ; that is to the given quantity. And AB and the angle ACB also have 
the prescribed values. 

m. 36 to 37. 

269. Let two circles cut one another at the points A and B. From any 
point T in AB produced sup po s e a tangent TP drawn to one circle, and a 
tangent TQ to the other: then will TP be equal to TQ~ 

For by HL 36 the rectangle TA t TB is equal to the square on TP, and 
also to the square on TQ ; therefore the square on TP is equal to the square 
on TQ ; therefore TP is equal to TQ. 

270. Let PQ denote the common tangent ; and let AB produced meet 
PQ at T. Then TP is equal to TQ, by Exercise 269: therefore PQ is 
bisected at Z*. 

271. Since the angles ADC and AEC are equal a circle will go round 
AEDC. Therefore the rectangle BC, BD is equal to the rectangle BA> BE, 
by IIL 36, Corollary. 

272. Let AB be the common chord of the two circles. Through any 
point C in AB draw DCE a chord of one circle, and FCG a chord of the 
other. The rectangle AC, CB is equal to the rectangle DC, CE, and also 
equal to the rectangle FC, CG, by IIL 35 ; therefore the rectangle DC, CE 
is equal to the rectangle FC, CG. Therefore a circle will go through D, F, 
E 9 G : see the Euclid, page 277. 
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273. Let BC be the given straight line, and C the fixed point in it. Let 
A be the given centre. Join AC ; and describe a circle on AG as diameter. 
In it place a straight line CD equal to a side of the given square. With 
centre A and radius equal to AD describe a circle: this will be the circle 
required. 

For let this circle cut BG at E and F. The angle ADC is a right angle, 
by III. 31 ; therefore CD touches the circle DEF, by III. 16 Cor. ; therefore 
the rectangle CE, CF is equal to the square on CD by in. 36. 

274. Let K be the middle point of BC* The square on GE is equal to 
the rectangle GB, GC, by in. 36. Thus the square on GE is equal to the 
difference of the squares on GK and BK ; see the Euclid, page 269. There- 
fore the square on GK exceeds the square on GE by the square on BK, 
Therefore four times the square on GK exceeds four times the square on GE 
by four times the square on BK. Therefore four times the square on GK 
exceeds the square on AE by the square on BC : see Exercise 270. And it 
may be Bhewn that K is the middle point of GH ; so that four times the 
square on GK is the square on GH. Thus the square on GH exceeds the 
square on AE by the square on BC. 

To shew that K is the middle mint of GH we may proceed thus. First 
AE and DF will be equal ; for each of them will be a side of a right-angled 
triangle in which the hypotenuse is the distance of the centres of the circles, 
and a side is equal to the difference of the radii of the circles: see the 
Euclid, page 295. Next the Bquare on GK is equal to the squares on GE 
and BK; and the square on HK is equal to the squares on HF tuid CK\ 
therefore the square on GK is equal to the square on HK: therefore GK is 
equal to HK. 

275. Let two of the ciroles intersect at A and B. Let T be the fixed 
point such that the tangent TP to one circle is equal to the tangent TQ to 
the other. Then A, B, and T shall be on a straight line. 

For if not, join TA and let TA, produced if necessary, cut one circle at 
L and the other at M. Then by III. 36 the square on TP is equal to the 
rectangle TA, TL; and the square on TQ is equal to the rectangle- TA, 
TM. Therefore the rectangle TA, TL is equal to the rectangle TA, TM; 
which is impossible. Therefore TA cannot out the circles at any other 
point than B. 

276. Describe a circle on BC as diameter ; and let the straight line Dj& 
when produced cut this circle at N and O. 

The rectangle NE, EO is equal to the difference of the squares on DN 
and DE ; see the Euclid, page 269. But by III. 35 the square on DN is 
equal to the rectangle BD, DC ; and the rectangle NE, EO is equal to the 
rectangle AE, EC. Therefore the rectangle AE, EC is equal to the differ- 
ence of the rectangle BD, DC and the square on DE. Therefore the square 
on DE is equal to the difference of the rectangles BD, DC and AE, EC. 

Again, die rectangle FN, FO is equal to the difference of the squares on 
DF and DN; see the Euclid, page 269. So that the square on DF is equal 
to the square on DN together with the rectangle FN, FO, But the square 
on DN is equal to the rectangle DC, DB, by III. 35 ; and the rectangle 
FN, FO is equal to the reotangle FA, FB, by III. 36, Corollary. Therefore 
the square on DF is equal to the sum. of the rectangles BD, DC and 
AF, FB. 

T. K. 4 
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277. Let AB be the given diameter. In the circle place a straight line 
BP equal to a side of the given square. Join AP and produce it to meet 
at T the tangent to the circle at B. Then T is the required point 

For the rectangle TP, TA is equal to the square on TB, by III. 36; 
therefore the rectangle TP 9 PA together with the square on TP is equal to 
the square on TB, by n. 3. Therefore the rectangle TP, PA is equal to the 
difference of the squares on TB and TP ; that is to the square on BP, by 
m. 31 and I. 47. 

IV. lto4. 

278. Join AB. The straight lines through A and B to touch the circle 
make with AB angles which are together less than two right angles, for each 
of them is less than one right angle. Therefore, by Axiom 12, these straight 
lines will meet. 

279. The angles ABC and ACS are together less than two right angles ; 
much more therefore the angles made with BC by the straight lines which 
bisect ABC and ACB are together less than two right angles. Therefore, 
by Axiom 12, these straight lines will meet. 

280. By I. 47 the square on DA is equal to the squares on DG and 
GA, and also equal to the squares on DE and EA ; therefore the squares on 
DG and GA are equal to the squares on DE and EA. But the square on 
DG is equal to the square on DE ; therefore the square on GA is equal to 
the square on EA ; therefore GA is equal to EA. 

Therefore the angle DAG is equal to the angle DAE, by I. 8, so that the 
angle EAG is bisected by AD. 

281. Let O be the centre of the circle inscribed in the triangle ABC. 
The straight line OGA bisects the angle DAE, by Exercise 280. Hence 

the angles AOD and AOE are equal, by I. 32. The angle ADG is equal to 
the angle GED i by HI. 32 ; and is therefore half the angle DOG, by HI. 20; 
that is half the angle GOE. Also the angle GDE is half the angle GOE, 
by HI. 20. Therefore DG bisects the angle ADE. Similarly EG bisects 
the angle AED. Therefore G is the centre of the circle inscribed in the 
triangle ADE, by IV. 4. 

282. Let it be required to describe a circle which touches the side BC of 
a triangle, and also touches the sides AB and AC produced. 

Produce AB to any point K, and AC to any point L. Bisect the angles 
KBC, LCB by the straight lines DB, DC meeting at the point D. Then D 
will be the centre of the required circle. The demonstration will be like 
that of IV. 4. 

In like manner suppose it required to describe a circle which touches the 
side CA, and also touches the sides BC and BA produced. Produce BC to 
any point M, and BA to any point N. Bisect the angles ACM, CAN by the 
straight lines CE t AE meeting at E. Then E will be the centre of the 
required circle. 

We have now to shew that D, G, E lie on one straight line. 

The angles ACB, BCL, LCM, MCA are together equal to four right 
angles, by 1. 15, Corollary 1. The angle BCD is half the angle BCL, and 
the angle EC A is half the angle MCA, by construction ; also the angle 
ACB is half the sum of the two angles ACB, LCM, by 1. 15. Hence the 
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angles BCD, ACB, EGA are .together equal to two right angles. Therefore 
CE and CD are in one straight line, by 1. 14. 

283. Let the circle which is inscribed in the triangle ABC touch BC at 
K; let a circle touch BC at F, touch AB produced at D, and touch AC 
produced at E. Then FK will be equal to the difference between AB 
and AC. Suppose F to fall between B and K. 

Let the circle inscribed in the triangle ABC touch AB at G, and AC at 
H. By Exercise 176 we have AE equal to AD, and 421 equal to AG, so that 
HE is equal to CD. Now HE is equal to the sum of HC and CE, that is to 
the sum of CK and CF; and GD is equal to the sum of DB and BG, that is 
to the sum of BF and BIT. Hence CK and CF are together equal to BF and 
BK; that is JTF and twice CK are together equal to FK and twice BF: 
therefore BF is equal to CiC 

Thus FK, which is the difference of BK and BF, is equal to the difference 
of BK and.Cif ; that is to the difference of BG and CH; that is to the difference 
of BA and C4. Similarly the result holds if F falls between C and J5T. 

284. Let ABC be a triangle; let a circle be inscribed in this triangle, 
touching BC at D, CA at E, and 4B at F. Let a straight line GHK cut AB 
at G, and AC at if and touch the circle at If ; let a straight line LMN cut 
BC at L, and B^ at iV, and touch the circle at M; let a straight line PQB 
cut CA at P, and CB at B, and touch the circle at Q. The sides of the 
three triangles so cut off are together equal to the sides of ABC. 

For, by Exercise 176 we have GH equal to GF, so that AG and GH 
together are equal to AG and GF together, that is to AF. Similarly BN and 
NM together are equal to BF; BL and LM together are equal to BD ; and 
so on. Thus the required result will be obtained. 

285. The angle OBD is a right angle ; the angle DBC is half the angle 
ABC ; therefore the angle OBC is the excess of a right angle over half the angle 
ABC ; that is half the excess of two right angles over the angle ABC : there- 
fore BO bisects the angle between BC and AB produced. 

Again the angle BDO is equal to the angles DBA and DAB, that is to half 
the sum of the angles ABC and BAC, by IV. 4. The angle OBD is a right 
angle, by construction. Therefore the angle BOD is equal to half the angle 
ACB, by I. 32 ; and is therefore equal to the angle BCD, Hence a circle will 
go round BDCO, by page 276 of the Euclid. Therefore the angle I) CO is a 
right angle by III. 22. Therefore CO will bisect the angle between BC and 
reproduced. 

Hence by the process in the solution of Exercise 282 we see that is 
the centre of the circle which touches the side BC, and the sides AB, AC 
produced. 

286. Let AB and AC produced touch the circle GDH at G and H. Then 
by Exercise 176 BG is equal to BD, and CH is equal to CD ; also A G is equal 
to AH. Therefore AB and BD together are equal to AC and CD together; 
so that AB and BD together are equal to half the perimeter of the triangle. 
Similarly BA and AE together 'are equal to half the perimeter of the tri- 
angle. Thus AB and BD together are equal to BA and AE together. There- 
fore AE is equal to BD, Similarly BF is equal to CE, and CD is equal 
ioAF. 

287. Let AB and AC be two straight lines which touch a given circle at 

4—2 
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B and C respectively : ii is required to describe a circle which shall touch the 
two straight lines and the given circle. 

Take the centre of the given circle. Join OA catting the circumference 
at D. Draw a straight line through D at right angles to OD, and let it meet 
AB at E, and^C at F. Bisect the angle AED by a straight line .EG meeting 
AD at G. Then a circle described from the centre G with the radios GD will 
satisfy the prescribed conditions. 

Por from the triangles A OB and AOC we can shew that AG bisects the 
angle BAC. Hence the circle described from G as centre with radius GD 
will touch the sides of the triangle AEF t by IV. 4 ; and it will also touch the 
circle BBC. 

If AO produced cut the given circle at K then another solution can be 
obtained by using K instead of D. 

288. Take the diagram of IV. S. Then LA is equal to LC, by Exercise 
176 ; therefore the angle LAC is equal to the angle LCA ; therefore each of 
them is less than a right angle, by 1. 17. The angle LAC is equal to the 
angle ABC, by m. 32 : therefore the angle ABC is less than a right angle. 

Similarly BCA and CAB are each less than a right angle. 

289. Let ABCD be a quadrilateral, in which the sum of the sides AB 
and CD is equal to the sum of the sides BC and AD ; and each angle is less 
than two right angles ; then- a circle can be inscribed in the quadrilateral. 

Bisect the angles ABC and BCD by the straight lines BO and CO meeting 
at 0. From O draw OE perpendicular to BC. Then a circle described with 
as centre, and OE for radius will touch AB, BC, and CD. This may be 
shewn by the process of IV. 4. It then remains to shew that it will also 
touch AD. 

Let BA and CD be produced to meet at 8. Suppose if possible that the 
circle described in the manner prescribed does not touch AD but cuts it. 
Suppose a straight line LM drawn parallel to AD, cutting SA at L and SD 
at M and touching the circle. Then by Exercise 188 the sum of LM and BC 
is equal to the sum of LB and MC. But, the sum of AD and BC is equal to 
the sum of AB and DC, by supposition. Therefore LM and BC are equal 
to the sum of LA, AD, MD and BC; that is LM is equal to the three sides 
AL t AD, MD of the quadrilateral ALMD. But this is impossible : see I. 20* 

Similarly we may shew that the circle described in the manner pre- 
scribed cannot fall completely within the quadrilateral ABCD. 

And in like manner we may treat the case in which ABCD is a parallelo- 
gram, so that neither pair of opposite sides will meet when produced. 

290. Draw SPT touching both circles at P, cutting HK at S and LM at 
T. Let HL cut the straight line which joins the centres of the circles at B ; 
and let KM cut this straight line at C. They will cut it at right angles. 

LT and MT are each equal to PT, so that T is the middle point of LM. 
Hence by Exercise 89 BL and CM are together equal to twice PT, that is to 
LM. In this way we find that HL and KM are together equal to HK and 
LM ; and then, by Exercise 289 a circle can be inscribed in HKML. 

To shew that HL will cut BC at right angles, see the construction and 
figure on p. 295 of the Euclid. ACB is a right-angled triangle in which Ad 
is the difference of the radii of the two circles. When the common tangent 
is drawn below AB similarly situated to DE, the corresponding right-angled 
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triangle will have its sides equal to those of ACB by L 47. Hence the radii 
from A to the two points of contact on the circle of which A is the centre 
will make equal angles with the line AB* Then by L 26 we have the re- 
quired result. 

291. Let ABC be a triangle. Let D be the eentre of the circle which 
touches BC, and also AB and AC produced. Let E be the centre of the 
Circle which touches CA, and also BC and BA produced. Let F be the centre 
of the circle which touches AB, and also CA and CB produced. Then 
AD, BE, CF will intersect at the centre of the circle inscribed in the 
triangle ABC, 

Let denote this centre. Then, as in Exercise 280, we can shew that 
OA bisects the angle BAG. In like manner we can shew that DA bisects 
the angle BAC, Thus the straight line OA coincides in direction with DA ; 
so that O falls on DA. Similarly also falls on EB, and on FC. 

292. Let. ABC represent the triangle ; AB and AC being the sides given 
in position. Describe a circle which touches AB produced at D, and AC pro- 
duced at F, and touches BC at E. Then, as in Exercise 286, we can shew 
that AD and AF are each equal to half the perimeter of the triangle ABC ; 
and so D and F are fixed points. Thus the circle touches the fixed straight 
lines at fixed points, and so it is a fixed circle. 

293. Take the diagram of IV. 3. Join MK and KN. We shall shew 
that the angle MKN is equal to the sum of a right angle together with 
half the angle MLN. The angles KM A and KMB are equal, so that each 
of them is half the angle LMN. Therefore the angle MKB, half the 
angle LMN, and a right angle, are equal to two right angles by I. 32.' 
Similarly the angle NKB, half the angle LNM, and a right angle are equal 
to two right angles. Therefore by addition, the angle MKN, half the angle 
LMN, and half the angle LNM are equal to two right angles; that is 
are equal to a right angle together with half the angles at L, M, N by 
I. 32. Therefore the angle MKN is equal to a right angle together with half 
the angle at L. We shall now apply this to the present Exercise. Let 
PQ be the given base. Draw a straight line parallel to PQ and at a 
distance from it equal to the given radius : then the centre of the inscribed 
circle will be on this straight line. Again describe on PQ a segment of a 
circle containing an angle equal to the sum of a right angle and half the 
given vertical angle : then from what is shewn above the centre of the in- 
scribed circle will be on this segment. Hence either of the points of inter- 
section of this segment and the straight line drawn parallel to PQ may 
be taken as the centre of the inscribed circle : the circle may be drawn, 
and then tangents to the circle from P and Q, produced to meet, will form 
the other two sides of the required triangle. 

TV. 5 to 9, 

294. From F draw FG perpendicular to BC. Since FB is equal to FC 
the angle FBC is equal to the angle FCB ; also the right angle FOB is equal 
to the right angle FOC ; therefore BO is equal to CG, by I. 26. 

295. The tangent at A to the circle described round ADE makes with 
AD an angle equal to the angle AED,hy III. 32. The tangent at A to the. 



54 EXERCISES IN EUCLID. 

circle described round ABC makes with ADB an angle equal to the angle 
ACB, by HI. 32. But the angle AED is equal to the angle ACB, by I. 29. 
Therefore the tangent at A to the circle described round ABC coincides with 
the tangent at A to the circle described round ADE. 

296. Let ABC be a triangle. Let be the centre of the circle described 
about the triangle, and also the centre of the circle inscribed in the triangle : 
the triangle will be equilateral. 

Because is the centre of the circle described about the triangle OA, 
OB, OC are all equal. Because is the centre of the circle inscribed in the 
triangle OA, OB, and OC bisect the angles at A, B, and C respectively, by 
1Y. 4. Since OA is equal to OB the angle OAB is equal to the angle OB A ; 
that is half the angle BAG is equal to half the angle ABC: therefore the 
angle BAC is equal to the angle ABC; therefore AC is equal to BC, by I. 6. 
S milarly BA is equal to CA. Thus the triangle ABC is equilateral. 

297. Let ABC be a triangle ; let P be the centre of the inscribed circle, 
and Q the centre of the circumscribed triangle ; and suppose that P, Q, and 
A are on one straight line : then AB will be equal to AC. 

From Q draw QM perpendicular to AB, and QN perpendicular to AC. In 
the two triangles AQM and AQN the angle QAM is equal to the angle QAN ; 
the right angles AMQ and ANQ are equal; and the side AQ is common: 
therefore AM is equal to AN by I. 26. But AM is half AB, and AN is half 
AC, by HI. 3 : therefore AB is equal to AC. 

298. Let LM denote the common chord. The rectangle PL, PM is 
equal to the square on PA, by III. 36 ; the rectangle PL, PM is equal to the 
rectangle PB, PC, by III. 36 Corollary: therefore the rectangle PB, PC is 
equal to the square on PA. Therefore PA touches the circle which passes 
through A, B, and C. Therefore as this circle and the circle AML have 
the common tangent PA they touch each other. 

299. Let EP be the tangent at E to the circle described round the tri- 
angle ECD, and suppose P and G to be on the same side of ED : then EP 
will be parallel to AB. 

The angle PEC is equal to the angle EDC, by HE. 32. The angle EDO 
is equal to the angle ABC, by HE. 22 and I. 13. Therefore the angle PEC is 
equal to the angle ABC. Therefore EP is parallel to AB, by I. 27. 

300. Let A and B be the two given points ; join AB, and produce it to 
meet the given straight line at C. On the given straight line take D such 
that the square on CD is equal to the rectangle CA, CB, II. 14. Then the 
circle which passes through A, B, and D is the circle required. 

For since the rectangle CA, CB is equal to the square on CD the straight 
line CD touches the circle which passes through A, B, and D, by ITL 37. 
See the Euclid, p. 296. 

301. Let A and B be the given points ; join AB, and produce it to meet 
the given straight line at C. Bisect AB at E ; from E draw a straight line 
at right angles to AB; and in this straight line take any point F such 
that AF is greater than half the given chord. From F as centre, with 
radius equal to FA, describe a circle ; this will also pass through B. Through 
C draw a straight line CKL by Exercise 181 such that the length KL inter- 
cepted by this circle shall be equal to the given chord. On the given straight 
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line take CM equal to CK. Then the circle described round A, B, and M 
will satisfy the prescribed conditions. 

For let this . circle cnt the given straight line at N. Then the rectangle 
CM, CN is equal to the rectangle CA, CB, by IIL 36 Corollary; that is to 
the rectangle CK, CL: But CM is equal to CK; therefore CN is equal to 
CL. Therefore MN is equal to KL ; that is to the given chord. 

302. Let AB be the given straight line in which the centre is to lie ; let 
AC and BC. be the other two given straight lines. Bisect the angle ACB by 
a straight line meeting AB at D. From D draw a straight line perpendicular 
to AC and meeting it at E ; from E on the straight line EC cut off EM equal 
to half the given chord. Then the circle described from the centre D, with 
the radius DM, is the required circle. 

For let this circle cut CA again at JV; then MN is bisected at E, by HE. 3 ; 
therefore MN is equal to the given chord. 

Again, from D draw a straight line perpendicular to BG meeting it at F. 
Then from the triangles CDE and CDF we see that DF is equal to DE, 
Therefore the chord of the circle cut from CB will be equal to that cut from 
CA, by ILL 14. 

303. Let ABC and KLM be two triangles, having the bases BG and LM 
equal, and the angles BAG and LKM equal. Let F be the centre of the 
circle circumscribing ABC, and G the centre of the circle circumscribing 
KLM : then FB will be equal to GL. 

For, since the angle at A is equal to the angle at K, the angle BFC is 
equal to the angle LGM, by HI. 20; therefore, the angles FBC and FC$ 
together are equal to the angles GLM and GML together ; but the angles 
FBC and FCB are equal, and so also are the angles GLM and GML, by I. 5. 
Therefore the angle FBC is equal to the angle GLM, and the angle FCB is 
equal to the angle GML, But BC is equal to LM, by supposition ; therefore 
FB is equal to GL, by I. 26. 

304. Le"t A be the point from which the tangent is to be drawn ; let B 
and C be the two given points through which the circle is to pass. Join AB ; 
and in this straight line, produced if necessary, take the point D such that 
the rectangle AB, AD is equal to the square on the given tangent, by L 45 
Corollary. Then D is also a point through which the circle must pass, by 
III. 36. Thus we have only to describe a circle passing through the three 
points B, C, and D ; and this can be done by IV. 5. 

305. The angle APB is half the angle ACB, by III. 20; that is half a 
right angle; that is equal to BAC. Therefore AB touches the circle de- 
scribed round ANP: see IIL 32. 

306. Suppose that AB and CD are joined towards opposite parts by AD 
and BC. Through E draw a straight line GEH touching the circle AEB. 
Then the angle AEG is equal to the angle ABE, by III. 32. But the angle 
AEG is equal to the angle DEH, by I. 15 ; and the angle ABE is equal to 
the angle ECD^ by I. 29 ; therefore the angle DEH is equal to the angle 
ECD. Therefore GEH touches the circle ECD: see IIL 32. Hence the two 
circles have a common tangent at E, and therefore touch each other. 

So also the proposition may be demonstrated when AB and CD are joined 
towards the same parts by AC and BD, and AC and BD are produced to 
meet. See Exercise 295. 
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307. By III 14 the centre of the required circle must he equally distant 
from the three sides of the triangle ; and hence it easily followB that it must 
coincide with the centre of the circle inscribed in the triangle. 

308. Join BO. The angle BAF is equal to the angle CAF, by IV. 4. 
Therefore the. arc BF is equal to the arc CF, and the straight line BF to the 
straight line CF, by III. 26 and HI. 29. Again, the angle OBF is equal to 
the angles OBC and FBC; that is to the angles OB A and FAC; that is to 
the angles OB A and OAB ; that is to the angle BOF t by I. 32. Therefore 
BF is equal to OF, by L 6. 

309. Let ABCD be the quadrilateral figure; let BC and AD be pro- 
duced to meet at P, and let BA and CD be produced to meet at Q. 

The angles DRP and DCP are together equal to two right angles, by 
ILL 22 ; and so also are the angles DRQ and DAQ. Therefore the angles 
DRP, DRQ, DCP, and DAQ are together equal to four right angles. But 
the angles DCP and DAQ are together equal to two right angles, by 1. 13 
and m. 22. Therefore the angles DRP and DRQ are together equal to two 
right angles. Therefore RP and RQ are in one straight line, by L 14. 

310* Describe a circle round A CB. Then the straight line which bisects 
the angle ACB will bisect the arc out off by AB, by HE. 26* Again the 
straight line drawn from the middle point of AB at right angles to AB also 
bisects the arc cut off by AB : see III. 30. Hence the point D is on the arc 
cut off by AB. Therefore the angles ACB and ADB are together equal to 
two right angles, by IIL 22. 

311. Draw the tangent to the circle at C ; and let it meet AB at O. Then 
the angle OCE is equal to the angle CDE, by HI. 82 ; that is equal to the 
angle CBA, by HE. 21. Therefore OC is equal to OB, by I. 6 ; and O is the 
centre of the semicircle. Thus the tangent at C to the circle is at right 
angles to the tangent at C to the semicircle. 

Similarly the tangent to the circle at D passes through 0, and the circle 
cuts the semicircle at right angles at D. 

312. Let P, Q, R, 8 be the centres of the circles described round the 
triangles -AOB, BOC, COD, DO A . respectively . Now P and S are both on 
the straight line which passes through the middle point of OA and is at right 
angles to OA, by IV. 5. Thus PS is at right angles to AC. Similarly QR is 
at right angles to AC. Therefore PS is parallel to QR, by I. 28. 

Similarly PQ is parallel to SR. 

313. The angle CED is equal to the angle ECD, by I. 5. But the angle 
ECD is equal to the angles ECB and BCD ; that is to the angles ECB and 
BAG, by HE. 32. And the angle CED is equal to the angles ECA and BAC, 
by L 32.1 Therefore the angles ECB and BAC are equal to the angles 
ECA and BAC; therefore the angle ECB is equal to the angle ECA. 

814. By the process given we see that F is the centre of the circle de- 
scribed round the triangle ABC, so that AF is equal to BF and equal to CF. 
Now in the triangle BFC the side BC is of given length ; the angle BFC is 
twice the angle BAC, by III. 20, and is therefore a given angle; the angles 
FBC and FCB are equal, and therefore eaoh of them is g^en* by I. 32. 
Hence the triangle FBC is completely known, and so FB is of constant length. 
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315. The angle ABD is equal to the angle ACB, by I. 5; and the angle 
ACB is equal to the angle AEB, by III. 21: therefore the angle ABB m 
equal to the angle BED. Tnerefore AB touches the circle described round 
BED : see HI. 82. 

816. Let £ be the point of contact of the circles, TE the common 
tangent. 

Then the angle TED is equal to the angle BBE t by HL 32, and the angle 
TEC is equal to the angle DAE; therefore the angle DEC is equal to the 
angle AEB, by I. 32. 

317. Let C denote the centre of the circle. Then HK must be as near 
to C as possible, by HI. 15 ; so that the angle HCK must be as great as pos- 
sible: tnerefore the angle HPK must be as great as possible, by III. 20. 
Thus the problem is reduced to that which is given on page 308 of the 
Euclid, 

318. The centres of both circles will lie on the straight line which bisects 
the angle formed by the two given straight lines. In the given circle place a 
chord at right angles to this straight line containing the centres, and cutting 
off a segment containing an angle equal to the given angle. Let PQ denote 
this chord. We have finally to describe a circle passing through P and Q 
and touching a given straight line ; for this see page 296 of the Euclid. 

319. Suppose the angles ACB and ABC to be acute. Let OA intersect 
EF at G. The angle AOB is equal to twice the angle ACB, by HI. 20: 
therefore the angles BAO and ABO are together equal to the excess of two 
right angles over twice the angle ACB; but the angles BAO and ABO are 
equal, by I. 5: therefore the angle BAO is equal to the excess of a right 
angle over the angle ACB. 

Again since BFC and BEC are right angles a circle will go round BFEC: 
see page 276 of the Euclid. Therefore the angles AFE and ACB are equal, 
by HI. 22 and 1. 13. 

Thus the angles AFG and FAG are together equal to a right angle ; and 
therefore the angle AGF is a right angle. 

The process requires but a slight modification if either of the angles 
ACB and ABC is obtuse. 

In like manner it can be shewn that OB is perpendicular to FB and OC 
to DE. 

320. Let ABCD be the square, P any point on the ciroumference. Since 
ABC is a right angle AC is a diameter of the circle, and APC is a right 
angle : see IH. 31. Therefore the squares on AP and CP are together equal 
to the square on AC, Similarly the squares on BP and DP are together 
equal to the square on BD, Therefore the squares on AP, BP, CP, DP are 
together equal to the squares on AC and BD, that is to twice the square 
on AC. 

321. Suppose ABCD to be a rectangle described about a circle. By 
Exercise 188 the sum of AB and CD is equal to the sum of BC and DA; 
that is twice AB is equal to twice BC : therefore AB is equal to BC, and the 
rectangle is a square. 

• 322. Let ABCD be a rectangle. Join AC and BD, intersecting at O. 
By Exercise 78 the diagonals AC and BD are bisected at-0 ; also OB is equal 
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to 00, by Exorcise 59. Thus OA, OB, OC, OD are all equal ; and the circle 
described from the centre with the radius OA will pass through B, C, and D, 
and thus will be described about the rectangle. 

828. Let be the oentre of the cirole; let AOB and COD be two 
diameters. Draw tangents at A, B, C, D thus forming a quadrilateral 
figure haviug for sides NAK, KDL, LBM t MCN: this quadrilateral figure 
will be a rhombus. 

The straight lines MB and MC are equal, by Exercise 176 ; therefore the 
angle MOB is equal to the angle MOC, by I. 8, so that MO bisects the angle 
BOG\ similarly KO bisects the angle AODx therefore the angle MOB is 
equal to the angle KOD. 

In the two triangles MOB and KOD the angle MOB is equal to the angle 
KOD i the angles MBO and KDO are equal being right angles ; and OB is 
equal to OD ; therefore BM is equal to DK, Also LB is equal to LD, by 
Exercise 176. Therefore LM is equal to LK. 

Similarly it may be shewn that LM is equal to MN, and MN to NK ; so 
that the figure NKLM is a rhombus. 

IV, 10, 

824. The angle A CD is equal to the two angles BDC and CBD, by 1. 32. 
But it is shewn in IV. 10 that the angle BDC is equal to the angle BAD, 
and that the angle CBD is twice the angle BAD : therefore the angle ACD 
is equal to three times the angle BAD. 

825. The triangle BCD is shewn in the course of IV. 10 to have each of 
the angles BCD and CBD double of the angle CDB. Also the triangle ACD 
has eaoh of the angles CAD and CD A one-third of the angle ACD : see 
Exercise 824. 

826. Suppose F the point at which the circles intersect again. Then 
AF is equal to AD. Also the angle AFD is equal to the angle ADB, bj 
III. 82; the angle ADF is equal to the angle AFD, by I. 5: therefore the 
angle FAD is equal to the angle BAD, by I. 32. Thus the angle ADF is 
twice the angle DAF. Bisect the angle ADF by the straight line DG meet- 
iug the circumference of the small cirole at G. Then the five angles AUG, 
GDF, FAD, DAC, ADC are all equal; and therefore CD is the side of a 
regular pentagon inscribed in the small circle; 

827. Let KL be the given base. Make the angles MKL and MLK each 
equal to the angle CAD of IV. 10. Then the angles MKL and MLK are 
equal to the angles CAD and ADC; therefore the angle KML is equal to the 
angle J CD: therefore the angle KML is three times the angle MKL ox MLK. 
See Exercise 824. 

828. This is shewn in the course of the solution of Exercise 326. 

329. The angle BAG is twice the angle BAD, by Exercise 328; but the 
angle ABD is twice the angle BAD, by IV. 10 : therefore the angle BAG is 
equal to the angle ABG, and each of them is twice the angle AGB. 

380. Let CA produced meet the larger circle at G, and let DC produced 
meet the larger circle at H : then the triangle GGH will be of the same kind 
9& the triangle ABD. 
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For the angle GCH is equal to the angle BCD, by L 15 ; and therefore 
equal to the angle ADB, by IV. 10. And the angle GHD is equal to the 
angle GBD, by IIL 21. Therefore the angle HGG is equal to the angle 
BAD, by I. 32. Therefore each of the angles GHG and HCG is double the 
angle HOC. 

331. The angle DAE is equal to the angle DAC; see Exercise 328: 
therefore the angle DAE, is equal to the angle ADC, and therefore AE is 
parallel to DC, by I. 27. The angle CDB is equal to the angle CAD by 
IV. 10; and is therefore equal to the angle ECD : see Exercise 328 : there- 
fore BD is parallel to EC, by I. 27. Thus CDGE is a parallelogram. 

832. Let E denote the point at which the circles cut again. The tri- 
angles BAD and EAD are equal in all respects by Exercise 328 ; and the 
smaller circle is described round the triangle EAD: therefore an equal 
circle could be described round the triangle BAD. 

333. Let E denote the point at which the circles cut again. The angles 
DFE and DAE are together equal to two right angles, by IIL 22. The 
angle BAD is equal to the angle DAE by Exercise 328. Therefore the 
angle DFE is equal to the excess of two right angles over DAB ; that is the 
angle DFE is equal to the sum of the angles CBD and BDA, that is to 
twice the angle CBD. 

Suppose the centre of the circle described round the triangle BCD. 
Then the triangles OCD and FDE are both isosceles ; CD is equal to DE ; 
and the angle COD by what has been shewn is equal to the angle DFE. 
Therefore DF is equal to CO, by I. 26. 



IV. 11 to 16. 

334. Let ABCDE be the regular pentagon ; draw AC, BD, CE, DA, EB. 
Let AC and BD intersect at K; let BD and CE intersect at L ; and so on ; 
thus forming the pentagon KLMNO : this shall be a regular pentagon. 

Since CB is equal to CD the angle CBD is equal to the angle CDB ; so 
also the angle CAB is equal to the angle BCA. But the angle ABC is equal 
to the angle BCD. Therefore by I. 32 the following angles are all equal : 
CBD, CDB, BAG, BCA. 

Then we can shew that BK is equal to CK, that CL is equal to DL, and 
so on. Next by comparing the triangles BKC and CLD we can shew that 
CK and CL are equal, and the angle BKC equal to the angle CLD ; and 
soon. 

Next by comparing the triangles OBK and KCL we can shew that OK 
is equal to KL ; and proceeding thus we find that the pentagon is equilateral. 
It is also equiangular, since we have the angle BKC equal to the angle 
CLD, and so on; that is the angle OKL is equal to the angle KLM, and 
so on. 

335. Suppose a circle described round the pentagon by IV. 14. The 
angle BFC is measured by half the sum of the arcs AE and BC; the 
angle FBC is measured by half the sum of the arcs CD and DE : see 
page 294 of the Euclid. Therefore the angle FBC is equal to the angle 
BFC; therefore BC is equal to FC. And AF is equal to BF, since the 
angle ABF is equal to the angle BAF. Thus AC which is equal to the sum. 
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of AF and FC is equal to the sum of BF and CF, that is to the sum of BF 
&nd' AB. 

336. Let ABCDE be the regular pentagon. Join AC, AD ; through 
C draw a straight line CF parallel to AB, meeting AD at F. 

A circle may be described round the pentagon by IV. 14. Then AD is 
parallel to BG, by Exercise 219 ; thus ABCF is a parallelogram ; and the 
triangle ABC is equal to the triangle AFC, by L 34. The triangle AED is 
also equal to the triangle ABC. Thus the regular pentagon exceeds three 
times the triangle ABC, namely by the triangle FCD. Therefore the triangle 
ABC is less than a third of the pentagon. 

. Again AC is equal to AD ; AB and BC are together greater than AC, by 
I. 20 ; therefore AB and BC are together greater than AD. But BC is equal 
to A F, by I. 34 ; therefore AB is greater than FD ; therefore AF is greater 
than FD. Therefore the triangle CFD is less than the triangle CAF. Thus 
the regular pentagon falls short of four times the triangle ABC, namely by 
the excess of the triangle A CF over the triangle CFD. Therefore the triangle 
ABC is greater than a fourth of the pentagon. 

337. Let ABC be the equilateral triangle, the centre of the circle 
described round it. From draw OD a perpendicular to BC and produce it 
to meet the circumference at E. Then BE and EC are sides of the hexagon. 

For from the triangles BOD and COD we can shew that OD bisects the 
angle BOC. Therefore the angle BOD is equal to the angle BAC, by HI. 20. 
Thus the angle BOE is equal to the angle of an equilateral triangle. But 
the angles OBE and OEB are equal ; therefore each of these is the angle of 
an equilateral triangle. Therefore BE is equal to BO. 

In this way we can shew that each side of the hexagon is equal to the 
radius of the given circle ; and each angle of the hexagon is equal to twice 
the angle of an equilateral triangle : thus the hexagon is a regular hexagon. 

Also the triangles OBC and EBC are equal ; and in this way it follows 
that the regular hexagon is double the given equilateral triangle. 

338. Let A v A v A V ...A^ be a regular quindecagon inscribed in the 
given circle. Draw the straight lines A^A V A$A 8 , A 8 A V cutting off arcs 
which are to one another in the proportion of 2, 5, 8. The angles which 
stand on these arcs will also be in this proportion ; and therefore A 1 A 2 A 8 
will be the triangle required. 

339. . We can shew by the method used for Exercise 334 that a regular 
hexagon is obtained ; we proceed to shew that the area is one-third of the 
area of the original hexagon. Let ABCDEF be the given regular hexagon ; 
let be the centre of the circle described about the hexagon. O will 
also be the centre of the circle described about the derived hexagon. Let FB 
and AC intersect at G; let AC and BD intersect at H. 

The angles ABG and BAG are equal ; so are the angles BCH and HBC. 
Then it may be shewn that all the angles of the triangle GBH are equal. 
Thus AG, GH, HC are all equal. Also FC is parallel to AB by Exercise 
219 ; therefore the triangle ABC is equal to the triangle ABO. 

Again, the angle GOH will be one-sixth of four right angles, so that 
GOH will be an equilateral triangle ; therefore it will be equal to the triangle 
GBH, that is to one-third of the triangle ABC, that is to one- third of the 
triangle OAB. In this way we can shew that the area of the derived hexagon 
is one-third of the area of the original hexagon. 
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310. Let A,B',C,D,E ... be consecutive angular points of the equilateral 
figure inscribed in a circle: this figure will be equiangular. We will shew 
that the angles ABC and BCD are equal. 

For, the angle ABC. $t&nd& on an arc which consists of the whole circum- 
ference except the two smaller arcs cut off by AB and BC respectively ; and 
the angle BCD standi on an arc which consists of the whole circumference 
except the two smaller arcs cut off by BC and CD respectively. Now the 
smaller arc out off by AB is equal to the smaller arc cut off by CD, by 
III. 28. Therefore the arc ABC is equal to the arc BCD, Hence the arc on 
which the angle ABC stands is equal to the arc on which the angle BCD 
stands. Therefore the angle ABC is equal to the angle BCD, by III. 27, 



VI. 1, 2. 

341. In the diagram of IV. 10 take B on .42)' such that AE may be equal 
to AC : then it may be shewn that the triangle CDB is equal to the triangle 
CAE. Therefore the triangle CBD is to the triangle A CD as the triangle 
ACE is to the triangle ACD ; that is as AE is to AD, by VI. 1 ; that is as AC 
is to AB. Again, the triangle ACD is to the triangle ABD as AC is to AB, 
by VI. 1. Therefore the triangle CBD is to the triangle ACD as the triangle 
ACD is to the triangle ABD. Therefore the triangle ACD is a mean propor- 
tional between the triangles CBD and ABD. 

342. The triangle AFE is equal to the triangle FDE, by I. 34 ; the 
triangle FDE is equal to the triangle FDC, by I. 37 : therefore the triangle 
AFE is equal to the triangle FDC. Hence the triangle BFD is to the 
triangle AFE as BD is to DC, by VI. 1. Again, the triangle AFE is to the 
triangle EDC as AE is to EC, by VI. 1 ; that is, as BD is to DC, by VI. 2. 
Therefore the triangle BFD is to the triangle AFE as the triangle AFE is to 
the triangle EDC ; so that the triangle AFE is a mean proportional between 
the triangles BFD and EDC. 

343. From a point 0, within an equilateral triangle ABC, let perpen- 
diculars OP, OQ, OR be drawn on the sides BC, CA, AB respectively. Also 
draw CD from C perpendicular to AB. Then in the same manner as in 
VI. 1. Cor. it may be shewn that triangles on equal bases are to one another 
as their altitudes ; thus the triangle OBC is to the triangle ABC as OP is to 
CD ; also the triangle OCA is -to the triangle ABC as OQ is to CD ; and the 
triangle OAB is to the triangle ABC as OR is to CD. Hence the sum of the 
triangles OBC, OCA, OAB is to the triangle ABC as the sum of OP, OQ, Oti 
is to CD. But the sum of the triangles OBC, OCA, OAB is equal to the 
triangle ABC. Therefore the sum of OP, OQ, OR is equal to CD. 

344. Let ABC be a triangle. Fr/>m A draw AD perpendicular to BC, 
and from D on DA take DK equal to one-third of DA. From B draw BE 
perpendicular to AC, and from E on EB take EL equal to one- third 
of EB. 

Through K draw a straight line parallel to BC; and through L draw a 
straight line parallel to AC ; let these straight lines meet at : this shall be 
the point required. 

For the triangles ABC and OBC have the same base, but the height of 
OBC ia one-third of the height of ABC ; therefore the triangle OBC is one* 
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third of the triangle ABC, as in VI. 1. In like manner the triangle OCA is 
one-third of the triangle ABC, Therefore the triangle OAB is also one-third 
of the triangle ABC. 

345. CF is to FB mAE is to EB, and also DO is to GB as AE is to 
EB, hy VL 2. Therefore CF is to FB as DG is to OB. Therefore FG is 
parallel to CD, hy VL 2. 

346. Let ABC he a triangle. From any point it in the base AB draw 
JTL parallel to AC meeting CB at X, ana KM parallel to BC meeting 
CA at M. 

The diagonals CK and L3f intersect at the middle point of CK, by 
Exercise 78. Through draw a straight line POQ parallel to AB, meeting 
AC at P, and PC at Q. Then CP is to PA as CO is to OK ; but CO is equal 
to OK ; therefore CP is equal to PA. Thus P is the middle point of CA. 

Similarly Q is the middle point of CB. Thus is on the fixed straight 
line which joins the middle points of AC and BC. 

347. Let the straight line from D parallel to BC meet A C at E. Produce 
AD to meet BC at F. Then AD is equal to DF t by I. 26. And AD is to 
DF as j4£ is to EC, by VL 2. Therefore AE is equal to EC. 

348. The triangle BED is equal to the triangle CED, by 1. 37 ; therefore 
the triangle DFB is equal to the triangle EFC. 

The triangle ADF is to the triangle BDF as AD is to DP, by VI. 1 ; 
that is as AE is to EC, by VI. 2 ; that is as the triangle AEF is to the 
triangle EFC, by VL 1 ; that is as the triangle AEF is to the triangle BDF. 
Thus the triangle ADF is to the triangle BDF as the triangle AEF is to the 
triangle BDF. Therefore the triangle ADF is equal to the triangle AEF. 

849. Let AF produced meet BC at H. The triangle BFH is to the tri- 
angle BFA as FH is to FA, by VI. 1; that is as the triangle CHF is to the 
triangle CFA. But from what is shewn in the last Exercise we find that the 
triangle AFB is equal to the triangle AFC. Therefore the triangle BFH 
is to the triangle BFA as the triangle CFH is to the triangle BFA. There- 
fore the triangle BFH is equal to the triangle CFH. Therefore BH is equal 
toCH. 

350. Let ABCD be a quadrilateral figure, having the sides AB and DC 
parallel. Let a straight line parallel to these sides meet AD at E, and BC at 
F. Then DE will be to EA as CF is to FB. 

Of the two sides AB and DC suppose AB the greater. From C draw a 
straight line CGH parallel to DA meeting EF at G, and AB at H. Then 
CE and GA are parallelograms; and therefore CG is equal to DE, and GH 
is equal to EA. 

Now CG is to GH as CF is to PP, by VL 2 ; therefore DE is to EA as 
CP is to FB. 

351. Let P be the given point. Bisect PA at Q. From Q draw a straight 
line parallel to AC, meeting BC at R. Join PP and produce it to meet AC, 
produced if necessary, at 8. 

Then PR is to PS as PQ is to QA, by VL 2. But PQ is equal to QA ; 
therefore PR is equal to RS. 
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VI. 3, A. 

352. AF is to FC as AD is to DC, by VI. 8 ; and so also AE is to EB 
as AD is to DB. But DC is equal to DB. Therefore AF is to FC as AE is 
to PP. Therefore EF is parallel to BC, by VI. 2. 

853. The are DBC is bisected at B : see m. 30. Therefore the angle 
DOC is bisected by GE, by m. 27. Therefore DO is to GC as D£ is to EC. 
Similarly DF is to FC as D£ is to EC. Therefore DG is to GC as DP is to 
FC. Therefore also DG is to DF as GC is to FC, by V. 16. 

854. Let AB be the given straight line. * From A as centre with any 
radius describe a circle. From B as centre with a radius equal to double 
the former describe another circle, cutting the former at C. Join AC and 
PC, and bisect the angle ACB by a straight line meeting AB at D. 

Then AC is to CB as ^D is to D5, by VI 3. But BC is twice AC; 
therefore DB is twice AD. Bisect DP at P. Then -4D, DP, £2? are all 
equal ; so that AB is trisected. 

355. The angle CPD is bisected by PA ; therefore CA is to AD as CP is 
to DP, by VL 3. The angle APB is a right angle, by III. 31 ; therefore PB 
bisects the angle between CP produced and DP. Therefore (72? is to DB as 
CP is to PD, by VI. A. Therefore CA is to AD as CB is to DB ; therefore 
CA is to CB as AD is to DB, by V. 16. 

356. On AB as diameter describe a circle. Bisect the arc AB at C. 
Join. CD and produce it to meet the circumference again at E. From E 
draw a straight line at right angles to DP, and let it meet AB produced at 
P. Then P will be the required point. 

For, since the arc AC is equal to the arc BC, the angle AEB is bisected 
by ED, by III. 27. Therefore AE is to EB as AD is to DB, by VI. 3. And 
since the angle DEP is a right angle EP bisects the angle between AE pro- 
duced and BE. Therefore AE is to EB as AP is to BP, by VI. A. There- 
fore AD is to DB as 4P is to BP. 

357. 4P is equal to AE, by supposition; therefore the angle AED is 
equal to the angle ABC; also the angle EAD is equal to the angle BAC; 
therefore ED is equal to BC, by L 26. Now ^C bisects the angle P4D, and 
AE is at right angles to AC; therefore BC is to CD &nBA is to AD, by VI. 3; 
and BE is to ED as P4 is to AD, by VI. A. Therefore BE is to PD as BC 
is to CD. But ED is equal to PC. Therefore BE is to PC as BC is to CD; 
so that BC is a mean proportional between BE and CD. 

358. PD is to DC as D-4 is to AC; therefore the difference of PD and 
DC is to their sum as the difference of BA and AC is to their sum : see the 
Euclid, p. 310. Now the difference of BD and DC is twice DO, and their sum 
is twice OB. Also twice DO is to twice BO as DO is to PO, by V. 15. There- 
fore DO is to PO as the difference of BA and AC is to their sum. 

859. Suppose E is on PC produced through C. By VX 3 and VI. A we 
have BD to DC as BE is to JE7C. Therefore the difference of BD and DC 
is to DC as the difference of BE and EC is to -EC. That is twice OD is to 
DC as twice OC is to CE. Therefore OD is to DC as OC is to CE. There- 
fore OD is to the sum of OD and DC as OC is to the sum of OC and CE ; 
that is OD is to OC as OC is to OP. But OC is equal to OB ; therefore OD is 
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to OB as OB is to OE ; so that OB is a mean proportional between OD 
and OE. 

860. Let ABC be a triangle, let D, F, F be points in BC, CA, AB, re* 
spectively such that DF and i>£ make equal angles with BC, ED and EF 
make equal angles with CA, FE and FD make equal angles with AB. Then 
AD, BE, CF shall be at right angles respectively to BC, CA, AB* 

Let AB and FF meet at G. Since the angles &E.4 and DEC are equal 
-4F bisects the angle between DE produced and GE; therefore DE is to 
EG as DA is to GA. Similarly DF is to FG as D4 is to GA. Therefore- 
DE is to EG as DF is to FG; therefore DE is to DF as .EG is to FG. 
Therefore DG bisects the angle FDE, VI. 3. Thus the angle GDF is equal 
to the angle GDE, and the angle FDB is equal to the angle EDC ; therefore 
the angle GDB is equal to the angle GDC, so that each of them is a right 
■angle. 

Similarly it may be shewn that BE is at right angles to AC } and CF at 
right angles to AB, 

VI. 4 to 6. 

361. Let ABC and DEF be triangles on equal bases AB and DE, and 
between the same parallels ABDE and CF. Let a straight line be drawn 
parallel to ABDE, meeting AC at K, BC at L, DF at M, EF at N. Then 
the triangle CKL shall be equal to the triangle FMN. 

KL is to AB as CL is to CB, and MN is to DE as FM is to FD, by VI. 4. 
But CL is to CB as FM is to FD, by Exercise 350. Therefore KL is to AB 
as JO" is to DE. Therefore KL is to MN as ^B is to DE. But ^B is equal 
to DE, by supposition. Therefore KL is equal to MN. Therefore the 
triangle CKL is equal to the triangle FMN, by I. 38. 

362. CE is to AB as FE is to FB, and ED is to ^B as GD is to GB, by 
VI. 4. But CF is equal to ED, by supposition. Therefore FE is to FB as 
GD is to GB. Therefore FG is parallel to ED by VI. 2. 

363. Draw any straight line through C. Draw BN and 4flf perpen- 
diculars on this straight line. Then BN is to AM as CB is to CA, by VI. 4; 
that is BN has to .4if a constant ratio. 

* 

364. Let A and B be two fixed points, and suppose a straight line to 
pass between them and to cut AB at C. Draw AM and BN perpendiculars 
on MCN. Then AM is to AC as BN is to BC, by VI. 4. Therefore AM is 
to BN as ^C is to BC. Thus if the ratio of AM to BN is given the ratio, of 
AC to BC is also given ; and therefore C is a fixed point. 

365. Let A, B, C be three given points.. Suppose a straight line to pass 
through a point D between A and C and also through a point E between 
B and C. Draw AF, CG, BH perpendiculars on this straight line. Then 
AF is to CG as AD is to DC, by VI. 4. Therefore since the ratio of AF to 
CG is known the point D is known. Similarly the point E is known. Thus 
the required straight line is obtained by joining DE. 

866. Let A and B be the points from which the perpendiculars are to be 
.drawn, C the point through which the straight line is to be drawn. 
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Join AC and produce it to D, making AC to CD in the given ratio. Join 
BD, and through C draw a straight line ECF perpendicular to BD : then 
ECF will be the required straight line. 

For draw AM perpendicular to JECP, and let EF and BD intersect at N. 
Then CM is to CN as AC is to DC, by VL 4: thus CM has to CN the 
assigned ratio. 

367. The angle BFD is equal to the angle EFC t by I. 15; the angle 
DBF is equal to the angle FEC by L 29. Therefore the triangle BFD is 
equiangular to the triangle EFC. Therefore BD is to CE as BF is to FE. 
But PZ) is equal to BA y and CM is equal to CE; therefore BA is to AC as 
BF is to F.#. Therefore AF is parallel to CE, by VI. 2. 

368. From P draw PF perpendicular to AB, and from Q draw QZ 
perpendicular to CD. Then the triangle PMY is equiangular to the triangle 
QNZ ; therefore PM is to Qtf as PY is to QZ. Thus the ratio of PM to 
QN is constant. 

Again, let NM and QP produced if necessary meet at R. Then the tri- 
angle PMR is equiangular to the triangle QNR ; therefore RP is to RQ as 
PJf is to QN ; so that the ratio of RP to RQ is constant : therefore R is a 
fixed point. 

369. Let ABCD be a quadrilateral figure, in which AB is parallel to 
CD and equal to twice CD. Join AC and BD intersecting at 0. Then 0(7 
will be one- third of AC. 

The angle DOC is equal to the angle BOA, by I. 15 ; the angle OCD is 
equal to the angle OAB, by I. 29 ; therefore the triaugle DOG is equi- 
angular to the triangle BOA. Therefore AO is to CO as AB is to DC, by 
VL 4. But JP is twice DC; therefore AO is twice CO. Bisect -40 at P; 
then AP, PO, OC are all equal and OC is one-third of AC. 

370. The angles CAT and OPT are right angles ; therefore a circle will 
go round CATB: see page 276 of the Euclid. Therefore the angle CAB 
is equal to the angle CTB, by HE. 21 ; therefore the angle ABN is equal to 
the angle CTB. Also the right angles ANB and CBT are equal. Therefore 
the angle NAB is equal to the angle BCT, by L 32. Thus the triangle 
BAN is equiangular to the triangle BCT ; and therefore BT is to BC as 
BN is to XA, by VI. 4. 

371. Through E draw 0E parallel to AB, meeting BC at 0. Then AB 
is to AC as 0E is to -EC, by VI. 4 ; that is as 0E is to BD, by supposition ; 
that is-as EF is to DF, by VL 4. 

372. Let P be the centre of the circle which passes through A, C, and 
any point D in BC; let Q be the centre of the circle which passes through 
A, B, and D. 

The angle APC is equal to twice the excess of two right angles over 
ADC by.IIL 22, 20, that is the angle APC is twice ADB ; also the angle 
AQB is twice ADB, by ILL 20; therefore the angle AQB is equal to the 
angle APC. Thus the isosceles triangle AQB is equiangular to the isosceles 
triangle APC; and therefore PA is to QA as AC is to AB. 

373. Let ABC be a triangle. Suppose that the perpendicular from the 
required point on PC is to be to the perpendicular on CA in the ratio of X 

to y. 

T. EX. 5 
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Draw a straight line parallel to BC at the distance X from it ; and draw 
a straight line parallel to CA at a distance Y from it ; let these straight lines 
meet at D. Then the perpendicular from D on BC is equal to X, and the 
perpendicular from D on CA is equal to Y. 

Join CD ; take any point P on CD, and draw PM perpendicular to BC 
and PN perpendicular to CA. Then PM is to X as CP is to CD, by VL 4 ; 
and also PN is to Y as CP is to CD : therefore PM is to PN as X is to F. 

Again, suppose that the perpendicular from the required point on CA is 
to be to the perpendicular on AB as Y is to Z. Then as before we find a point 
E such that the perpendicular from it on AC is T, and the perpendicular 
from it on AB is Z. Join AE ; then, as before, we can shew that the perpen- 
diculars from any point in AE on CA and AB are in the ratio of T to Z. 

Let CD and AE be produced to meet at 0. Then from what has been 
shewn it follows that the perpendiculars from on BC, CA, AB are propor- 
tional to X, Y, Z respectively, 

374. Let AEB be one triangle, and AFC the other. Suppose that AE 
and AF are homologous. Draw EM perpendicular to AB, and FN perpen- 
dicular to AC; and produce EM and FN to meet at P. Let D be the angle 
of the rectangle opposite to A. 

Then the triangle AEM is equiangular to the triangle AFN ; and therefore 
AM is to AN as AE is to AF, that is as .42? is to AC. Therefore AM is to 
MP as .4B is to BD ; therefore the triangle AMP is equiangular to the 
triangle ABD, by VI. 6 ; therefore P is on the straight line AD. 

If EB and AF are homologous it will be found that the perpendiculars 
meet on BC. 

375. Let GE produced through E, and CA produced through A, meet 
at the point P. Then CP is to KP as CG is to KE, by VI. 4. Let FH 
produced through H, and CA produced through A, meet at the point Q. 
Then CQ is to iTQ as CF is to tfif by VI. 4. But the triangle CGK is equi- 
angular to the triangle KEA ; therefore CG is to GiiT as KE is to .EM, that is 
CG is to CF as KE is to £7* ; therefore CG is to KE as CF is to KH. 

Therefore CP is to KP as CQ is to KQ : therefore the points P and Q 
coincide ; so that GE, FH, and CA, produced, meet at a point. 

376. Let PQ and AC, produced if necessary, meet at L. Then LP is to 
LQ as AP is to CQ, by VI. 4. Let PQ and PD, produced if necessary, meet 
at M. Then MP is to itf Q as PP is to QD. Now 4P is PP as CQ is to QD, 
by supposition. Therefore LP is to LQ as JlfP is to MQ. Therefore L 
coincides with M. 

If instead of having given that AP is to PB as CQ is to DQ we have .4P 
is to PB as DQ is to QC, we can shew that PQ, AD, BC meet at a point. 

377. Let the straight line parallel to AB cut AC at M, and BC a,t.N. 
From M and N draw straight lines parallel to BD meeting AB at P and Q 
respectively. Then PA will be equal to QB. 

From C draw a straight line parallel to AB meeting BD at E. Then 
since the straight line AD is bisected at C the straight line BD is bisected at 
E, by VI. 2. 

The triangle MAP is equiangular to the triangle DCE; so that MP 
is to PA as D£ is to EC, by VI. 4. Again, the triangle NBQ is equiangular 
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to the triangle BCE, so that NQ is to QB, as BE is to EC, by Vl. 4 ; that is 
as DE is to EG. 

Therefore MP is to PA as NQ is to QP ; therefore MP is to 2VQ as PA is 
to QP. But MP is equal to NQ, by I, 34 : therefore PA is equal to QB. 

373. Let £ and C be the centres of tlje two given circles. Let a circle 
having its centre at A touch externally the former circle at P, and the latter 
at S. The straight lines RS and BC when produoed will meet at a fixed 
point. 

Let the straight line RS intersect the circle with centre C again at P, 
and let it meet the line BC at T. The angle CP8 is equal to the angle OSP 
by I. 5 ; and is therefore equal to the angle ASR, by I. 15 ; and is therefore 
equal to the angle ARS, by I. 5. 

Therefore AB is parallel to OP, by I. 27. Therefore TC is TB as OP is 
to BR, by VI. 4. Thus the ratio of TC to TB is a fixed quantity ; and 
therefore T is a fixed point. 

379. From E and F draw straight lines parallel to AD meeting BO at 
M and N respectively. 

Then EM is to MC as AD is to DC, by VI. 4 ; that is as AD is to DB by 
supposition ; that is as FN is to NB, by VI. 4. Therefore EM is to FN as 
MC is to NB. 

Again, EJf is to MB as PD is to DB, by VI. 4 ; that is as PD Js to DC, 
by supposition ; that is as FN is to NC, by VI. 4. 

Therefore EM is to FN as itfB is to NC. 

Therefore MC is to NB as JO is to NC; therefore MC is to i*f£ as J7P is 
to NC. Therefore MC is to the sum of MC and MB as NB is to $he sum of 
tf P and NC. That is J1TC7 is to CB as iVP is to CB ; therefore MC is equal 
totfP. 

But EM is to PiV as MC is to 2VP. Therefore EM is equal to Ptf. 
Therefoje FE is parallel to NM, by I. 33. 

380. Let S be the centre of the circle of which AE is a diameter, and T 
the centre of the circle of which EB is a diameter. Then SL is to SP as TL 
is to TQ, by VI. 4 ; therefore the difference of SL and SP is to SP as the 
difference of TL and TQ is to TQ, by V. 17 ; that is EL is to SP as SL is to 
TQ, Now SP, being equal to SE, is three times ET, that v is three times 
TQ ; therefore EL is three times BL ; therefore EBAb twice BL ; therefore 
BL is equal to 5 T. 

381. The triangle -40J5 is equiangular to the triangle AED ; for the 
angle EAO is common to the two triangles, and the angle AEO is equal 
to the angle ADE- by IV. 14 and III. 27, and therefore the angle AOE is 
equal to the angle AED, by I. 32. Therefore AO is to AE as AE is to AD ; 
so that AE is a mean proportional between AO and AD. 

382. QP is to BR as PQ is to AB, by VI. 4 ; that is as PQ is to DC, by 
I. 34 ; that is as SQ is to CS, by VI. 4. Thus QP is to BR as QS is to CS ; 
therefore RS is parallel to PC, by VI. 2. 

383. PD is to EF as CD is to CF, by VI. 4 ; and also EF is to AC as 
FD is to CD : therefore PD is to AC &b FD is to CF, by V. 23. Therefore 
BD is to FD as J C is to CF. Therefore the triangle BDF is equiangular to 
the triangle ACF, by VI. 6 : therefore the angle BFD is equal to the angle 
AFC. 

5—2 
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884. From A draw AE perpendicular to BD, from B draw BF per- 
pendicular to AC, from C draw CG perpendicular to BD, and from D draw 
DH perpendicular to AC. Let AC and £D intersect at O. 

The triangle (X425 is equiangular to the triangle OBF, and therefore OA is 
to OE as 0£ is to OF ; therefore the triangle OFE is equiangular to the 
triangle OAB by VI. 6 ; therefore the angle OEF is equal to the angle OAB 
and the angle OFE to the angle OB A. Similarly the angle OEH is equal to 
the angle OCB t that is to the angle OAB. Therefore the angle FEH is 
equal to the angle BAD. And the angle F}FH has been shewn equaMo the 
angle ABD. Therefore the angle FHfi is equal to the angle BDA. There- 
fore the triangle FEH is equiangular to the triangle BAD; and therefore 
similar to it, by VI. 4. • » 

Similarly the triangle FGH is similar to the triangle BCD. Hence it will 
follow that EFGH is similar to ABCD. 

385. Let A be the centre of one circle, and G that of the other. Let 
them intersect at the given point B. Then, by supposition, BA and BG are 
fixed directions. Let a straight line touch the former circle at E, and the 
latter at F; and let EF produced meet AC produced at JD. Then D is the 
point at which two tangents to both circles will intersect. 

Then DA is to DC as AE is to CF, by VI. 4 ; that is as AB is to BC. 
Therefore DB bisects the angle between AB produced and BC, by VL A: 
thus D is on a fixed straight line. 

Now as BA and BG are fixed directions other cases may occur in which 
instead of A we have some point on AB produced through B, or in which 
we have instead of C some point on CB produced through B. Thus we 
obtain a second fixed straight line, namely that which bisects the angle ABC. 

VI. 7 to 18. 

386. Let the circles totteh each other at the point B ; let one cirfte touch 
the straight line at C, and let the other circle touch ihe straight line at D. 
Draw CA a diameter of the former circle, and DE a diameter of the latter. 
Draw the straight line BF touching the circled at B, and meeting CD at F. 

Thus FB, FC, FD are all equal, by Exercise 176. Therefore a circle 
described with F as centra will go through B, C, and D ; therefore CBD will 
be a right angle, by III. 31. Also EBD is a right angle, by III. 31. Thus 
CBE is a straight line, by I. 14. Similarly DBA is a straight line. 

Now the angle BCD is equal to the angle CAB, and the angle BDG is 
equal to the angle DEB, by III. 32. Therefore the trianjjle ACD is equi- 
angular to the triangle CDE ; therefore ED is to DC as DO is to CA. 

387. Let EDK be the given arc, and EGK the remaining part of the 
circumference. Bisect the arc EGK at F. Divide EK at H so that EH may 
be to HK in the given ratio. Join FH and produce it to meet EDK at Li 
then L will be the point required. 

For since the arc EF is equal to the arc FK the angle ELF is equal to 
the angle FLK % by HI. 27. Therefore EL is to LK as EH is to HK by 
VL 3 : so that EL is to LK in the given ratio. 

388. Let ABC be the triangle ; draw CE parallel to AB, and make CE to 
CB as CB is to BA. Join BE cutting AC at D. Draw DF parallel to AR, 
meeting BC at F. . . 
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Then DF is to FB as CE is to CB, by VI. 4 ; that is as CB is to BA, by 
construction ; that is «s CF is to FD, by VI. 4. Thus DF is to FB as CF is 
to FD ; therefore FB is to FD as FD is to CJf, by V. B. Thus FD is a 
mean proportional between FB and FC. 

889. The angles BDA and ^DC are equal being right angles ; also BD 
is to DA as DA is to DC, by supposition. Therefore the triangle BDA is 
equiangular to the triangle ADC, by VI. 6. Thus the angle BAD is equal to 
the angle ACD, and the angle ABD is equal to the angle CAD. Therefore 
the angle BAC is equal to the two angles ABC and AQB ; therefore the angle 
BAG is a right angle. 

390. Since BD is to BA as BA is to BC the triangle BDA is equiangular 
to the triangle BAG, by VI. 6 ; therefore the angle BAC is equal to the angle 
BDA ; that is the angle BAC is a right angle. 

391. CA is to CP as CP is to CB, by supposition ; therefore the triangle 
ACP is equiangular to the triangle PCB, by VI. 6; therefore the angle CPA 
is equal to the angle CBP. 

392. Let the centre of the circle in any position be at a point C, and let 
the circle touch the straight line OA at the point B. 

PQ is a third proportional to OP and PC ; so that OP is to PC as PC is 
to PQ ; therefore the angle OCQ is a right angle by Exercise 389. Produce 
QC to meet OA at N. Then in the triangles OCQ, OCN the angle COQ is 
equal to the angle CON because the triangles COP, COB are equal by 
Exercise 176 ; the right angle OCQ is equal to the right angle OCN ; and 
OC is common: therefore QC is equal to CN, by I, 26. 

From Q draw QM perpendicular to OA. Then the triangle QNM is equi- 
angular to the triangle CNB ; therefore QM is to CB as QN is to CN, by 
VI. 4. But QN has been shewn to be twice CN ; therefore QM is twice CB. 
Thus Q is always on a straight line which is parallel to OA and at a distance 
from it equal to twice the given radius. 

393. Let AS and BT be the parallel straight lines, AB being a diameter 
of the circle ; let C be the centre of the circle. Then SCT is a right angle, by 
Exercise 182. Therefore CP is a mean proportional between SP and PT, by 
VI. 8, Corollary. Therefore the rectangle SP, PT is equal to the square on 
CP, by VI. 17 ; thus the rectangle SP, PT is constant. 

394. Suppose D the point in the side AB of the triangle ABC, and let 
DE be parallel to BC. Then the triangle ADE must be equal to the triangle 
DBC ; therefore AD is to DB as BC is to DE, by VI. 15. But BC is to DE 
as AB is to AD, by VI. 4. Therefore AD is to DB as AB is to AD ; there- 
fore the rectangle AB, DB must be equal to the square on AD. Thus AB 
must be divided at D in the manner of IX 11. 

395. The triangles EC A and BCD are equiangular ; therefore 'EC is to CA 
as CB is to CD, by VL 4 ; therefore the triangle ECD is equal to the triangle 
ACB, by VI. 15. 

396. The triangle ABE is equiangular to the triangle CBF ; therefore 
AB is to BE as CB is to BF, by VI. 4 ; therefore AB is to CB as BE is to 
BF ; therefore the triangle ABF is equal to the triangle CBE, by VL 15. 
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397. Let ABCD be a quadrilateral figure inscribed in a circle ; let AC 
and BD intersect at 0. 

The angle ADD is equal to the angle BOC, by I. 15 ; the angle DAO is 
equal to the angle CBO, by in. 21 ; and the angle ADO is equal to the angle 
BCO, by III. 21 : therefore the triangle AOD is equiangular to the triangle 
BOC, Therefore DO is to A0 as CO is to B0 t by VL 4. Therefore the 
rectangle DO, OB is equal to the rectangle CO, OA, by VI. 16. 

Similarly it may be shown that the triangle COD is equiangular to the 
triangle BOA. 

898. Let EF and CD meet at M. Then GO is to EM as CO is to CM, 
and L0 is to FM as CO is to CM, by VI. 4. Therefore GO is to EM as LO 
is to PM. therefore GO is to LO as EAf is to FM. Similarly K0 is to HO 
as £3f is to FM. Therefore GO is to LO as KO is to HO. Therefore the 
rectangle GO, HO is equal to the rectangle LO, KO, by VI. 16. 

899. tfhe angles DFC t ACD, BDC and half of ACB make up two right 
angles, by I. 32. The angles DGC, ACD, BDC and half of ADB also make 
up two right angles. Therefore the angles DFC and half of ACB are together 
equal to the angles DGC and half of ADB. Therefore the angle DFC is 
equal to the angle DGC, by III. 21. Therefore a circle will go round DGFC, 
by page 276 of the Euclid. Therefore the rectangle EG, ED is equal to the 
rectangle EF, EC, by III, 36, Corollary. Therefore EF is to EG as ED is to 
EC, by VI. 16. 

400. Let ABC be the triangle. From A draw a straight line AD, meeting 
BC at D ; and also draw from A a straight line A E, meeting the circumference 
of the circumsoribing circle at E, such that the angle ACE is equal to the 
angle ADB. 

Then the angle ABD is equal to the angle AEC< by III. 21 ; the angle 
ADB is equal to the angle ACE, by construction; therefore the angle BAD 
is equal to the angle EA C, by I. 32. Thus the triangle BAD is equiangular 
to the triangle EAC ; and therefore AB is to AD as AE is to AC, by VI. 4 ; 
and therefore the rectangle AB, AC is equal to the rectangle AD, AE. 

401. AC is to CE as CD is to CB ; and the angle ACE is equal to the 
angle DCB : therefore the triangle ACE is equiangular to the triangle DCB, 
by VI. 6, so that the angle CEA is equal to the angle CBD. Therefore a 
circle will go" round CBEA ; and the point E will bisect the arc AEB, 
because the angle ACE is equal to the angle BCE. If AB and the angle 
ACB are given, this circle will be a fixed circle, and E will be a fixed point 
on the circumference. See p. 276 of the Euclid. 

402. Let DFGE be the square ;• F being on the side AC, and G on the 
side BC. Then the triangle ADF is equiangular to the triangle GEB ; there- 
fore EB is to EG as DF is to DA. Therefore the rectangle AD, BE is equal 
to the rectangle EG, DF, by VL 16 ; that is to the rectangle EG, ED ; that 
is to the square DFGE. 

403. The triangle AFE is equiangular to the triangle CFB ; therefore EF 
is to FB as FA is to .FCVby VI. 4. In like manner from the triangles GFC 
and BFA we have FB to FG as FA to FC. Therefore EF is to FB as FB is 
to FG ; therefore the rectangle EF, FG is equal to the square on FB, by 
YI. 17. 
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404. In the triangle ]ABC suppose that AB is equal to AC. From A 
draw a straight line meeting J? C at D, and produce AD to meet at E the cir- 
cumference of the circle described round ABC. 

The angle AEB is equal to the angle ACB, by ILL 21 ; the angle ACB is 
equal to the angle ABC, by I. 5 : therefore the angle AEB is equal to the 
angle ABB. Thus the triangle AEB is equiangular to the triangle ABD, by 
I. 32. Therefore DA is to AB as AB is to AE, by VI. 4 ; therefore the 
rectangle DA, AE is equal to the square on AB, by YI. 17. 

405. Let T be one of the points of contact of the given tangents, and 
P one of the points of intersection of the two circles. Then the square on 
ET is equal to the rectangle EA, EH, by VL 8, Corollary ; and ET is equal 
to EP; therefore the square on EP is equal to the rectangle EA, EH; there- 
fore EP touches the circle HP A by m. 37. 



YI. 19 to D* 

406. In the diagram of IV. 10 suppose a straight line drawn from C 
parallel to BD, meeting AD at F. Then FB bisects the angle ABD: see 
Exercise 63. The triangle ACF will be to the figure BCFD as BD is to BA. 

The triangle ACF is equiangular to the triangle ABD ; and therefore the 
triangle ACF is to the triangle ABD as the square on AC is to the square on 
AB, by VI. 19 ; that is as the rectangle AB, BC is to the square on AB, by 
IV. 10 ; that is BC is to AB. Therefore the triangle ACF is to the figure 
BCFD as BC is to AC, see V. E. But AC is equal to BD ; therefore the 
triangle ACF is to the figure BCFD as BC is to BD ; that is as BD is to BA t 
for the triangle BCD is equiangular to the triangle BAD. 

407. Let EB be a side of the regular polygon, K the centre of the circle. 
Let CB be half the side of the circumscribed figure of half the number of 
sides ; C, E, K being in one straight line. From E draw EL perpendicular 
to BK ; then EL is half the side of the inscribed figure of half the number of 
sides. 

Let X, Y, Z denote the areas of the three figures respectively in descending 
order of magnitude. Then X is to Z as the triangle CBK is to the triangle 
ELK ; that is in the duplicate ratio of CB to EL, by VI. 19. Also X is to Y 
as the triangle CBK is to the triangle EBK ; that is as CK is to EK, by 
VI. 1 ; that is as CB is to EL, by VI. 4. Thus X is to Z in the duplicate 
ratio of X to Y. Therefore Y is a mean proportional between X and Z. 

408. Join EG cutting AF at P, and HK cutting FC at Q. The triangles 
AEF and FHC are equiangular ; therefore AE is to AF as FH is to FC. 
But AP is half of AF, and FQ is half of FC; therefore AE is to AP as FH 
is to FQ. Therefore the triangle AEP is equiangular to the triangle FHQ, 
by VI. 6, so that the angle APE is equal to the angle FQH. Therefore 
EP is parallel to HQ, by I. 28. 

409. Let ABC be the triangle. From C draw CH perpendicular to AB, 
produced if necessary; and complete the rectangle AFCH. Describe a 
rectangle AEDG similar to AHCF, and equal to the triangle ABC, so that 
E may be on AH and G on AF, by VI. 25. Then D will fall on AC, by 
VI. 26. 



72 .EXERCISES IN EUCLID. 

Then the triangle AED is half the rectangle AEDG, and is therefore 
equal to half the triangle ABC. Thus the straight line ED satisfies the 
assigned conditions. 

410. Let ABC, DEF be the two isosceles triangles which are to one 
another in the duplicate ratio of their bases BC, EF. Then ABC and DEF 
shall be similar triangles. 

For if the angle ABC be not equal to the angle DEF, one of them musl 
be the greater. Let ABC be the greater, and make the angle CBG equal to 
the angle FED. Similarly make the angle BCG equal to the angle EFD. 
Then GBC and ABC being isosceles triangles the point G will fall within 
the angle BAC, so that the triangle ABC is greater than the triangle GBC. 
Also DEF and GBC are similar triangles. 

Now, by supposition, the .triangle DEF is to the triangle ABC in the 
duplicate ratio of EF to BC ; and the triangle DEF is, by VI. 19; to the 
triangle GBC in the same ratio ; therefore the .triangle DEF is to the 
triangle ABC as the triangle DEF is to the triangle GBC. . Therefore the 
triangle ABC is equal to the triangle GBC, which is absurd. Therefore the 
triangle ABC is similar to the triangle DEF. 

411. The rectangle contained by the two segments is known, for it is 
equal to that of the segments of any chord of the circle through the point. 
Also the ratio of the sides of the rectangle is known. Hence the rectangle 
can be constructed by VL 25. 

412. The rectangle contained by the line and one segment is known, for 
ft is equal to the square on the tangent. Also one side of the rectangle is 
to be double the other. Hence the rectangle can be constructed by VL 25. 

413. The straight line CD is divided similarly to AB. The straight 
line EB is divided similarly to AB : see VI. 2. Also it is shewn in II. 11 
that the rectangle CF, FA is equal to the square on AC; therefore CFis 
divided at A in the required manner. And KG is divided at H similarly to 
the way in which CF is divided at A. 

414. Let BC denote the given base ; on BC describe a segment of a 
circle containing an angle equal to the given vertical angle. Then the 
diameter of this circle is known. 

By VI. C the perpendicular from the vertex on the base of the triangle is 
known. Hence we must draw a straight line parallel to BC at a distance 
from it equal to this known perpendicular ; either of the intersections of this 
straight line with the arc of the described segment may be taken for the re- 
quired vertex of the triangle. 

415. Let ABC be an equilateral triangle ; suppose a circle to be described 
round the triangle, and let P be any point on the circumference of this circle. 
Draw PA, PB, PC. 

Suppose P to be between A and C. Then APCB is a quadrilateral in- 
scribed in a circle ; and therefore the rectangle PB, AC is equal to the sum 
of the rectangles PA, BC and PC, AB, by VL D. But AC, BC, and AB are 
all equal, by supposition. Therefore PB is equal to the sum of PA and PC. 

416. Since the angles ABD and ACD are right angles a circle would go 
round ABDC, by page 276 of the Euclid ; therefore the rectangle AD, BC is 
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equal to the sum of the rectangles AB, CD and AC, BD, by VI. D. But AB 
is equal to AC, therefore the angle ABC is equal to the angle ACB, by I. 5 ; 
therefore the angle DBG is equal to the angle DCB ; therefore DB is equal 
to DC, by L 6. Thus £ach of the rectangles AB, CD and AG, BD is equal 
to the rectangle AB, DB. Therefore the rectangle AD, BC is equal to twice 
the rectangle AB, DB. 

417. Suppose that the straight line through A falls without the triangle 
ABC, and that the perpendicular CE is less than FG. 

The angle AFC is a right angle by I. 8 ; therefore a circle would go round 
AECF, by page 276 of the Euclid, Therefore the rectangle AC, EF is equal 
to the sum of the rectangles AE, FC and AF, EC. From F draw FH per- 
pendicular to EC produced ; then EC is the excess of EH over HC, that is 
equal to the excess of FG over HC. Therefore the rectangle AC, EF is equal 
to the excess of the rectangles AE, FC and AF, FG over the rectangle AF, 
HC. Now the triangle AFG is equiangular to the triangle HFC, for AF and 
FH are respectively perpendicular to FC and FG ; so that FA is to A G as 
FC is to HC, by VI. 4 ; and therefore the rectangle FA, HC is equal to the 
rectangle FC, AG. 

Therefore the rectangle AC, EF is equal to the excess of the rectangles 

AE, FC and AF, FG over the rectangle FC, AG, that is equal to the rectangles 

AF, FG and FC, EG. 

The demonstration will remain substantially the same for other forms of 
the diagram. 

XL ltol2. 

418. Let PA, PB be two equal straight lines drawn from a point P to a 
plane. Let PN be perpendicular to the plane. 

The angles PNA and PNB are right angles ; therefore the square on PA 
is equal to the sum of the squares on PN and NA, and the square on PB is 
equal to the sum of the squares on PN and NB. But PA is equal to PB ; 
therefore NA is equal to NB. Therefore the angle PAN is equal to the angle 
PBN, by I. 8. 

419. Suppose AB, AC to be two straight lines in one plane equally in- 
clined to another plane ; and let the planes intersect in BG. From A draw 
AD perpendicular to the second plane. Then the angle ABD is equal to the 
angle ACD by supposition ; the right angle ADB is equal to the right angle 
ADC ; and AD is common to the two triangles ADB and ADC. Therefore 
AB is equal to AC, by L 26 ; and therefore the angle ABC is equal to the 
angle ACB, by I. 5. 

If the point A is in the line of intersection of the two planes this method 
does not apply. Then take AB equal to AC ; from B and C draw BF, CG 
perpendicular to the line of intersection of the planes, and from F and G 
draw FD, GE in the second plane perpendicular to the line of intersection 
of the planes ; and from B and G draw BD, CE perpendicular respectively 
to the straight lines FD and GE. Then BD, CE will be perpendicular to 
the second plane by the construction in XI. 11 ; and the angles BFD, and 
CGE will each measure the inclination of the two given planes by XI. Def. 6. 
Join AD, AE. Then A B is equal to AC; the angle BAD is equal to the 
angle CAE, by supposition ; and the right angle BDA is equal to the right 
angle CJSA : therefore BD is equal to CE, by L 26. 
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The angle BFD is equal to the angle CGE, for each measures the in- 
clination of one plane to the other ; therefore BF is equal to CG, by I. 26. 
Also AB is equal to AC ; therefore AF is equal to AG : see L 47. Therefore 
the angle BAF is equal to the angle CAG, by I. 8. 

420. Let DCE be the straight line in the plane. Through B draw in 
the plane a straight line FBG at right angles to BC. Then GBF is at right 
angles to both BC and BA, and is therefore at right angles to the plane ABC, 
by XI. 4. Now DE and GF are both in one plane, and both at right angles 
to BC ; therefore DE is parallel to GF, by I. 28. Therefore DE is at right 
angles to the plane ACB, by XI. 8. Therefore DE is at right angles to AC ; 
that is AC is at right angles to DE, 

421. In the plane ABC draw GCF parallel to AB ; produce CD to meet 
AB at K ; and from K draw KL parallel to DE. 

Then DE is perpendicular to the plane ABC by supposition ; therefore 
LK is perpendicular to this plane, by XL 8 ; therefore BKL is a right angle. 
And BKC is a right angle, see the Euclid, p. 313. Therefore BK is perpen- 
dicular to the plane containing LK, DE, and KC. Therefore GCF is perpen- 
dicular to this plane, by XI. 8. Therefore GC is at right angles to CE, 

422. Let A and B be the two given points. From A draw AC perpen- 
dicular to the plane, and produce AC to D making CD equal to CA. Join 
DB intersecting the given plane at P. Then AP and BP are together less 
than any two other straight lines which can be drawn from A and B to meet 
in the plane. 

For take any point Q in the plane ; join AQ and DQ. Then in the two 
triangles ACQ and DCQ the sides AC and DC are equal; the side CQ is 
common ; and the right angle ACQ is equal to the right angle DCQ : there- 
fore AQ is equal to DQ, by I. 4. In the same manner it can be shewn that 
AP is equal to DP. Therefore the sum of AQ and BQ is equal to the sum of 
DQ and BQ ; and is therefore greater than DB, by I. 20. But DB is the 
sum of DP and PB, and is therefore equal to the sum of AP and BP, Thus 
the sum of AP and BP is less than the sum of AQ and BQ. 

423. Let OA, OB, OC be the three equal straight lines, meeting at 0. 
From O draw OP perpendicular to the plane ABC ; join PA, PB, PC. 

The angles OP A, OPB, OPC are right angles. Hence by I. 47 it can be 
shewn that PA, PB, PC are all equal ; so that P is the centre of the circle 
described round the triangle ABC. 

424. Let the three straight lines meet at O. Take on these straight 
lines equal lengths OA, OB, OC. From draw OP perpendicular to the 
plane ABC. Then OP is the required straight line. 

For PA, PB, PC are all equal by Exercise 423; therefore the angles 
POA, P0B t POC are all equal, by I. 8. 

425. Since EC, DF are perpendicular to the same plane they are parallel, 
by XI. 6 : therefore the points E, C, D, F are in one plane. 

Let CF, produced if necessary, meet AB at G. Draw the straight line 
GH parallel to EC or DF. Then GH is at right angles to the plane CAB, 
by XL 8 ; and therefore the angle AGH is a right angle. Similarly a straight 
line GK drawn- parallel to ED will lie in the plane ECD, and will be at right 
angles to the plane DAB ; therefore the angle AGK is a right angle. Thus 



EXERCISES IK EUCLID. 75 

the straight line AB will be at right angles to the plane in which GH and OK 
lie, by XI. 4 ; and will therefore be at right angles to the straight line CFG 
which lies in that plane. 

426. From a point draw a straight line OP perpendicular to a given 
plane, and a straight line OQ perpendicular to the straight line AB lying in 
that plane. Then PQ will be perpendicular to AB. 

From Q draw QL parallel to OP ; then QL is at -right angles to the plane, 
by XL 8; so that the angle LQA is a right angle. Also AQO is a right 
angle, by supposition. Therefore AQ is at right angles to the plane con- 
taining OQ and LQ, by XL 4 : so that the angle AQP is a right angle. 

XL 13 to 21. 

427. AB is perpendicular to the plane BED, and AC is perpendicular to 
the plane CED ; therefore the straight line ED is perpendicular to the plane 
ABCEy by XI. 18, 19. Therefore the angles DEB and DEC are right angles. 
Since ABE and ACE are right angles a circle would pass round ACEB ; and 
therefore CAB and CEB are together equal to two right angles : see page 276 
of the Euclid, Thus the four angles CAB, CEB, DEB, DEC are together 
equal to four right angles. 

428. Suppose ABC to denote a triangle, and KLM an6ther triangle lying 
within the former: then it may be shewn that the perimeter of the second 
triangle is less than the perimeter of the former. The demonstration will be 
a series of steps of the following kind : produce KL to cut a side of the 
triangle ABC, say to cut the side AC at P: then LP and PM together are 
greater than LM, by I. 20 ; therefore the perimeter of KPM is greater than 
the perimeter of KLM. In this way we finally obtain the required result 
by repeated application of I. 20. 

Now in the problem at present under consideration we must use XI. 20 
instead of I. 20. Thus let denote the point not in the plane of the 
triangles : then the sum of the angles LOF and POM is greater than the 
angle LOM ; therefore the sum of the angles subtended at O by the sides of 
KPM is greater than the sum of the angles subtended at O by the sides of 
KLM. In this way we finally obtain the required result by repeated applica- 
tion of XL 20. 

429. Draw AE parallel to ab, meeting Bb, produced if necessary, at E ; 
draw CF parallel to cd, meeting Dd, produced if necessary, at F. Then ab 
and cd are parallel, by XI. 15 and XL 16. Therefore AE and CF will be 
parallel, by XL 9. Therefore the triangle AEB is equiangular to the triangle 
CFD ; so that AB is to CD as AE is to CF. But AE is equal to ab, and CF 
is equal to cd, by I. 34. Therefore AB is to CD as ab is to cd. 

430. Let ABCD be the regular tetrahedron. From A draw AF perpen- 
dicular to the plane BCD. Then F is the centre of the circle which would 
go round BCD ; so that FB, FC t FD are all equal : see Exercise 423. Pro- 
duce BF to meet CD at G ; then it may be shewn that BG is at right angles 
to CD. Also FG will be one third of BG : see Exercise 343. 

From F draw FK perpendicular to AG, and from B draw BL perpendicular 
to AG. Then the triangle BGL is equiangular to the triangle FKG; and 
BL is three times FK, since BG is three times FG, by VI. 4. Now FK is 
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perpendicular to the plane ACD, by XI. 11 ; and so also is BL. Thus the 
perpendicular from B on the face ACD is three times the perpendicular from 
F on the face. And the perpendicular from B on the face ACD is equal to 
the perpendicular from A on the face BCD by reason of the symmetry of the 
regular tetrahedron. 

431. Since the angles at the vertex are right angles each of the three faces 
meeting at the vertex is at right angles to the other two. Let BAG be the 
equilateral base, and D the vertex. Then since BA is equal to BC, and BD 
is common to the triangles BDA and BDC, we have AD equal to CD, by 
I. 47. Similarly AD is equal to BD. 

Now let P be any point of the base. From P draw Pm perpendicular to 
the plane ADC, and Pn perpendicular to the plane ADB. Then the plane 
mPn will by XI. 18 be perpendicular to both the planes ADC, ADB, and 
therefore also to AD their line of intersection. Also the plane mPn is 
parallel to BDC by XI. 14 ; let it cut AC in c, AB in 6, AD in a. Then ba 
is parallel to BD, and ca is parallel to CI) by XI. 16. Also aD is equal to 
the perpendicular from P on the plane BDC. 

The triangle Pmc is equiangular to the triangle BDC ; therefore Pm is 
equal to mc, by VI. 4. Thus the sum of Pm and Pn is equal to the sum of 
mc and ma ; that is equal to ac ; that is equal to aA, since ac is parallel to 
DC. Therefore the sum of Pm, Pn, and aD is equal to 4D, and is therefore 
constant. 

432. Let OA, OB, OC be the three straight lines which meet at O. 
Through draw any straight line OQ meeting the plane ABC at a point Q 
within the triangle ABC. 

Then by the aid of I. 20 we can shew that the sum of QA, QB, and QC is 
less than the sum of AB, BC, and CA, but greater than half the sum of AB, 
BC, and CA : see Exercises 22 and 441. Now in precisely the same manner 
the present Exercise may be established, using XI. 20 instead of I. 20 ; and 
instead of a straight line, as QA, the corresponding angle QOA. 

433. Let one plane cut the three straight lines at A, B, C respectively; 
let another plane, parallel to this, cut the straight lines at K, L, M, respec- 
tively ; let a third plane cut the straight lines at P, Q, B, respectively, where 
P, Q, R are not in a straight line. And suppose AKP, BLQ, CMR to be cut 
in the same ratio by the planes. Then the plane PQR will be parallel to the 
other two planes. 

For if not draw a plane through PQ parallel to the planes ABC and 
KLM ; and let this cut the straight line CMR at S. 

Then CR is to RM as BQ is to QL, by supposition ; and CS is to SM as 
BQ is to QL, by XI. 17 : therefore CR is to RM as CS is to SM ; which is 
impossible. The condition that P, Q, R should not be on one straight line 
is necessary ; for otherwise an indefinite number of planes could pass through 
P, Q, R. 

434. Let AB and CD be the two straight lines. At the point A draw 
AK parallel to CD ; and at the point C draw CL parallel to AB. Thus the 
planes BAK, LCD are the planes required. 

For these planes are parallel, by XI. 15 ; and the former plane passes 
through the straight line AB, and the latter through the straight line CD. 
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435. Let the planes ABCD f KLMN be parallel. Let a plane cat ABCD 
in OP, and KLMN in RS. Let another plane cut ABCD in OQ, and KLMN 
in J2T. Then the angle POQ will be equal to the angle SRT. 

For RS is parallel to OP, and 12T is parallel to OQ, by XI. 16 ; therefore 
the angle POQ is equal to the angle SRT, by XI. 10. 

436. The plane ABC is at right angles to both planes, by XL 18 ; and 
therefore to their common intersection, by XI. 19. Therefore any straight 
line in the plane ABC is perpendicular to their common intersection ; and 
BC is such a straight line ; therefore BC is perpendicular to their common 
intersection. 

437. Let AB and BC be two consecutive Bides of a polygon obtained by 
cutting a prism by a plane ; let ab and be be the corresponding sides of the 
polygon obtained by cutting the prism by a plane parallel to the former. 
Then Aa and Bb are parallel by the definition of a prism ; and AB and ab 
are parallel, by XI. 16 ; therefore ABba is a parallelogram : therefore AB is 
equal to ab, by I. 34. Similarly BC is equal to be ; and so on. 

438. Let AB and BC be two consecutive sides of a polygon obtained by 
cutting a pyramid by a plane ; let ab and be be the corresponding sides of 
the polygon obtained by cutting the pyramid by a plane parallel to the 
former. Let be the vertex of the pyramid. 

Then AB is parallel to ub\ and BC is parallel to be, by XI. 16 ; therefore 
AB is to ab as OB is to 6b, by VL 4. Similarly BC is to be as OB is to 06. 
Therefore AB is to ab as BC is to be. Also the angle ABC is equal to the 
angle abc, by XL 10. Since these results hold for any corresponding pair of 
consecutive sides the polygons are similar. 

439. The angle ABO is equal to the angle abc, by XI. 10. Also AB is to 
ab as PB is to Pb, by VL 4 ; that is as pb is to pB, by supposition ; that is 
as be is to BC, by VL 4. Therefore the triangle ABC is equal to the triangle 
abc, by VI. 15. 

440. Let OC be the line of intersection, where O is in EF, or EF pro- 
duced. The plane A OE contains AB and is therefore perpendicular to the 
plane AOC, by XI. 18 ; similarly the plane AOE contains AE and is there- 
fore perpendicular to the plane EOG. Therefore OC is perpendicular to the 
plane AOE, by XI. 19; therefore OC is perpendicular to the straight line 
EF in that plane. 

L 1 to 48. 

441. The sum of BP and CP is less than the sum of BA and CA, by 
I. 21 ; similarly the sum of CP and AP is less than the sum of CB and AB ; 
and the sum of AP and BP is less than the sum of AC and BC. Thus twice 
the sum of AP, BP, and CP is less than twice the sum of AC, BA, and CB ; 
and therefore the sum of AP, BP, and CP is less than the sum of AC, BA, 
and CB. 

442. The angle APR is equal to the angle BQS, by I. 29. The angle 
APR is equal to the angle ARP, and the angle BQS is equal to the angle 
BSQ, by I. 5 ; therefore the angle ARP is equal to the angle BSQ. There- 
fore AR is parallel to BS, by I. 28. 
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443. Let ABCD. be a parallelogram, and P any point within it. The 
triangles PAB and PDC will be together half' the parallelogram. 

Through P draw a straight line parallel to AB and DC, meeting AD at if, 
and BC at M . The triangle PDC is half the parallelogram KDCM, by I. 41 ; 
and also the triangle PAB is half the parallelogram KABM. Therefore the 
triangles PDC and PAB together are equal to half the sum of the parallelo- 
grams KDCM and KABM ; that is to half the parallelogram ABCD. 

444. Let ABCD be a quadrilateral, such that the diagonal AC bisects it. 
Then the triangle ADC is equal to the triangle ABC : therefore BD is bisected 
by AC, by Exercise 114. 

445. Let ABCD be the quadrilateral figure. The triangle ABC is equal 
to the triangle ABD ; for each is half the quadrilateral by supposition. 
Therefore DC is parallel to AB, by I. 39. 

Similarly BC is parallel to AD. 

446. Produce CA to M, and BA to N, making CM equal to BN. 

In the triangles MCB and NBC the side CB is common ; the side MC is 
equal to the side NB, by construction ; and the angle MCB is equal to the 
angle NBC, by L 5. Therefore the side MB is equal to the side NC, and the 
angle BMC is equal to the angle CNB. 

In the triangles BMA and CNA we have the side MB equal to the side 
NC, and the angle BMA equal to the angle CNA, as just shewn ; also the 
side MA equal to the side NA ; therefore the angle MAB is equal to the angle 
NAC, by I. 4. 

447. From the given straight line cut off BC equal to the given length. 
Join AC ; draw from A a straight line AP meeting CB at P, and making the 
angle CAP equal to the angle ACP. Suppose that P falls between B and C. 

Then AP is equal to CP t by I. 6 ; and therefore the sum of AP and PB 
is equal to CB. 

If P does not fall between B and C the problem is impossible. But then 
the difference between AP and PB may be made equal to the given length. 

448. In the first case of I. 26 suppose the triangle DEF applied to 
the triangle ABC, so that EF may be on BC, and the triangle DEF on 
the same side of BC as the triangle ABC is. Then since the angle DFE 
is equal to the angle ACB, and the angle DEF is equal to the angle ABC, 
the triangle DEF will coincide with the triangle ABC, and therefore be 
equal to it. 

In the second case of I. 26 suppose the triangle DEF applied to the 
triangle ABC, so that DE may be on AB, and the triangle DEF on the same 
side of AB as the triangle ABC. Then since the angle DEF is equal to the 
angle ABC the straight line EF will fall on BC. Also DF will fall on AC ; 
for if not let it take a different position as AH. Then the angle AHB 
coincides with the angle DFE and is equal to it ; but the angle DFE is equal 
to the angle ACB, by supposition ; therefore the angle AHB is equal to the 
angle ACB. But this is impossible, by I. 16. Therefore DF cannot fall 
otherwise than on AC. Therefore the triangle DEF coincides with the 
triangle ABC, and is equal to it. 

449. Let ABC be a triangle having the sides AB and AC equal. Let a 
straight line EDF meet AB at E, meet BC at Z>, and meet AC produced at 
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F; and let EF be bisected at D : then AE and AF together will be equal to 
AB and AC together. 

From F draw FG parallel to AB, meeting BC produced at G. In the 
triangles EDB and FDO the sides ED and FD are equal, by supposition ; 
the angles EDB and FDG are equal, by I. 15 ; and the angles EBD and 
FGD are equal by I. 29 : therefore FG is equal to EB, by I. 26. 

Also the angle FCG is equal to the angle ACB, by I. 15 ; and is therefore 
equal to the angle EBD, by L 5. Thus, the angle FGC is equal to the 
angle FCG ; and therefore FG is equal to FC, by L 6. Thus FC is equal 
to EB ; therefore the sum of AB and AC is equal to the sum of AE and AF. 

450. Suppose the straight line DME to meet AB at D, and to meet AC 
produced at E ; and let AD be equal to AE : then will BD be equal to CE. 

Through C draw CF parallel to AB, meeting DE at F. In the triangles 
DMB and MFC the sides BM and CM are equal, by supposition ; the angles 
DMB and FMC are equal, by I. 15 ; and the angles DBM and MCf are 
equal by I. 29 : therefore DB is equal to FC, by I. 26. 

The angle CFE is equal to the angle ADE, by I. 29 ; the angle ADE 
is equal to the ansb A ED, by I. 5: therefore the angle CFE is equal to 
the angle CEF. Therefore CF is equal to CE, by I. 6. Thus CE is equal 
to .BD. 

451. Let AB be one of the diagonals, and the triangle ABC half of one 
of the parallelograms. Let be the middle point of AB and join OC. 
Then OC is half of the other diagonal, by Exercise 78. Thus AB and OC 
are given ; and it is manifest that the triangle ABC has its greatest possible 
value when OC is at right angles to AB ; and then AC in equal to BC, 
by L 4. Similarly any other two adjacent side's must be equal, so that 
the parallelogram will be a rhombus. 

452. If AD be not equal to BD and CD it must be either greater or 
less than them. If possible suppose AD greater. Then the angles ABD 
and ACD are together greater than BAD and CAD together, by I. 18 ; there- 
fore the three angles of the triangle ABC are greater than two right angles ; 
but this is impossible, by I. 32. Therefore AD cannot be greater than BD. 

Similarly it may be shewn that AD cannot be less than BD. 

453. Let AB and CD be two equal straight lines which intersect at right 
angles. The quadrilateral ACBD will be equal to half the square on AB or 
CD. 

Through C and D draw straight lines parallel to AB, and through A and 
B draw straight lines parallel to CD ; thus a parallelogram is formed ; and it 
has all its sides equal, and all its angles right angles, so that it is a square. 
Also each -triangle ABC, ABD is half the corresponding rectangle of which 
AB is a side. Therefore the sum of the two triangles is half the sum of the 
two rectangles, that is half the square on AB. 

454. Let ABC be the given triangle, D the given point within it. Draw 
AD and produce it to meet BC at E. On DA take DF equal to DE ; and 
through F draw a straight line parallel to BC, meeting AB at G, and AC at 
H. Produce GD to meet BC at K, and produce HD to meet BC at L ; then 
will GHKL be a parallelogram. 

In the triangles GDF and KDE the sides DF and DE are equal, by con- 
struction ; the angles GDF and KDE are equal, by I. 15 ; and the angles 
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FOD and EKD are equal, by I. 29. Therefore GF is equal to KE, by L 26. 
In like manner by comparing the triangles HDF and LDE we find that 
II F is equal to LE. Thus OH is equal to UT ; and therefore GL is equal 
and parallel to IIK, by I. 38. 

Instead of joining the point A with D we might join B or C with D. 
Thus three solutions occur ; but we must have AD greater than BE in order 
that the first solution may be possible; and similar conditions hold with 
respect to the other two solutions. 

465. Let AD be one of the given sides. On AB describe a triangle A BD 
having its area equal to the given area. Through!) draw a straight line DE 

Sarallel to AB. With centre A and radius equal to the other given side 
escribe a circle cutting DE at C. Then ACB will be the triangle required. 
For the sides AB and AC have the prescribed lengths ; and the area of 
ABC is equal to the area of ABD t by I. 37, and therefore has the prescribed 
Value. 

456. Let AB be the given base. At the point B make the angle ABD 
equal to half the difference of the angles at the base. With centre A and 
radius equal to the given difference of the sides describe a circle meeting BD 
at D and J£, and let E be the nearer of the two points to B. Produce AE 
to any point F\ at the point B make the angle EBG equal to the angle 
FEB \ and let BG meet EF at C. Then ABC will be the triangle required. 

For EC is equal to BC, by I. 5 ; therefore the difference of AC and BC is 
equal to AE. The angle ABC is the sum of the angles EBC and ABE ; the 
angle CAB is the difference of the angles CEB and ABE, by I. 32. Thus 
the angle ABC exceeds the angle CAB by twice the angle ABE, that is by the 
prescribed excess. And AB is the given base. 

457. On AB take AF equal to the given straight line. Bisect the angle 
BAC by the straight Hue AE. From F draw a straight line at right angles 
to AB t meeting AE at G. From G draw a straight line meeting AB at P, 
making the anglo AGP equal to the angle GAP, From P draw PQ per- 
pendicular to AC. 

Tho angle AGP is equal to the angle GAP by construction ; therefore AP 
is equal to Gl\ by I. 5. The angle GPF is equal to the sum of the angles 
AGP and GAP % by L 82 ; that is to twice the angle GAP; that is to the 
angle PAQ. The angles PFG and AQP are equal being right angles. There- 
fore PF is equal to AQ % by I. 26. Therefore the sum of AQ and AP, is equal 
to AF\ that is to the prescribed sum. 

458. Let BC be the base of a triangle, D the middle point of the base ; 
and let the angle BAC of the triangle be a right angle ; then AD is equal to 
BD : see Exercise 59 or Exercise 452. 

Next let BEC be the triangle, and suppose BEC an acute angle. From C 
draw VA perpendicular to BE; then CA falls within the triangle CBE. 
The angle DAE is greater than a right angle, and the angle DEA is less than 
a right angle ; therefore DE is greater than DA> by L 19. Bat DA is equal 
to BD* bv the first case ; therefore DE is greater than BD, 

Finally let BFV be the triangle, and suppose BFC an obtuse angle. 
From C draw CA perpendicular to BF produced ; then CA falls without the 
triangle CBF. The angle AFD is greater than the angle FBD y by 1. 32 ; and 
therefore greater than the angle BAD, by I. 5; therefore DF is lees, than DiL 
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459. Let ABCD be a square. Take on AB a point E, on BC the point 
F, on CD the point G, and on DA the point H 9 such that <4£, PF, CG, and 
ZXff are all equal : then will EFGH be a square. 

For we have EB, FC, GD, and HA all equal. Thus the triangles HAE t 
EBF, FCG, and GDH are all equal, by I. 4 : therefore the figure EFGH is 
equilateral. It is also rectangular. For the angle HE A is equal to the 
.angle EFB ; therefore the angles HE A and FEB are together equal to the 
angles EFB and FEB together ; that is to a right angle, by I. 32. There- 
fore the angle HEF is a right angle by I. 13. Similarly the other angles of 
the figure EFGH are right angles. 

460. Let AB be the given base, P the point through which a side is 
to pass. Join AP and produce it to E, and cut off a part AD equal to the 
given difference of the sides. Join BD. At the point B make the angle 
DBF equal to the angle BDE ; let DE intersect BF at C, Then ABC is 
the required triangle. 

For the angle BDC is equal to the angle DBC, by construction ; therefore 
BC is equal to DC, by I. 6. But AC exceeds CD by AD ; therefore AG 
exceeds BC by AD. Thus AC exceeds BC by the- prescribed length; and 
AC passes through the given point P. 

461. From AB cut off AE equal to AC, and join ED. Thus the 
triangles AED and ACD are equal in all respects by I. 4. The angle BED 
is greater than the angle ADE, by I. 16 ; therefore the angle BED is greater 
than the angle ADC. The angle ADC is greater than the angle ABD, by 
I. 16 ; therefore the angle BED is greater than the angle EBD ; therefore 
BD is greater than DE, by I. 19. But DE is equal to DC ; therefore BD is 
greater than DC. 

462. Let ABC be a triangle, having the angle BAG triple the angle 
ABC. 

Make the angle BAE equal to the angle ABC, and Jet AE meet BG 
at D. Then the angle DAC is double the angle ABC. And the angle ADC 
is equal to the angles ABD and BAD, by I. 32 ; therefore the angle ADC 
is equal to twice the angle ABD ; therefore the angle ADC is equal to the 
angle DAC. Thus BAD and CAD are isosceles triangles. 

463. Let ABC be a triangle, having the angle BAC equal to double the 
angle ABC. 

From C as centre, with radius equal to BC describe a circle meeting BA 
produced at D. Then BCD is an isosceles triangle ; and therefore the angle 
ADC is equal to the angle ABC. The angle BAC is equal to the two angles 
ADC and ACD t by I. 32 ; and it is also equal to twice the angle ABC, that 
is to twice the angle ADC. Therefore the angle ADC is equal to the angle 
ACD ; therefore AD is equal to AC, by I. 6. Thus BCD and CAD are 
isosceles triangles. 

464. Let ABC be the triangle having AB equal to AC. Let D be the 
middle point of AB. Produce AB to E so that EB is equal to BA. Thea 
CE will be equal to twice CD, 

T. EX. 6 
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Produce CD to F making DF equal to CD ; and join BF. Then the* two 
triangles ADC and BDF are equal in all respects by I. 4 ; so that FB is 
equal to CA, and the angle DBF equal to the angle DAG. 

In the two triangles CBF and CAE the side CB is common ; the side BF 
is equal to AC, that is to AB, that is to BE ; the angle .RfiC is equal to the 
angles FBA and ABC, that is to the angles DAC and ACB, that is to the 
angle EBC, by L 82 ; therefore FC is equal to EC, by I. 4. But FC id equal 
to twice DC, by construction ; therefore EC is equal to twice DC. 

465. Suppose D and 2? of the preceding Exercise to denote the Axed 
points ; then every point C is a point on the required locus, so that the locus 
k a eircle having its centre at A and its radius equal to AB. 

466. Let H be opposite C in the parallelogram DCFH, and let IT be 
opposite C in the parallelogram GCEK. Draw AH, HB, BK, and KA. 
Then HD is equal and parallel to BO, and DA is equal and parallel to 
GK ; thus the angle HDA is equal to the angle BGK, and HA is equal and 
parallel to BK. Similarly HB is equal and parallel to AK. Therefore 
AHBK is a parallelogram ; and its diagonals bisect each other by Exercise 
78. But C is the middle point of AB, and therefore also of HK. 

467. Through F draw a straight line parallel to BC, meeting AB at G, 
and join EG. From BA cut off BH equal to DF, and join EH. Then the 
triangle BHE is half the rectangle BE, BH ; and is therefore equal to half 
the rectangle BE, DF. We have then to shew that the triangles AEF and 
BEH are together equal to half the rectangle ABCD. 

The triangle BEH is equal to the triangle EGA, by I. 88 ; therefore the 
triangles AEF and BEH together are equal to the figure EGAF; and 
therefore equal to the two triangles EGF, and GFA ; that is to half the 
rectangle BCFG together with half the rectangle GFDA ; that is to half the 
rectangle ABCD. 

468. Take the case in which D is without the triangle ABC, and BD 
between BA and BC ; also suppose F to be on BA produced and E on CA 
produced. 

Then ED is equal to EC, as they are radii of the same circle; and 
similarly FD is equal to FB. Then ED and AF together are equal to EC 
and AF together; that is to EA, AF, and AC together. Again FD and 
EA together are equal to FB and EA together ; that is to EA, FA, and AB 
together, that is to EA, AF, and AC together. Therefore ED and AF 
together are equal to FD and EA together. 

Similarly the other cases which arise from modifications of the diagram 
may be treated. For instance, if D be within the triangle ABC, the point 
F on AB, and the point E on AC, we shall find that EA and ED together 
are equal to FA and FD together. 

In all cases the Bides of the quadrilateral taken in order are AE, ED, DF, 
FA ; and if one of the sides BA, CA, requires to be produced, the other also 
will have to be produced. 

469. From AB cut off AE equal to the required length. From E draw 
EH perpendicular to AC. Bisect the angle HEB by the straight line EM 
meeting AC at M ; from M draw MP at right angles to AC, meeting AB at 
P; then P will be the required point. 
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For the angle EMP is equal to the angle MEH, by L 29 ; and the angle 
MEH is equal to the angle MEP, by construction; therefore the angle 
EMP is equal to the angle MEP; therefore PE is equal to PM by I. 6. 
Thus the excess of AP above PM is equal to the excess of AP above EP 9 
that is equal to AE ; and therefore it has the prescribed value. 

470. Let ABCDEF be the equiangular hexagon. Join AD. 

The two angles FAD and ADE together are equal to the excess of four 
right angles above AFE and FED together ; that is to the excess of four 
right angles above two of the angles of the hexagon. Similarly the two 
angles BAD and ADC together are equal to the excess of four right angles 
above two of the angles of the hexagon. Therefore the angles FAD and 
ADE together are equal to the angles BAD and ADC together. 

Again the angles FAD and DAB together are equal to an angle of the 
hexagon, and are therefore equal to EDA and ADC together. Therefore the 
angles FAD, ADE, EDA and ADC together are equal to the angles BAD, 
ADC, FAD, and DAB together. Therefore the angle EDA is equal to the 
angle BAD. Therefore AB is parallel to ED, by I. 27. 

Produce AF and DE to meet at G, and produce AB and DC to meet at 
H. Then AHGD is a parallelogram, by what has been shewn. Therefore 
GD is equal to AH ; that is GE and ED together are equal to AB and BH 
together. Now since the hexagon is equiangular each angle is equal to two- 
thirds of two right angles, by I. 32, Corollary 1 ; therefore each of the angles 
GFE and GEF is one-third of two right angles ; therefore the angle FGE 
is also one-third of two right angles, by I. 32. Thus the triangle FGE is 
equiangular ; and therefore equilateral, by I. 6. Therefore GE is equal to 
EF. Similarly BC is equal to BH. Therefore FE and ED together are 
equal to AB and BC together. 

471. From D draw DK perpendicular to AB produced. Then DKAM 
is a rectangular parallelogram, by L 28 ; and therefore DK is equal to MA, 
by I. 34. 

The angles DBK and CBA are together equal to a right angle, by I. 13. 
The angles CBA and BCA are together equal to a right angle, by I. 32. 
Therefore tne angle DBK is equal to the angle BCA. Also the right angle 
DKB is equal to the right angle BAC ; and the side DB is equal to the side 
BC. Therefore DK is equal to BA, by I. 26. Therefore MA is equal to BA. 

Similarly NA is equal to AC. 

472. Through P draw a straight line parallel to AC, meeting AB at Q. 
From QB cut off QM equal to AQ. Join MP and produce it to meet AC at 
N. Then AMN is the triangle required. 

For draw any other straight line KPL through P, meeting AB at K and 
AC at L : then the triangle AKL will be greater than the triangle AMN. 
Suppose AK greater than AM. From M draw MR parallel to AC meeting 
KL at R. Then MP is equal to NP; see Exercise 106; the angle MPR is 
equal to the angle NPL, by L 15 ; and the angle PMR is equal to the angle 
PNL, by I. 29 ; therefore the triangle PNL is equal to the triangle PMR, 
by I. 26. Hence the triangle AKL exceeds the triangle AMN by the 
triangle KMR. 

The proof is similar, when AK is less than AM. 

6—2 
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473. Let a straight line parallel to the given straight line meet CA at L, 
and CB at M. At C make the angle LCK equal to MLC, and let CK cut 
AB at D. Through D draw a straight line parallel to LM meeting CA at 
,E and CB at F* Then will EJP be bisected at D. 

For the angle DEC is equal to the angle MLC, by I. 29 ; and the angle 
DCE is equal to the angle MLC by construction ; therefore the angle DCE 
is equal to the angle DEC. The angles DCE and DCF are together equal 
to a right angle ; the angles DEC and DFC are together equal to a right 
angle, by I. 82; therefore the angle DCF is equal to the angle DFC. 
Therefore DE and DF are each equal to DC, by L 6 ; therefore DE is 
equal to DF, so that FE is bisected at D. 

474. Bisect BD at E. Then BE is equal to BC. The angle ABC is 
equal to the angles BEC and BCJE, by I. 32. Therefore the angle ABC is 
twice the angle BEC. Therefore the angle BEC is half the angle ABC, and 
is therefore equal to twice the angle BAC, by supposition. And the angle 
EBC is equal to the angles BAC and BCA, by I. 32. Therefore the angle 
EBC is equal to twice the angle BAC. Therefore the angle EBC is equal 
to the angle BEC ; therefore EC is equal to BC, by I. 6. Thus EBC is 
equilateral. 

Again, EC is equal to ED ; therefore the angle BEC is equal to twice 
the angle BDC< Therefore the angle BDC is equal to the angle BAC. 
Therefore the angle ACD is equal to the angle ABC, by L 32. Then the 
triangle ABC is equiangular to the triangle ACD. 

475. Take the diagram of I. 43, Let BD and H G intersect at L. 
Through L draw a straight line parallel to AD, meeting AB at M and DC 

The complements AL and LC are equal, by I. 43; to each add KN. 
Then the parallelograms AK and MF together are equal to the parallelogram 
KC. Therefore the difference of KG and AK is equal to MF. 

Now the parallelogram MK is twice the triangle BLK, and the parallelo- 
gram LF is twice the triangle DLK, by I. 41 : therefore the parallelogram 
MF is twice the triangle BKD. Therefore the difference of the parallelo- 
grams KC and AK is equal to twice the triangle BKD. 

476. Take BC equal to the given side ; draw CD at right angles to 
BC, and make it equal to the difference between the hypotenuse and the 
other side. At the point B in the straight line BD make the angle DBF 
equal to the angle BDC, and let BE meet DC produced at A : then ABC is 
the triangle required. 

For the angle ABD is equal to the angle ADB, by construction ; there- 
fore AD is equal to AB, by I. 6 ; but AD exceeds AC by CD ; therefore AB 
exceeds AC by CD. Thus the hypotenuse AB exceeds the side AC by the 
prescribed length. Also the side CB has the prescribed length. 

The process requires the angle CBD to be less than the angle CDB ; it 
will be found that this leads to the condition that the hypotenuse must be 
less than the sum of the sides, which is of course necessary by L 20. 

477. The triangle EBC is half the triangle ABC, by I. 38 ; the triangle 
BED is half the triangle EBC, and is therefore one-fourth of the triangle 
ABC. Bisect AG at H; then the triangle ABB. is equal to the triangle 
GBH, and the triangle AH.E is equal to the triangle GHE : therefore the 
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triangle BHE is half the triangle BAE 9 and is therefore equal to the triangle 
BDE. Therefore GH is equal to GD, by Exercise 114. Thus AG is double 
of GD. 

478. Let BC meet AE at F. The angle BAG is equal to the angle 
DC A ; see Exercise 59. Suppose F to be between D and C. The angle 
EFC is equal to the angles EDF and DEF, by I. 32. Also the angle EEC 
is equal to the angles DC A and FAC, by I. 32; that is to the angles DAG 
and FAG; that is to twice the angle FAG together with the angle DAF; 
that is to the angles BAG and DAF. Thus the sum of the angles EDF and 
DEF is equal to the sum of the angles BAG and DAF. But the right 
angles EDF and BAC are equal ; therefore the angle DAF iB equal to the 
angle DEF ; therefore DA is equal to DE t by I. 6. 

479. The triangle ACF is half the rhombus, and the triangle ABC is 
half the square; therefore these triangles ace equal; therefore FEB is a 
straight line parallel to AC, by I. 39. Draw BH and EK perpendicular to 
AC. Then BH is equal to AH by L 6 ; and therefore equal to half AC; 
and therefore equal to half AE. Therefore EK is half of AE, by I. 34. 
And the angle AKE is a right angle. Therefore if EK be produced to a 
point L such that KL is equal to KE, the triangle ALE is equilateral. 
Thus AEK is an angle ef an equilateral triangle, and therefore it is two- 
thiids of a right angle. 

Therefore the angle K4E is one-third of a right angle, by 1. 32. Also the 
angle BAC is half a right angle ; therefore the angle BAE is one-sixth of 
a right angle. The angles CAF and EAF are equal by Exercise 11 ; there- 
fore each of them is one-sixth of a right angle. Thus the angles BAE, EAF, 
and FAG are all equal. 

480. From G draw GM perpendicular to AB, and GN perpendicular 
to AC. Then the angle NGM is a right angle. The angle EGD is also a 
right angle. Therefore the angle EGN is equal to the angle DGM. 

In the two triangles EGN and DGM the side EG is equal to the side DG ; 
the angles EGN and DGM have been shewn to be equal ; and the right angles 
ENG and DMG are equal : therefore GM is equal to GN by L 26. Thus 
AMGN is a square, and the diagonal AG bisects the angle BAC; so that the 
locus of G is the straight line which bisects the angle BAG, 

481. We shall first shew that a rectangle is greater than any parallelo- 
gram on the same base with the same perimeter. 

Let A BCD be a parallelogram, and ABEF a rectangle on the same base 
AB, and having the same perimeter; then AF is equal to AD and there- 
fore the perpendicular from D on AB is less than AF. Let DC produced 
cut AF at G and BE at H. Then the parallelogram ABCD is equal to 
ABHG f by I. 35 ; and is therefore less than the rectangle ABEF. 

Next we shall shew thajb a square is greater than any rectangle having 
the same perimeter. 

Let ABCD be a rectangle, AB being longer than AD. Let AEFG be 
a square having the same perimeter, E being on AB, and G on AD pro- 
duced. 

Since the perimeters are equal EB is equal to GD, and BC is less 
than GF ; therefore the rectangle EC is less than the rectangle DF ; there- 
fore the rectangle JO is less than the square EG. 
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482. Let ABCB be the square in which the square of given area is to be 
inscribed. Join AC ; and bisect it at E. From E as centre with a radius 
equal to half the diagonal of the square of given area describe a circle cutting 
AB at F ; and produce FE to meet CB at G. Through E draw a straight 
line at right angles to FG, meeting BC at H, and AB at K. Then FIIGK 
will be the square required. 

For FE is equal to GE and HE is equal to KE, by Exercise 36. Then 
from the triangles FEH and GEH we shew that FH is equal to GH ; and 
from the triangles HEG and .&£(? we shew that HG is equal to KG. In 
this way we shew that the figure FHGK is equilateral. 

The angle AEB is a right angle, and so also is the angle FEH ; therefore 
the angle AEF is equal to the angle BEH. Also the angle EAF is equal to 
the angle EBH, each being half a right angle. And EB is equal to EA. 
Therefore EF is equal to EH } therefore the angle EFH is equal to the 
angle EHF; therefore each of them is hall a right angle. In this way we 
shew that the figure FHGK is rectangular. 

483. The triangle BBC is twice the triangle ABC, and the triangle BBF 
is twice the triangle ADF ; see 1/ 38. Therefore the triangle BFC is twice 
the triangle FAC. Similarly the triangle BFC is twice the triangle FAB. 
Therefore the triangle BFC is equal to the sum of the triangles FAC and FAB ; 
so that the triangle BFC is half the triangle BAC. 

Again the triangle BAC is equal to the triangle EAB, each being one- 
third of the triangle ABC. Take away from each the figure AEFB ; thus 
the triangle FEC is equal to the triangle FDB. But the triangle FAC was 
shewn to be equal to the triangle FAB ; therefore the triangle AEF is equal 
to the triangle ADF. Therefore the figure ABEF is twice the triangle ADF. 
But the triangle BBF is twice the triangle ADF. Therefore the figure ABEF 
is equal to the triangle BBF. 

484. On AB take AF equal to AE, and on BF take BG equal to BB. 
Then the triangle AOF is equal to the triangle AOE, and the triangle BOG 
is equal to the triangle BOB, by I. 4. 

We shall now shew that the triangle FOG is equal in area to the tri- 
angle BOE. 

The angle EOA is equal to the angles OAB and OB A, by I. 32 ; that is to 
half the sum of the angles BAC and ABC, that is to half a right angle. 
Therefore the angle AOF is half a right angle. Similarly the angle BOB 
is half a right angle, and also the angle BOG. Hence the angle GOF is half 
a right angle, and the angle BOE is three halves of a right angle. On OA 
take OH equal to OB, and join EH. Then in the triangles EOH and FOG 
the side EO is equal to the side FO ; the side HO is equal to the side GO ; 
and the angle HOE is equal to the angle GOF each being half a right angle. 
Therefore the triangles EOH and FOG are equal in all respects. But the 
triangle EOH is equal in area to the triangle EOB, by I. 38 ; therefore the 
triangle FOG is equal in area to the triangle EOB. 

Thus the triangle AOF is equal to the triangle AOE, the triangle BOG 
is equal to the triangle BOB, and the triangle GOF is equal to the triangle 
DOE ; therefore the triangle AOB is half the quadrilateral ABDE. 

485. Let ABC be the scalene triangle. If possible let BB be the 
dividing straight line. The angle BCB is not equal to the angle BAB, 
since by supposition the triangle is scalene; the angle BCB cannot be 
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equal to the angle BDA, by I. 32; and thus the only possible ease is that 
the angle BCD should be equal to the angle ABD, and the angle BAD 
equal to the angle CBD. This requires AB to be equal to BC, and is con- 
trary to the supposition that the triangle is scalene. 

486. Let AE and CD intersect at G. Then CO is equal to GD, by 
Exercise 78. Therefore the triangle CGF is equal to the triangle DGF, and 
the triangle CGE is equal to the triangle DGE, by I. 88. Therefore the 
triangle FCE is equal to the triangle DFE. But BC is equal to CE, by 
supposition ; therefore the triangle BCF is equal to the triangle ECF, by 
L 38. Therefore the triangle BFE is double the triangle DFE. Therefore 
BF is twice DF. 

487. BE and AD are each equal and parallel to CZ ; therefore BE 
and AD are equal and parallel ; therefore AB and ED are equal and parallel, 
by I. 33, and ADEB is a parallelogram. 

Produce ZC to meet AB at L. Then the parallelogram DL is equal to 
the parallelogram AZ by I. 35, which is equal to the parallelogram FC. 
Similarly EL is equal to KC; thus ADEB is equal to the sum of FC 
and CK. 

• 488. In the quadrilateral ABCD suppose that AB is parallel to DC. 
Let AC and BD intersect at E. Through E draw a straight line parallel 
to AB meeting AD at M, and BC at N. Then MN will be bisected at E. 
For if ME be not equal to NE one of them must be the greater ; suppose ME 
greater than NE. Then the triangle MAE will be greater than the triangle 
NBE, and the triangle MDE will be greater than the triangle NCE : see 
I, 38. Therefore the triangle AED is greater than the triangle BEC. 

Again, the triangle ABC is equal to the triangle ABD, by 1. 37 ; therefore 
the triangle AED is equal to the triangle BEC. But the triangle AED was 
shewn to be greater than the triangle BEC. Therefore ME and NE cannot 
be unequal ; that is, they are equal. 

489. Let ABC and DEF be two triangles ; let the bases AB and DF be 
equal, and in the same straight line, and let CE be parallel to this straight 
line. Let a straight line be drawn parallel to CE, meeting CA at G, CB 
at H, ED at K, and EF at L. Then GH will be equal to KL. 

For if GH be not equal to KL one of them must be the greater ; suppose 
GH the greater, and from it cut off GM equal to KL. Join AM, BM, CM. 

Then the triangle GCM is equal to the triangle KEL, the triangle GMA 
is equal to the triangle KLD, and the triangle A MB is equal to the triangle 
DLF, by I. 38. Therefore the triangle DEF is equal to the sum of the 
triangles GCM, GMA, and AMB; but the triangle ACB is equal to the 
triangle DEF ; therefore the triangle ACB is equal to the sum of the triangles 
GCM, GMA, and AMB; that is the whole is equal to a part which is absurd. 
Therefore GH is not unequal to KL, that is GH is equal to KL. 

490. Let be the middle point of BC; then OA, OB, and OC are all 
equal, by Exercise 59. Now AB is equal te half AC, and is therefore less 
than OB, which is half BC ; therefore the angle OB A is greater than the 
angle BOA, by 1. 18. But the angle BOA is equal to the angles OCA and 
OAC, by I. 32 ; therefore the angle BOA is equal to twice the angle OCA, 
by I. 5. Therefore the angle OB A is greater than twice the angle OCA, 
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491. Let ABCD be the parallelogram. Trisect DC at E and .F; and 
trisect BC at Hand G: see Exercise 70. Then the triangles ADC and ABC 
are equal, by L 34. Thus each of the triangles DAE, EAF, FAC, CAG 9 
GAH, HAB is one-sixth of the parallelogram ABCD, Thus the triangle 
DAF, the quadrilateral FAGC, and the triangle GAB are all equal, each 
being one-third of the parallelogram ABCD. 

492. The angles DAB and ABH are together equal to two right angles, 
by L 29 ; therefore the angles DAB and AHB are together equal to two 
right angles, by I. 5. But the angles AHC and AHB are together equal to 
two right angles, by L 13 ; therefore the angle DAB is equal to the angle 
AHC. Similarly the angle DAB is equal to the angle ARC. Also the 
angle DAB is equal to the angle HCK f by L 34. Therefore three times the 
angle BAD is equal to the sum of the angles AHC, AKC, HCK; that is to 
the sum of the angles of the triangle HKC together with the angles AHK 
and AKH ; that is to two right angles together with two angles of an equi- 
lateral triangle ; that is to ten-thirds of a right angle. Therefore the angle 
DAB is ten-ninths of a right angle. 

493. Let ABC be the given triangle; D a given point in the side AC. 
Draw a straight line DE meeting AC at D and AB at E, so that the triangle 
DAE may be one-third of the given triangle : this can be done by aid of 
L 44, DA being the given straight line, A the given angle, and DE the 
diagonal of the parallelogram so described, which will be two-thirds of the 
triangle ABC. Then bisect the quadrilateral DEBC by a straight line drawn 
from D, by Exercise 123. Thus the triangle ABC is divided into three 
equal parts by straight lines drawn from D. 

If the triangle DAB be less than a third of the triangle ABC, then DC 
and the angle C must be used in the first part of the construction instead of 
DA and the angle A. 

494. Let AC and BF intersect at H, let BE and CD intersect at 0. 
Let GH, produced if necessary, meet BC at K. Then will BK be equal to CK. 

Through H draw a straight line parallel to B C, meeting BE at M and 
CD at N. The triangles ACD and EBF are equal, by L 38. Therefore 
HN is equal to HM, by Exercise 489. Therefore the triangle GHN is 
equal to the triangle GHM, by L 38. Therefore BK is equal to CK, by 
Exercise 489. 

II. 1 to 14. 

495. Let ABC be the given triangle, BC the side to be produced. 
Suppose that CA is not less than BA. From A draw AD perpendicular to 
BC or BC produced. Produce CD to £ so that DE may be equal to DC. 
Then the difference of the squares on CA and BA is equal to the difference 
of the squares on CD and BD, by I. 47 ; that is to the rectangle of the 
sum and difference of CD and BD, by page 269 of the Euclid. Now if the 
perpendicular falls within the triangle ABC the sum of CD and BD is BC, 
and the difference is BE ; and if the perpendicular falls without the triangle 
ABC the sum of CD and BD is BE, and the difference is BC. Thus in 
each case the difference of the squares on CD and BD is equal to the 
rectangle BC, BE ; so that BE is the produced part required. 
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496. Let AB be the given straight line ; let BO represent the produced 
part. Then we require that the squares on AB and BC shall be equal to 
twice the rectangle AC, fiC; so that the square on BC together with twice 
the square on AB must be equal to the square on AB together with twice 
the rectangle AC, BC ; that is the square -on BC together with twice the 
square on AB must be equal to the squares on i^ and BC, by IE. 7; 
therefore the square on AC must be equal to twioe the square on AB. This 
determines AC, and shews that AC must be equal to the diagonal of a' 
square described on the side AB, 

497. Let AB be the given straight line ; let BC represent the produced 
part. Then we require that the squares on AB and AC shall be equal to 
twice the rectangle AC, BC; so that the square on AC together with twice 
the square on AB must be equal to the square on AB together with twice 
the rectangle AC, BC ; that is the square on iC together with twice the 
square on AB must be equal to the squares on AC and BC, by II. 7 ; there- 
fore the square on BC must be equal to twice the square on AB. This, 
determines BC, and shews that BC must be equal to the diagonal of a 
square described on the side AB. 

493. In the diagram and proof of II. 11 it is shewn that the rectangle 
CF, FA is equal to the square on CA. If then CA be the given straight 
line describe a square on CA, and proceed as in II. 11 ; then F will be the 
point required. 

499. Take any straight line AD ; produce AD to B so that DB may be 
equal to twice AD. From A draw a straight line AE at right angles to 
AB. From the centre D with radius equal to DB describe a circle cutting 
AE at C. Then DBC will be such a triangle as is required. 

For the square on BC is equal to the squares on CD, DB and twice the 
rectangle AD, DB. But twice the rectangle AD, DB is equal to the 
square on DB, because DB is equal to twice AD. Also CD is equal to DB. 
Therefore the square on BC is equal to three times the square on DB. 

500. Let ABC be a triangle, and AD a perpendicular to the base BC 
produced ; and suppose tbat the square on AB exceeds the squares on BC, 
CA by the rectangle BC, CA. 

The square on AB exceeds the squares on BC, CA by twice the rectangle 
BC, CD ; therefore the rectangle BC, CA is equal to twice the rectangle 
BC, CD ; therefore CA is equal to twice CD. Produce CD to E, so that 
DE is equal to CD; and join AE. Then AC is equal to CE. Also AE is 
equal to AC, by I. 4. Therefore ACE is an equilateral triangle. Therefore 
the angle ACE is one- third of two right angles, by I. 32. Therefore the 
angle ACB is two-thirds of two right angles, by I. 13. 

501. Let the straight line AB be the sum of two adjacent sides of the 
rectangle ; let CD represent the difference of the two sides. Then AB is 
known, and we proceed to find CD. 

The difference of the squares on AB and CD is equal to the rectangle 
contained by the sum and the difference of AB and CD ; that is to four 
times the rectangle which is required; that is to four times the given square; 
that is to a known quantity. But the square on AB is known ; thus the 
square on CD is known; and therefore CD is known. Hence the sides 



90 EXERCISES Iff EUCLID. 

of the required rectangle are found ; for one side id half the stun of AB and 
CD, and the other is half the difference of AB and CD. 

502. Use the same notation as in Exercise 501. Then the difference 
of the squares on AB and CD is equal to four times the given square. But 
CD is known ; hence the square on AB is known, and therefore AB is 
known. Hence the sides of the required rectangle are found. 

503. Let ABCD be the given square ; let H, E, F, G be the middle 
points of the successive sides, so that HEFG is a square. Let PQRS be any 
other inscribed square. In each square the diagonals intersect at the same 
point, say T : see Exercise 36. 

Then the square on PQ is equal to the squares on TP and TQ, and the 
square on HE is equal to the squares on TH and TE, by I. 47. But TP is 
greater than TH, and TQ is greater than TE f by L 19 ; therefore the square 
on PQ is greater than the* square on HEi 

504. Let AB be the given straight line ; it is required to divide it at C, 
so that the squares on AB and BC may be equal to twice the square on AC. 

We require then that three times the square on AB, together with the 
square on BC, may be equal to twice the square on AB together with twice 
the square on AC. Produce BA to D, so that AD may be equal to AC. 
Then DB is the sum of AB and AC, and CB is the difference ; so that the 
square on DB together with the square on CB is equal to twice the square 
on AB together with twice the square on AC) by page 269 of the Euclid. 
Hence we must have the square on DB equal to three times the square on 
AB. Thus DB is known ; then we take A C equal to AD ; and the straight 
line AB is divided at C in the manner required. 

505. Let ABDG and AGFE be rectangles of equal area's and perimeters. 
Place them so as to halve a common angle at Aj and let AE Ml on AC, and 
AB on AG. Let BD and EF intersect at H. 

T*hen since the 1 perimeters are equal we have twice EG equal to twice 
HF t and therefore EC is equal to HF. Also sintfe the areas are equal the 
rectangle BGFH is equal to the rectangle ECDHi But EG is equal to HF. 
Therefore CD \9 equal to FG. Therefore by usirig either the condition that 
the areas are equal or that the perimeters are equal we firid that AC is' equal 
to AG. ^Thus the two rectangles are* equal in all respects. 

506. Let O be the centre of the rectangle. Sirice the sum of PA and 
PC is equal to the sum of PB and PD, the squares tin PA and PC together 
with twice the rectangle PA, PC are? equal to the squares on PB and PD 
together with twice the rectangle PB, PD, by II. 4. But the squares on 
PA and PC are equal to twice the square on PO add twice the square on 
AO ; and the squares on PB and PD are equal to twice the square on PO 
and twice the square On 50, see the Euclid, p. 293 : so that the squares on 
PA and PC are equal to the squares on PB and PD. Herice the rectangle 
PA, PC is equal to the rectangle PB, PD. 

Thus these two rectangles have equal areas and equal perimeters ; and 
therefore, by Exercise 505, must be equal in all respecta. Hence PA must 
be equal either to PB or PD. If we take PA equal to PB the point P falls 
on the straight line which is parallel to BC and passes through the centre 
of the rectangle. If we take PA equal to. PD the point P falls on the 
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straight line which is parallel to AB and passes through the centre of the 
rectangle. 

HI. 1 to 37. 

507. Let BC he the straight line which is to he touched at the point A, 
Let D be the other given point. From A draw AE at right angles to BC. 
At the point D make the angle ADF equal to the angle DAE t and let DF 
intersect AE at 0. 

Then GA is equal to GD by I. 6. Therefore a circle described from the 
centre G with radius GA will pass through D ; and it will touch the straight 
line BC by lit 16, Corollary. 

508. Let C be the centre of the given circle, A the point at which it is 
to be touched ; let B be the other givefl point through which the required 
circle is to pass. 

Join AB and bisect it at right angles by the straight line EF ; the centre 
of the required circle must he on the straight line EF, by III. 1. Also the 
centre of the circle must be" on the straight line CA, or CA produced, by 
III. 11 and IIL 12.> Therefore the centre of the circle* must be at the 
intersection Of CA and EF. Thus the circle is determined. 

509. Let A be the given point, AB a tangent to the given circle at that 
point, CD the given straight line. The centre of the required circle must 
lie on the straight line AE drawn through A at right angles to AB. As the 
circle is to touch AB and CD its centre must lie on the straight line which 
bisects orJ€? of the two angles made by AB and (JD. See the note on HI. 17 
in the Euclid, page 275. Thus by the intersection of the straight line AE 
with the straight lines bisecting these two angles the position of the* eentre 
is found and tile circle determined. We see that there are two solutions. 

610. A circle will go round ABDE t by page 276 of the Euclid ; therefore 
the angle ABE is equal to the angle ADE 9 by III. 21. Now the angle FBD 
is the difference between a right angle and the angle BDFi by I. 32 j that 
is the difference between a right angle* emd the angle EDC, by I. 15 ; so that 
the angle F'BD is equal to the angle ADE, and therefore to the angle ABE. 

511, A circle described on BC as diameter will go through E and F, 
by page 276 of the Euclid. Then EK and FK will eaeh be equal to half BC, 
by Exercise 59 ; so that K is the centre of this circle. 

The angle FKEl is equal to twice the" angle FCfE by HI. 20. Suppose a 
perpendicular drawn from K on FE ; tiro's the triangle FKE is divided into 
two triangles equal in all respects ; add the angle FEK is seen to be equal 
to the difference of a right angle and half the angle FKE ; that is to the 
difference of a right angle and the angle FCE. But the angle FAG is also 
equal to the difference of a right angle and the angle FCE. Therefore the 
angle FAC is equal to the angle F i EK\ and therefore also td the angle EFK. 

512. Let AC, AD be on the same side of AB, arid AC the nearer to AB. 
The angle CDF is equal to the angle CfBA, by I. 13 and III. 22. The 
angle CEF is equal to the angles CAB and ABE, by I. 32. Therefore the 
sum of the angles CDF and CEF is equal to the sum of the angles CBA t 
CAB and ABE. But the angles CBA and CAB are together equal to a right 
angle, by I. 32 and III. 31 ; and the angle ABE is a right angle by III. 16. 
Therefore the sum of the angles CDF and CEF is equal to two right angles. 
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Therefore ft circle will go round FDCE, by page 276 of the Euclid; there- 
fore the angle FZ*£ is equal to the angle FC£, by m. 21. 
The proof is rery similar for other forms of the diagram. 

513. Let ABCD be a quadrilateral. Bisect the angles A, B, C, D by 
straight lines which meet and form a quadrilateral: then a circle can be 
described round this quadrilateral 

Let AP and BP be two of the straight lines, and CQ and DQ the other 
two straight lines. Then the angle APB, half the angle A, and half the 
Angle B are together equal to two right angles, by I. 32. So also the angle 
CQD, half the angle C, and half the angle D are together equal to two right 
angles. Therefore the angles APB and DQC together with half the sum 
of the angles A, B, C, D are together equal to four right angles. But half 
the sum of the angles A, B, C, D is equal to two right angles. Hence 
the angles APB and DQC are together equal to two right angles. Hence a 
circle can be described round the quadrilateral of which P and Q are op- 
posite corner?, by page 276 of the Euclid. 

514. Let A be the centre of one circle, B the centre of the other ; join 
AB meeting the first circle at G and the second at H. Then GH is the 
shortest distance between the circles. 

For draw the straight line CD from any point C on the first circle to 
any point D on the second. Join AC, AD, and DB. Then AC and CD are 
together greater than AD, by I. 20 ; therefore AC, CD, and DB are together 
greater than AD and I)B together. But AD and DB together are greater 
than AB ; therefore AP, CD and DB together are greater than AB. But 
AC is equal to AG, and BD is equal to BH ; therefore CD is greater than 
GIL 

515. Suppose the straight line drawn ; let BAC denote it. Join B and C 
with D the other extremity of the common chord. Then the angles ABD 
and ACD, being the angles in known segments of circles are known ; also the 
side BC is known. Hence the triangle BCD can be constructed. Then the 
angle BAD becomes known, being the angle subtended by a known chord BD 
in a known circle. This determines the situation of the straight line BAC. 

There will be in general two solutions, in one of which the segment BAD 
will be greater than a semicircle, and in the other, less. 

516. Suppose the polygon to be a quadrilateral. Then the sum of the 
alternate angles is equal to two right angles, by IU. 22 ; and the sum of the 
alternate angles, together with two right angles, is equal to four right angles. 

buppose the polygon to be a hexagon, as ABCDEF. Draw AD. The 
sum of the angles ABC and ADC is two right angles, by HI. 22; so also is 
the sum of the angles ADE and AFE. Therefore the sum of the angles 
ABC, CDE, EFA is equal to four right angles ; and the sum of these angles, 
together with two right angles, is equal to six right angles.. 

Again, suppose the polygon to be an octagon, as ABCDEFGH. Draw 
the straight lines AD and AF. Then the angles ABC and ADC are equal 
to two right angles, so are the angles ADE and AFE, so are the angles AFG 
and A 110* Then as before we obtain the required result. 

In tins way the proposition may be established for a polygon of any even 
number of aides. 



EXERCISES IN EUCLID. 93 

517. Let C be the centre of the given circle, A the given point on the 
circumference, II K the given chord. On AC as diameter describe a semi- 
circle, and let it cut HK at B. Join AB and produce it to meet the given 
circle at D. 

The angle ABC is a right angle, by HE. 31 ; therefore AD is bisected 
at B, by HI. 3. 

There will be two solutions in general, as the semicircle may cut UK at 
two points ; but no solution if the semicircle does not meet 2/&, 

518. Let A, B, C, D, E, ... be the successive angular points of the 
polygon ; O the centre of the circle. 

The angles at A, B, C, D, ... are bisected respectively by the straight 
lines OA, OB, OC, OB, ... : see the note on III. 17 or* page 275 of the 
Euclid. Then in the triangles OB A, OBC the side OB is common, the angle. 
OB A equal to the angle OBC, and the side BA equal to the side BC, by 
supposition : therefore the angle BAO is equal to the angle BCO by I. 4. 
Therefore the doubles of these are equal ; so that the whole angle at A is 
equal to the whole angle at C. 

In this way we shew that the alternate angles are equal ; and so if the 
number of them is odd they are all equal. If the number of the angles is 
even they are not necessarily equal ; for instance, a circle might be inscribed 
in any rhombus. 

519. If AE and BD intersect within the circle the angle APB is mea- 
sured by .half the sum of tire arc DE and a semicircumference, by page 294 
of the Euclid, and is therefore constant. Similarly if AE and BD intersect 
without the circle the angle APB is measured by half the difference of the 
arc DE and a semicircumference and is therefore constant. 

520. Let ABC be one of the triangles. The four angles of the quadri- 
lateral AD are together equal to four right angles ; hence the angle BDC is 
equal to the excess of two right angles above the angle BAG and is there- 
fore a constant angle. Hence the locus of D. is a segment of a circle by 
page 276 of the Euclid. The straight lines which bisect the angle BDC all 
meet at a point, by Exercise 230. 

521. The angle OB A is equal to the angle OAB, by I. 5; that is the 
angle OBC is a constant angle, by III. 21. Hence the locus of B is a circle, 
by page 276 of the Euclid. This circle is made up of two segments each equal 
to the corresponding segment of the given circle cut? off by 00: see HI. 24. 

522. Suppose PE drawn perpendicular to AB, and produce EP to meet 
DC; then these straight lines will meet at right angles by I. 29. Thus PE 
and PG form one straight line. 

Since the angles PFB and PEB are right angles a circle will go round 
PFBE, by page 276 of the Euclid ; therefore the angle PEF is equal to the 
angle PBF. Similarly the angle PGH is equal to the angle PDH. But BC 
is parallel to AD ; and therefore the angle PBF is equal to the angle PDH, 
by I. 29. 

Therefore the angle PEF is equal to the angle PGH. Therefore EF is 
parallel to GH, by I. 27. 

523. Let AB be a fixed chord of a circle, C a fixed point in it. Let 
PCQ be any other chord of the circle. Let D be the middle point of AB and 
B the middle point of PQ. Let be the centre of the circle. 
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The angles ODC and ORC are right angles, by m. 3; therefore a circle 
will go round ORCD, by page 276 of the Euclid ; therefore the angle CRp 
is equal to the angle COD, by ILL 21. Thus the angle CRD is a constant 
angle. 

524. The angle BFA is equal to the angle BEC, because the segments 
are similar. For the same reason the angle 4DB is equal to the angle CDB ; 
therefore the angle BDE is equal to the angle BDF, by L 13. Therefore the 
angle BCE is equal to the angle BAF, by III. 22. Thus the angle BFA 
is equal to the angle BEC, and the angle B4F is equal to the angle BCE; 
therefore the angle ABF is equal to the angle CBE, by L 32. Thus the 
triangle BEC is equiangular to the triangle BFA. 

Also the angle BFA is equal to the angle BDA, by HE, 21 ; that is to the 
angle BCE, by 1. 13 and III. 22 ; that is to, the angle BAF, as shewn above. 
Thus the triangle BAF is isosceles by I. 6. Therefore also the triangle BCE 
is isosceles. 

525. Let A and B be the centres of the circles, AC, BD perpendiculars 
on the common tangent. From the middle point of AB draw OQ per- 
pendicular to CD. Then OQ is equal to half the sum of CA and BD, by 
Exercise 89 ; that is OQ is equal to half AB, and is therefore constant. 
Hence CD touches at Q the circle described from as centre with radius 
equal to half AB. 

526. Suppose A the given point, and BC the given straight line. Supr 
pose that P and Q are two points in BC, such that PQ is of the given length 
and the angle PAQ equal to the given angle. Suppose that a circle goes 
round PAQ, and that is the centre of the circle. The radius of this circle 
is known, for it is the circle in which a chord of given length subtends a 
given angle at the circumference. Since the radius and the length of PQ 
are known the distance of O from the fixed straight line becomes known. 

Draw a straight line parallel to BC, and at a distance from it equal to that 
just determined. With A as a centre, and radius equal to that already 
determined describe a circle. The intersection of the circle and this straight 
line will determine the position of O ; and then the positions of AP and AQ 
become known. 

527. We shall first shew that a certain straight line can be found the 
tangents drawn from any point of which to the two circles are equal : then 
the intersection of this straight line with the given straight line determines 
.the required point. 

Let A and B be the centres of the given circles. Draw any circle inter- 
secting the two given circles ; let EF be the common chord of the first circle 
and the third circle ; let CD be the common chord of the second circle and 
the third circle. Let FE and DC produced meet at G ; from G draw GK 
perpendicular to AB. Then the tangents drawn to the two given circles 
from any point in GK will be equal. For take any point P in that straight 
line. Also from G draw GS to touch the first given circle, and GT to touch 
the second. The rectangle GE, GF is equal to the rectangle GC, GD, by 
III. 36 Corollary. Therefore the square on GS is equal to the square, on GT, 
by HI. 36; that is the excess of the square on GA over the square on SA 
is equal to the excess of the square on GB over the square on TB, by L 47. 
Therefore the squares on GK and KA diminished by the square on SA are 
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e^nal to the squares on OK and KB diminished by the square on TB, by 
I. 47. Therefore the excess of the square on KA over the square on SA 
is equal to the excess of the square on KB over the square on TB. Add the 
square on PK to both these equals ; and then we find that the excess of the 
square on PA over the square on SA is equal to the excess of the square on 
PB over the square on TB. Thus the square on the tangent from P to one 
circle is equal to the square on the tangent from P to the other circle. 

Therefore the intersection of OK with the given straight line is the point 
required. 

528. Let AB be the fixed chord, CD the other chord. Let AD and BC 
intersect at 0. The angle AOB is measured by half the sum of the arcs 
AB and CD, by page 294 of the Euclid, and is therefore constant. Hence 
the locus of is a certain segment of a circle, described on AB, by page 276 
of the Euclid. 

529. The points C, A, B, are in one straight line ; so are A, E, D, and 
also B, D f F; III. 11 and III. 12. Join CE, and produce it to meet BF at 
JET. The angle BHC is equal to the angles ADB and DEH, and also equal 
to the angles BFC and HCF, by L 32 ; therefore the angles ADB and DEH 
are together equal to the angles HCF and BFC together. But the angle 
BFC is equal to the angle BCF 9 by I. 5 ; and the angle DEH is equal to the 
angle BCE, by L 15 and L 5. Therefore the angles ADB and BCE are 
together equal to the angles BCF and HCF together ; that is to the angle 
BCE and twice the angle ECF. Take away the common angle BCE ; then 
the angle ADB is equal to twice the angle ECF. 

530. By Euclid, page 269, the square described on the sum of AP and CP 
together with the square described on the difference of AP and CP is equal 
to twice the sum of the squares on AP and CP, that is to twice the square 
on AC, by L 47. Hence the square described on the sum of AP and CP is 
always less than twice the square on AC, except when AP and CP are equal. 
Therefore the greatest value of the sum of AP and CP occurs when CP is 
equal to AP. 

531. The angle BPQ is measured by half the sum of the arcs AL and 
BM, by page 294 of the Euclid ; similarly the angle BQP is measured by 
half the sum of the arcs LB and CM. But the arc AL is equal to the 
arc BL, and the arc BM is equal to the arc CM. Therefore the angle BPQ 
is equal to the angle BQP. 

Again, let MN cut BC at R and CD at S, then in like manner CRS is an 
isosceles triangle. Now by I. 32 the angles of the two triangles BPQ, CRS, 
are together double the angles of the triangle MQR ; and BPQ and BQP are 
together double of MQR, by L 15; so also CRS, and CSR are together 
double of MRQ ; therefore the two angles ABC, and BCD are together double 
of the angle LMN. 

532. Let AB be the given chord of the circle. Suppose C to be the 
required point on the circumference ; join CA and CB and from AC cut off 
AD equal to the given difference. Join DB. Then CDB is an isosceles 
triangle ; and as the angle C, being that subtended by a knownjchord, is known 
the angle CDB is known ; and therefore also the angle ADB is known. 

Hence the point D can be found. For it is on a segment of a circle 
described on AB containing a known angle ; and it is on a circle described 
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from A as centre with a known radius. When D is known, by joining AD 
and producing it to meet the given circle C can be found. 

533. Let AB denote the base of the triangle, and CD the perpendicular 
from the vertex on the base. Suppose DA greater than DB, and from DA 
cut off DE equal to DB, and join EC. Then we have given AE which is 
the difference of DA and DB ; also the sum of (J A and CE, for this is 
equal to the sum of CA and CB ; and the angle ACE, for this is the dif- 
ference of the angles CED and CAB, by I. 32, that is the difference of the 
angles CBD and CAB. Hence the triangle ACE can be constructed by 
Exercise 268 i and then the triangle ACB. 

534. Suppose the segment APB to fall within tie segment AQB. Let 
AT within the segment AQB be a tangent at A to APB, and produce TA 
to R. Let AS he & tangent at A to AQB. 

Then the angle PA T is equal to the. angle PBA, and the angle BAS is 
equal to 1 the aflgle BQA ; by ILL 32. The angle PAR will be equal to the sum 
of the angles PAB and APB, by I. 13, III. 32 and I. 32. That is the angles 
PAB, BAS, SAR are together equal to the angles PAB, and APB. Therefore 
the angles BAS and SAR together are equal to tbe angle APB, that is to 
PAQ and AQB. But the angle BAS was shewn to be equal to the angle 
AQB ; therefore the angle SAR is equal to the angle PAQ. That is the 
angle PAQ is equal to the angle between the tangents. 

535. Let C be the centre of the given circle. Let T be the middle point 
of KL, M the middle point of PQ, and N the middle point of RS. The 
angles CNA, CTA t CM A are all right angles by ILL 8 ; therefore N t T, and 
M are on a circle described on AC as diameter, by page 276 of the Euclid^ 
The angle between MN and AL is hieasured by half the sum of the arcs AN 
and MT, by page 294 of the Euclid ; that is by half the sum of the arcs 
AN and NT, by III. 26; that is by half the arc AT, which is a fixed arc. 
Thus the angle between MN and AL is constant, so that MN always remains 
parallel to Jtself. 

536. Let EFGH be a quadrilateral, such that round it the quadrilateral 
ABCD can be described, so that the angle BEF is equal t6 the angle BFE, 
the angle CFG to the angle CGF, the angle DGH to the angle DUG, and the 
angle A HE to the angle AEH. Then a circle may be described about the 
quadrilateral' EFGH. 

The angles HEF, AEH, BEF are together equal to two right angles, 
by I. 13 ; and so are the angles HGF, DGH, CGF. Therefore the angles 
HEF, AEH, BEF, HGFi DGH, CGF are together equal to four right angles. 
Now in the four triangles AEH, BFE, FCG, and GDH tie sum of all the 
angles is eight right angles ; also the sum of the four angles at A, B, C, D 
is four right angles ; therefore the sum of the remaining angles is four right 
angles. Hence we find that the sum of the four angles AEHj, BEF, DGH, 
CGF is two right angles. Therefore the angles HEF and HGF are together 
equal to two right angles ; and therefore a circle would go round HEFG, by 
page 276 of the Euclid. 

537. From A draw the straight line ABC passing through the centres of 
the two circles, meeting the inner circle at B, and the outer circle at C. 
Suppose that the straight line AED is such as is required, meeting the inner 
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circle at E, and the outer circle at D, and making ED of the given length. 
Join CD, EB, and from B draw BF perpendicular to CD. 

The angles AEB and ADC are right angles, by HI. 31 ; and the angle 
BFD is a right angle, by construction. Therefore EBFD is a rectangle, and 
BF is equal to ED. 

Thus to solve the problem we describe a semicircle on BC and in it place 
the straight line BF equal to the given straight line, and then draw AED 
parallel to BF. 

538. CD is parallel to AB f .and therefore CD produced will cut AE at 
right angles, by I. 29 : similarly AD produced will cut CE at right angles. 
Hence the perpendicular from E on AC will pass through D, by page 313 
of the Euclid; that is if ED be joined and produced it will cut AC at right 
angles. 

539. Let ABC be a triangle ; let AD, BE, CF be the perpendiculars from 
the angnUr points on the opposite sides. By the Euclid, page 313, these 
perpendiculars meet at a point ; denote the point by 0. 

Since the angles AFC and ADC are right angles a circle will go round 
AFDC, by the Euclid, page 276. Then the rectangle AO, OD is equal to the 
rectangle CO, OF, by HL 35. Similarly the reotangle AO, OD is equal to 
the rectangle BO, OE. 

540. Let ABC be a triangle; let BF bisect the angle ABC, and meet 
AC&tF; let CG bisect the angle ACB, and meet AB at G. Let BF and CG 
intersect at O. From A draw AD perpendicular to BF, and AE perpendicular 
to CG. Then ED will be parallel to BC, and ED, produced if necessary, 
will bisect AC and AB. 

The straight line AO Will bisect the angle BAG, by page 312 of the 
Euclid. The angle OAF is half the angle BAG; the angle AFB is equal 
-to the angles FCB, and FBC, by I. 32; that is to the angle FOB and half 
the angle ABC ; therefore the angle AOF is equal to the difference of a right 
angle and half the angle ACB. But a circle would go round AEOD; the e- 
fore the angle AED is equal to the angle AOF, that is to the difference of a 
right angle and half the angle ACB. But the angle AEC is a right angle; 
therefore the angle DEC is equal to half title angle ACB ; that is to tha 
angle ECB. Therefore ED is parallel to BC, by I. 27. 

Produce ED to meet AC at K. The angle KEC has been shewn equal 
to the angle KCE; and AEC is a right angle ; therefore the angle KEA is 
equal to the angle KAE, by I. 32; therefore KA and KC are each equal 
to EK, by I. 6 ; therefore KA is equal to KC. 

Similarly DE, produced if necessary, will bisect AB. 

541. Let AB be the diameter of the given circle. On AB describe a 
triangle ABD equal to half the given rectilineal figure : see 1. 45, Corollary. 
Through D draw a straight line parallel to AB, meeting the circle at C. 
Then the triangle ACB is equal to the triangle ADB, by I. 37; and is there- 
fore equal to half the given rectilineal figure. Also the angle ACB is a right 
angle by m. 31. 

From A draw the chord AE parallel to CB ; and join BE. Then the 
angle BAE is equal to the angle ABC, by I. 29; the right angle AEB is 
equal to the right angle BCA ; therefore the angle ABE is equal to the angle 
BAG. Thus the triangle ABE is equal to the triangle BAG in all respects; 
and therefore the figure ACBE is equal to the given rectilineal figure. 

T. EX. 7 
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Also the angle CAE is a right angle; for it is equal to the two angles 
CAB and BAE; that is to the two angles CAB and CBA, by I. 29; that is 
to a right angle. Similarly the angle CBE is a right angle. Therefore the 
figure ACBE is a rectangle. 

542. Let he the point of intersection of AD and BE; join CO and 
produce it to meet AB at L. Then CL is perpendicular to AB, by page 313 
of the Euclid. The two circles both pass through L, by HE. 31 ; thus the 

, rectangles HO, 0K t and CO, OL, and FO, OG are all equal. Therefore a 
circle will go through F, G, H, K by page 277 of the Euclid. 

543. Let AB be one diameter; and CD another diameter, at right angles 
to the former. Let AE, CG, BF, DH be four parallel chords. Then the 
arcs EA G, GDF, FBH, HCE will all be equal. 

Join AC, the angle EAG is equal to the angle ACG, by I. 29; 
therefore the arc EC is equal to the arc AG, by HI. 26. Therefore the 
arc EAG is equal to the arc AEC, that is to a quarter of the circumference. 
Similarly the arc HBF is a quarter of the circumference. 

In like manner the arcs HCE and FDG are equal; and as they are 
together equal to half the circumference each of them is a quarter of the 
circumference. 

544. From A draw AM perpendicular to EC, from B draw BN per- 
pendicular to EG. Then we must shew that AM and BN are together equal 
to EC. For then the square described on EC will be equal to the rectangle 
EC, AM together with the rectangle EC, BN; that is to twice the triangle 
AEC together with twice the triangle EBC; that is to twice the figure 
AEBC. 

Through the centre of the circle draw the diameter POQ parallel to EC; 
let BN intersect PQ at R; and from draw OS perpendicular to EC. Then 
08 is equal to RN, by I. 34; therefore the sum of BN and AM is twice 
BR ; and EC is twice ES. Therefore we have to shew that ES is equal 
to-RR. 

Now the angle EDO is equal to the angle ROB, by I. 29; the right angle 
EOD is equal to the right angle BRO ; therefore the angle DEO is equal to 
the angle OBR. 

In the two triangles EOS and BOR the angle 0E8 is equal to the angle 
OBR, as just shewn; the right angles OSE and ORB are equal; and the 
side OE is equal to the side OB ; therefore ES is equal to BR, by I. 26. 

545. Let be the centre of the circle. Bisect BG at D and draw DE 
parallel to OC, meeting OB at E. Then E is the middle point of OB, and 
ED is half of OC : see Exercises 106 and 109. And D is the middle point 
of the diagonals of the parallelogram, by Exercise 78. 

Thus the required locus is the circle having its centre at E and its radius 
equal to half OC, that is to half the radius of the given circle. 

546. Describe the circle which is obtained in the solution of Exercise 545 
for the required locus. Join AE and produce it to meet the circumference 
of this circle at H. Then AH is the required direction in order that the 
diagonal may have its greatest possible length ; and its length is twice AH. 

547. Let A and B be the centres of the circles. Suppose that AD 
touches the circle having its centre at B, and that BG touches the circle 
having its centre at A, where C and D are on opposite sides % of AB. Let 
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AD cut at K the circle which has its centre at A ; and let BC cut at H the 
circle which has its centre at B. Join AC, BD, HK, 

Then AC is equal to BD, and CB is equal to AD, by snppositipn; and 
the angles at C and V are right angles. Therefore ACBD is a rectangle. 
Also CB is equal to twice BH y and AD is equal to twice AK by supposition. 
Hence CHKA is a square, and HK touches both circles, and is equal to AC, 

548. Let A and B be the centres of the two circles. From A as centre, with 
radius equal to the diameter of either of the given circles, describe a circle 
cutting at P the circle which has its centre at B. From P draw two tangents 
PT, PS to the circle which has its centre at A. Produce TP to meet at K 
the circle which has its centre at B ; and produce SP to meet this circle 
at L. Join BL, BK. 

The angle TAP is equal to the angle of an equilateral triangle ; this may 
be shewn by producing AT to R, so that RT may be equal to TA, and joining 
PR. Similarly the angle SAP is equal to the angle of an equilateral triangle. 
Thus the angles TPA and SPA are each equal to half the angle of an equi- 
lateral triangle; and therefore the angle LPK, that is the angle TPS, is 
equal to the angle of an equilateral triangle. Hence the angle LBK is 
twice the angle of an equilateral triangle. 

In the triangles TAS and LBK the sides TA, 8A are equal to the sides 
LB, KB each to each, and the angle TAS is equal to the angle LBK; there- 
fore TS is equal to LK. 

It may happen that TP or SP cuts the circle which has its centre at B, 
and so does not require to be produced. The demonstration is not es- 
sentially changed. 

It is necessary that the distance between A and B should not be greater 
than three times the radius, in order that the preceding solution may hold. 
There are two solutions if the described circle cuts the circle which has its 
centre at B, one if these circles touch, and none if one circle falls without 
the other. 

549. The angle BCG is a right angle, by construction; the angle BFG is 
a right angle, by III. 31: therefore a circle will go round BFGC, Therefore 
the rectangle BA> AC is equal to the rectangle FA, AG. 

Again, if a circle be described on BD as diameter it will pass through C, 
and AD will be a tangent to it because the angle ADB is a right angle. 
Therefore the rectangle BA, AC will be equal to the square on AD, by HI. 36. 

550. Let AB be the given base. On AB describe a segment of a circle 
AGB containing an angle equal to the given vertical angle. Bisect AB at E\ 
through E draw ED at right angles to AB } meeting the segment at D; and 
complete the circle. Produce DE to meet the circle again at F. 

Suppose C the required vertex of the triangle: join FC, cutting AB at G. 
Then, as in Exercise 549, the rectangle FG, FC is equal to the square on FB, 
that is to a known quantity. And FC bisects the angle ACB, so that GC is 
known by supposition ; then FC may be found by the aid of Exercise 502. 
From F as centre with the radius just determined describe a circle; then the 
intersection of this with the segment ADB will determine the point C 

551. The angle APB is measured by the half the sum of the arcs AB 
and DE, and is therefore a known angle. Similarly the angle BPC is known. 
Join AB, and on it describe a segment of a circle containing an angle equal to 

7—2 
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the former; join BC, and on it describe a segment containing an angle equal 
to the latter. Then the intersection of the two segments will determine the 
point P. 

552. Let A be any point on the circumference of the circle. From A draw 
AB perpendicular to OB one of the given straight lines, and AG perpendicu- 
lar to OC the other given straight line. Also through A draw a straight line 
meeting OB at E % and 00 at D; and equally inolined to the two given 
straight lines. 

Then the angle OED is equal to the angle ODE by construction, and 
therefore the angle CAD is equal to the angle CD A, by I. 29; therefore AC 
is equal to DC. Hence the sum of AB an<J AC is equal to the sum ot OC 
and CD, that is equal to OD. 

Thus if the straight line DA cuts the circle we can obtain a less value of 
the sum of AB and AC by taking instead of A some point on the arc between 
DE and 0. In this way we see that when the sum of AB and AC is least the 
point A must be such that the tangent to the cirole there is equally inclined 
to the fixed straight lines, and is between and the circle. 

Similarly in order that the sum of AB and AC may be greatest the 
tangent at A must be equally inclined to the fixed straight lines, and the 
circle and the point O be on the same side of the tangent. 

553. Let the segments described on A C and AB intersect at D. Then 
the angles ADB and AGB are together equal to two right angles, so are the 
angles ADC and ABC; therefore the angles BDC and BAC are together 
equal to two right angles by I. 15, Corollary 2. Therefore the segment 
described on PC will pass through D : thus the segments all pass through 
one point. 

The angles ADB and A CB are together equal to two right angles ; therefore 
the angle ACB is equal to the angle contained by the remaining part of the 
circle of which ADB is a segment, by III. 22. Hence it follows that the 
circle of which ADB is a segment is equal to the circle which could be de- 
scribed round the triangle ABC. Similarly this holds for the circles of which 
ADC and BDC are segments. Hence the three circles are equal. Produce 
BD to meet AC at M, and produce CD to meet AB at N. Since the circles 
ADB and ADC are equal the angles NBD and MCD are equal, by HE. 28 
and HI. 27; the angles NDB and MDC are equal, by 1. 15; therefore the 
angle DNB is equal to the angle DMC, by I. 32; therefore the angle AND is 
equal to the angle AMD. The angles NDM and NAM are together equal to 
the angles BDC and NAM, that is to two right angles. Hence the angles 
AND and AMD are together equal to two right angles; and as they are equal 
each of them is a right angle. Similarly AD produced meets BC at right 
angles. 

IV. ltol6. 

554. The three perpendiculars meet at a point, by page 313 of the 
Euclid: denote this point by O. In the triangles AFC and OEC the angle 
at (7 is common; the right angle AFC is equal to the right angle OEC : there- 
fore the angle FA C is equal to the angle EOC. 

Since the angles BEC and ADC are right angles a circle will go round 
OECD, by the Euclid, page 276; therefore the angle EDC is equal to the 
angle EOC; therefore the angle EDC is equal to the angle BAC. 
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Similarly the angle FDB is equal to the angle BAC. Therefore DE and 
DF are equally inclined to BC, and therefore to AD. 

555. Let ABC be a triangle ; suppose that the inscribed circle tenches 
BC at D, CA at E, and AB at F. Construct the triangle FDE ; from D 
draw DP perpendicular to EF, from E draw EQ perpendicular to FD, and . 
from F draw FR perpendicular to ED. Then will PQ, QR,.RP be parallel 
to AB, BC, CA respectively. 

AB touches the inscribed circle DEF ; therefore the angle AFP is by 
HE. 32 equal to the angle FDE. But in the solution of Exercise 554 it is 
shewn that the angle FPQ is equal to the angle FDE. Therefore the angle 
FPQ is equal to the angle AFP ; therefore PQ is parallel to AB, by I. 27. 

Similarly QR is parallel to BC, and PR is parallel to CA. 

556. Draw the circumscribing circle; then as one angle is given the 
side opposite this angle is given in magnitude. For if from any point on the 
circumference of the circumscribing circle we draw two straight lines con- 
taining an angle equal to the given angle, the chord which they intercept 
will be equal in magnitude to the side. Thus the problem is reduced to that 
of Exercise 293. 

557. Let AB be the base ; then the vertices of all the triangles lie on a 
segment of a circle described on AB ; see the Euclid p. 276. 

Let ACB be one of the triangles. Produce AB, AC to H and K, and 
bisect the angles KCB, CBH, by the straight lines CE, BE meeting at E. 
Then as in Exercise 282, E is the centre of the circle touching BC and 
AB, AC produced; and the straight line AE bisects the angle CAB as in 
Exercise 280. 

Since the angle AEB is the difference of the angles EBH and EAB by 
I. 82 ; and CBH is double of EBH, and CAB double of EAB, therefore the 
angle ACB is double of the angle AEB, and the point E lies on the segment 
of a circle described on AB and containing an angle AEB equal to half the 
given angle ACB. Let this segment AEB be described. 

Bisect AB at G, and draw GDF at right angles to AB meeting the seg- 
ment ACB at D, and the segment AEB at F, and join AD, DB, FA, FB. 
Then the angle ADB is double of the angle AFB by construction ; also by 
I. 4 these angles are bisected by GF, therefore the angle ADG is double of 
AFD and AD is equal to DF. Similarly DB is equal to DF, and therefore 
D is the centre of the segment AEB, by in. 9. 

558. Let AD meet BC at M. The angles ACM and CAM are together 
equal to a right angle ; the angles ACB and CBE are together equal to a 
right angle; therefore the angle CAD is equal to the angle CBE. But the 
angle CAD is equal to the angle CBD, by III. 21. Therefore the angle 
MBD is equal to the angle MBL. Also the right angle DMB is equal to the 
right angle LMB ; and BM is common to the two triangles BMD and BML : 
therefore MD is equal to ML, by I. 26. 

559. A circle may be described round the regular pentagon ; then the 
angle DAG standing on DC, is equal to the angle ADB standing on AB, 
which is equal to DC. Therefore AO is equal to OD, by I. 6. 

Again, the angle COD is equal to the sum of the angles CBO and BCO, 
that is to twice the angle CBO ; and the angle ACD is equal to the sum of 
the angles ACE and ECD, that is to twice the angle ACE: therefore the 
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angle COD is equal to the angle OCD; therefore OD is equal to DC; and 
therefore OA is equal to CD, 

Thus the triangle ACD is exactly like the triangle ABD of IV. 10 ; the 
sides AC and AD are equal; the angles ADC and ACD are each double of 
the angle DAC; and AO is equal to DC. Therefore as in IV. 10 we had 
the rectangle AB, BC equal to the square on BD, so here we have the 
rectangle AC, CO equal to the square on DC. 

560. The angles CQR and CPU are. right angles ; therefore a circle 
described on CR as diameter will go round CQRP. This circle will be of 
constant magnitude ; for PQ is of constant length, and the angle PCQ is 
constant. Thus the distance of R from C is constant. 

Again, let PM be perpendicular to CQ, and QN perpendicular to CP. 
Then a circle will go round QMNP; and this circle will be of constant 
magnitude, for its diameter PQ is of constant magnitude. Also MN will be 
of constant magnitude, for the angle MQN is the difference between a right 
angle and the angle C, and is therefore constant. 

Finally a circle described on CS as diameter will go round CMSN; and 
it will be of constant magnitude; for MN is of constant length, and the 
angle MCN is constant. Thus the distance of S from C is constant. 

561. Let AB be the hypotenuse, ACB one of the right-angled triangles. 
It follows from the solution of Exercise 293 that the required locus is a 
segment of a circle ADB containing an angle equal to & right angle and 
a half. Complete the circle of which this segment is part ; let be the 
centre. Then the angle contained in the remaining part of the circle is half 
a right angle, by HI. 22; therefore the angle AOB is a right angle, by 
III. 20. Therefore the arc ADB is a quarter of the circumference. 

562. D is the centre of the circle described round ABC, by IV. 5 ; there- 
fore the locus of D is the straight line which bisects AB at right angles :> 
see HI. 1. 

563. Let AB be the given base ; let ACB represent the triangle, O the 
centre of the inscribed circle, P the centre of the circle which touches AB, 
and touches CA and CB produced. Then" OP id a known length. Suppose 
the angle CAB given. 

OA bisects the angle CAB, and PA bisects the angle between AB and CA 
produced; therefore OAP is a right angle. Similarly OBP is a right angle. 
A circle may be described on the known length OP as a diameter. Then 
the angle AOB subtended in such a circle by a known chord AB becomes 
known ; also the angle OAB is known, for it is half the angle CAB. Thus 
all the angles of the triangle OAB are known, and the triangle can be 
constructed. Then make the angle CAB equal to twice the angle OAB, and 
the angle CBA equal to twice the angle OB A : thus we obtain the required 
triangle ACB, 

564. Let A be the given point in the given straight line AE ; then the 
centre of the required circle must be on the straight line drawn through A at 
right angles to AE. Let C be the centre of the given circle, and suppose the 
required circle to cut it at the points L and M : then by supposition L, C, 
and M are in one straight line; suppose AC produced to meet the required 
circle again at D : then the rectangle AG, CD is equal to the rectangle 
LC, CM, by III. 35 ; that is to the square on LC, Now as LC and AC are 
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known this determines CD ; thus D, a point through which the required 
circle is to pass, is known, and the required centre must he on the straight 
line which bisects AD at right angles. The centre of the required circle is 
therefore at the point of intersection of two known straight lines, and 
therefore its position is determined. * 

565. Let A be the given point, B the centre of one of the given circles, 
C the centre of the other given circle. Join AB and produce it to a point H 
such that the rectangle AB, BH is equal to the square on the radius of the 
circle which has its centre at B; then by the solution of Exercise 564 
we see that H is a point through which the required circle must pass. 
Similarly join AC and produce it to a point K such that the rectangle 
AC, CK is equal to the square on the radius of the circle which has its centre 
at C ; then if is a point through which the required circle must pass. • Thus 
we have only to describe a circle round the triangle AHK, which we do 
by IV. 5. 

566. Describe an equilateral triangle ABC in the given circle. Bisect 
the sides BC, CA, AB at the points D, E, F, respectively. From the points 
D, E, F, draw DO, EO, FO at right angles to the straight lines BC, CA, AB 
respectively meeting one another at the point 0. Describe a circle in the 
triangle formed by the tangent at A and the straight lines OE, OF produced. 
This will be one of the three required circles. Similarly the other two 
required circles can be drawn. 

567. This can be shewn from IV. 10. There the straight line ACB is 
divided at C in the manner of II. 11. Also BD is equal to AC. The angle 
BAD is one-fifth of two right angles, that is one-tenth of four right angles. 
This is the angle subtended at the centre of a circle by the side of a regular 
decagon inscribed in the circle : therefore BD is the side of a regular decagon 
inscribed in the circle. 

568. Let ABCDE be a regular pentagon inscribed in a circle. Let F be 
the centre of the circle. From any angle D draw the diameter DH cutting 
the straight line AB at the point I. This will be perpendicular to the op- 
posite side AB. Join DA, DB. Then the triangle ADB is isosceles; and 
DH will bisect AB. Join FA, AH ; then AH will be the side of a regular 
decagon inscribed in the circle. 

Now the angle AFH is equal to the angle ADB by HI. 20, therefore the 
isosceles triangle AFH is equiangular to the isosceles triangle ADB by I. 32, 
and the angle FAH is double of the angle AFH. But by Exercise 567 the 
side AH is equal to the greater segment of the radius HF cut as in EL 11, 
therefore if the radius FH be cut at G so that the rectangle FH, HG is equal 
to the square on FG, then AH is equal to FG. 

Join AG. The square on AB is equal to four times the square on AI. 
Therefore the square on AB together with four times the square on IH is 
equal to four times the square on AH. But as in IV. 10 we have AG equal 
to AH, therefore GH is bisected at I, therefore the square on GH is equal to 
four times the square on HI : therefore the square on AB together with the 
square on GH is equal to four times the square on FG. But since the square 
on FG is equal to the rectangle FH, HG, the sum of the squares on FH, HG 
is equal to three times the square on FG by II. 7. Therefore the square on 
AB is equal to the squares on FH, FG» 
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569. Let ABC be the given triangle, B the vertex. Describe a circle 
about it. Let F be the centre of this circle. Join FB. On FB as diameter 
describe a cirole cutting AC at D. Join BD. This shall be the required 
straight line. Produce BD to meet the circumference of the circumscribed 
circle at E. Join FD. Then FDB is a right angle by m. 31, therefore ED 
is equal to DB by III. 3. The rectangle AD, DC is equal to the rectangle 
ED, DB by m. 35, that is to the square on DB. 

570. Draw a quadrilateral DBEF and let BD, EF produced intersect at 
A, and let BE, DF produced intersect at C. Describe a circle about the 
triangle AEB and another about the triangle BDC. Let BO be the common 
chord of the circles. Join AO and DO. Then the angles AOB and AEB 
are equal by in. 21 ; and the angle AOB is equal to the sum of the angles 
AOD and DOB ; also the angle AEB is equal to the sum of the angles BCD 
and DFA by I. 32 and 1. 15. Therefore the angle AEB is equal to the sum 
of the angles DOB and DFA by III. 21. 

Therefore the angle AOD is equal to the angle DFA. Therefore the 
circle described about the triangle AFD passes through the point by page 
276 of the Euclid. 

Similarly it may be shewn that the circle which circumscribes EFC also 
passes through 0. 

571. Let ABC be a triangle. From A draw a perpendicular on BC. 
From B draw a perpendicular on AC; let these perpendiculars out at D. 
From C draw CG perpendicular to AB. This will pass through D by p. 313 
of the Euclid. 

The rectangle GA, GE is equal to the rectangle GC f GD and therefore 
equal to the rectangle GB, GF by III. 86 Corollary. 

The angle DAG is equal to the angle EGG by III. 21. The angle DAG 
is also equal to the angle BCG by I. 32. Therefore the angle EGG is equal 
to the angle BCG. Therefore the triangles EGG and, BCG are similar, and 
CG is common, therefore EG is equal to BG by I. 26. Now the rectangle 
GA, GE is equal to the rectangle GB 9 GF, therefore GA is equal to GF t 
therefore AE is equal to FB. 

572. Let O be the centre of the circle inscribed in the triangle ABC 
and let D, E, F be the centres of the escribed circles. Then AO is perpen- 
dicular to FE ; see Exercise 282. The result required follows as in Exercise 
553. 

573. Let ABDC be the quadrilateral. Let EA bisect the angle BAG 
and let EB bisect the angle ABD. Then E is the centre of the circle which 
touches internally the straight lines DB, BA, AG. Similarly let F be the 
centre of the circle which touches internally AG, CD, DB. in like manner 
let G, H be the centres of the other two circles. Then it can be easily shewn 
that the angles at E and F are together equal to two right angles. Therefore 
a circle can be described round the quadrilateral EFGH by page 276 of the 
Euclid. See Exercise 513. 

574. Take the point P in the arc AB. Because DP, PF are respectively 
perpendicular to BC, BA, therefore the angle ABC is equal to the angle 
DPF, and the angle DPF is equal to the angle DEF by in. 21, therefore 
the angle ABC is equal to the angle DEF. Similarly the angle ACB is 
equal to the angle DFE and the angle BAG is equal to the angle EDF. 
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Therefore the sides of the triangle ABC axe equal to the sides of the triangle 
DEF respectively by HL 26 and HL 29. Again, the arc BC is equal to the 
are EF; take away if necessary the common arc FC, then BE is parallel to 
CF by Exercise 219. Similarly it may be shewn that AD is parallel to either 
BE or CF. 

575. We will take the case in which the point D falls within the given 
circle ; the case in which D falls without the given circle can be treated in 
substantially the same manner. Let C be the centre of the described circle. 
Join QB, BC, CA, QC, CD. The two angles QBC, QAC are together equal 
to two right angles by HI. 22. Now since CD is equal to CA, the angle CD A 
is equal to the angle CAD : therefore the two angles QDC, QAC are together 
equal to two right angles ; therefore the angle QDC is equal to the angle^. 
QBC; and the triangle DCB is equilateral, therefore the angle QBD is equal 
to the angle QDB, therefore the side QD is equal to the side QB by I. 6; 
therefore QC bisects the angle DCB by I. 8, therefore QB subtends at the 
centre of the given circle an angle equal to two-thirds of a right angle by 
m. 20, therefore QB is equal to the radius of this circle by IV. 15 Corollary, 
but QD has been shewn to be equal to QB. Therefore QD is equal to the 
radius of the circle. 

576. Let ABCD be the given square, and P a point without it such that 
the angles APB f BPC, CPD are all equal. Then PAB will be greater than 
a right angle and PCB less than a right angle. 

Draw BM, BN perpendiculars on PA, PC produced if necessary ; then 
since BP bisects the angle APC, BM will be equal to BN. Hence as BA is 
equal to BC the triangles BAM, BCN will be equal in every respect. Thus 
the angles BAP, BCP are together equal to two right angles, and therefore 
P lies on the circle described so as to pass through the points A, B, C ; that 
is the circle described about the square ABCD. 

577. Let ABC be a triangle. Draw AP perpendicular to BC. Let the 
circle inscribed in the triangle APB touch AP, BP, AB at M, N, E respec- 
tively. Then the sum of the straight lines AP, BP is equal to the sum of 
the straight lines AM, MP, BN, NP, but AM is equal to AE, PM is equal to 
PN and BN is equal to BE by Exercise 176, therefore the sum of the straight 
lines AP and BP is equal to the sum of the straight lines AE, BE together 
with twice the straight line MP, that is equal to the sum of AB and twice 
the radius of the circle. Hence if X denote the diameter of the circle inscribed 
in ABP, the sum of X and AB is equal to the sum of AP and BP. Similarly 
if Y denote the diameter of the circle inscribed in ACP, the sum of Y and 
AC is equal to the sum of AP and CP. Therefore the sum of the straight 
lines X, Y, AB, AC is equal to the straight line BC together with twice the 
straight line AP. Two other results like this can be found; and then by 
addition the required result can be obtained. 

578. Let O be the common centre. Take any point P on the circumfer- 
ence of the middle circle; join OP and produce it to Q making PQ equal to 
OP. With centre Q and radius equal to that of the smallest circle, describe 
a circle, and let one of the points at which it meets the outermost circle be S. 
Join QS; from O draw OR a radius of the inner circle parallel to QS. Join 
SP, PR, QR, 80. 

By construction SQ is equal to RO and QP is equal to PO. Then in 
the two triangles SPQ, RPO the two sides SQ, QP are equal to the two sides 
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RO, OP each to each, and the included angle SQP is equal to the included 
angle BOP by L 29, therefore the base SP is equal to the base PR and the 
triangles are equal in all respects by I. 4, therefore the angle SPQ is equal 
to the angle OPR, therefore SP, PR are in the same straight line; See I. 15. 

VI. 1 to D. 

579. Draw PM perpendicular to AB. Then CD is to PM as AC is to 
AM, and CE is to PM as BC is to BM by VI. 4. Therefore the rectangle 
CD, CE is to the square on PM as the rectangle AC, BC is to the rect- 
angle AM, MB. But the square on PM is equal to the rectangle AM, BM by 
III. 35, therefore the rectangle CD, CE is equal to the rectangle AC, BC, 
which is equal to the square on CF by HI. 35. Therefore since the rectangle 
CD, CE is equal to the square on CF, CD is a third proportional to CE and 
CF by VI. 17. 

580. From the middle point P of BD draw a straight line at right angles 
to BD meeting AB produced through C at the point ; then OB is equal to 
OD by L 4. Therefore the angle ODB is equal to the angle OBD by I. 5, 
which is equal to the sum of the angles OAD and ADB by I. 82. But the 
angle ADB is equal to the angle CDB, therefore the angle ODB is equal to 
the sum of the angles OAD and CDB, therefore the angle ODC is equal to 
the angle OAD. Also the angle AOD is common to the two triangles OCD, 

' ODA. Hence these triangles are similar by I. 32; therefore OD is to OC as 
AD is to DC, therefore OD is to OC as AB is to BC by VI. 3. But OD is 
equal to OB, therefore OB is to OC as AB is to BC, which shews that 
is a fixed point. Hence the locus of D is a circle whose centre is and 
radius OB. 

581. Let ABCD be a square. Take BE equal to a fourth of BD and 
therefore equal to a third of DE. Join AE and produce it to meet BC 
at F. Then by the similar triangles ADE and BFE we have BF a third of 
AD or BC. Let the straight lines Bbc, Ccd, Dda be similarly drawn from 
B, G, D. Then by the symmetry of the construction it is evident that the 
figure abed is both equilateral and equiangular, that is it is a square. And 
since the straight line BC is equal to three times the straight line BF the 
straight line Be is equal to three times the straight line Bb and therefore the 
straight line be is equal to twice the straight line Bb. And the square on 
BC is equal to the sum of the squares on Be, Cc by L 47. But the square 
on Cc is equal to the square on Bb, therefore the square on BC is equal to 
the sum of the squares on Be, Bb, which is equal to ten times the square on 
Bb. Therefore the square abed is equal to four times the square on Bb or 
four-tenths of the square on BC which is equal to two-fifths of ABCD. 

582. AF bisects the angle A of the triangle by VI. 2, 3. 

583. On the straight line AC describe a semicircle; from B draw BQ 
meeting the semicircle at Q so that the angle ABQ may be equal to half a 
right angle. From Q draw QP perpendicular to AC. 

Since the angle PBQ is half a right angle, and the angle QPB is a right 
angle, therefore the remaining angle PQB is half a right angle, and is there- 
fore equal to the angle ABQ; therefore the side PB is equal to the side PQ, 
by I. 6. Therefore the square on PB is equal to the square on PQ, that is 
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to the rectangle AP, PC, by HL 35. Therefore PB is a mean proportional 
between PA and PC, by VI. 17. 

584. The angle APB is constant and PA to PD is a known ratio, thus 
the angles PDA t PAD are constant by VI. 6. Then the angle PDA is equal 
to the angle PEB and the anjgle PAD is equal to the angle PBE. A circle 
will thus go round ABDE ; this is a fixed circle and DE subtends a constant 
angle in it, so that DE is of constant magnitude, and therefore at a fixed 
distance from its centre, that is DE always touches a fixed circle. 

585. From A draw AF perpendicular to BC. Then the angle BAF is 
equal to two- thirds of a right angle by L 26 and I. 32, therefore AF is half of 
AB as may be shewn by producing AF to double its length, therefore AF is 
to AB as DF is to DB. Therefore AD bisects the angle BAF by VL 3, 
therefore the angle BAD is equal to the angle DMA, and the angle ADE is 
taerefore equal to two -thirds of a right angle. Similarly also the angle DEA. 

586\ Let ABCD be a rectangle haying the square on the side AB double 
of the square on the side BC; also the square on the side DC double of the 
square on the side AD. Let AF be drawn from the angle at A, and CE 
from the angle at C perpendicular to the diagonal DB* 

Now BE is to BC as BG is to BD by VI. 4. Therefore the rectangle BE, 
BD is equal to the square on BC by VI. 17, that is to one-third of the square 
on BD by I. 47, therefore BE is equal to one-third of BD. Similarly DF 
can be shewn to be equal to one- third of BD. Therefore* the remainder FE 
is equal to a third of BD. Thus BE, EF, FD are all equal. 

587. By IV. 4 the angles CAU i CAG are equal to one another, therefore 
the angle GAH is equal to the angle DAC; and the isosceles triangles AGD, 
CAB. are similar, therefore GA is to AH as DA is to AC ; thus the angle 
ADC is equal to the angle AGH by VI. 6, and GA is to GH as DA is to DC. 
Similarly it may be shewn that the angles BGK, BDC are equal to one 
another and that BD is to DC as GB is to GKt Again since DA is equal to 
DB, therefore GA is to GH as DB is to DC, therefore GA is to GH as GB 
is to GK. But AG is equal to GB, therefore GH is equal to GK. 

588. Let ABC be a right-angled triangle and AB, BC the sides contain- 
ing the right angle ABC on which are described the squares DB, BE. Let 
CD, AE be joined cutting the sides at H and G* Join DB, BE which form 
a straight line by I. 14, and HG. From the similar triangles DHA, BHC 
HA is to HB as AD is to BC; from the similar triangles BAG, CEG, BG is 
to GC qaBA is to CE. By comparing these two ratios HA is to HB as BG is 
to GC. But by VI. 4 from the similar triangles BAG* CEG, BG is to GC as 
AG is to GE, therefore HA is to HB as AG is to GE, therefore HG is parallel 
to BE by VL 2, therefore the angle BGH is equal to the angle GBE by 1. 29, 
that is to half a right angle, and is therefore equal to the angle BHG, there- 
fore BH is equal to BG by I. 6, therefore from the third mentioned propor- 
tion the rectangle AH, CG is equal to the square on BG by VI. 17, which is 
equal to the square on BH, therefore BG and BH are both mean proportionals 
between AH and CG. 

589. Let OA, OB be the two given straight lines, and P the given point. 
The ratio of the straight lines from P is known and the angle they include. 
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Hence if the points where they meet the given straight lines be joined we 
have a triangle with known angles. 

Make such a triangle pqr: on qr describe a segment of a circle having an 
angle equal to the angle 0, and on pq a segment having an angle equal to 
the angle POB. Let o be the point where these segments meet. Join op. 
Then draw PQ making the angle OPQ equal to the angle opq and PR making 
the angle OPR equal to the angle opr. 

590. Produce PE to meet the arc BO at G. Join AG. 

Then the rectangle DE, EA is equal to the rectangle BE, EC, that is to 
the rectangle PE, EG by in. 35, therefore DE is to EP as GE is to EA by 
VI. 16 ; therefore the angle OAG is equal to the angle DPE by YI. 6. But 
the angle OAG is equal to twice the angle OPG by III. 20, therefore the 
angle DPE is bisected by the straight line OP, therefore the angles DPO, EPO 
are equal to one another. 

591. Join CF and produce it to meet AB at H. Join HG. 

Now HF is equal to FG ; see YI. 1 ; thus HG is equal and parallel to EC 
by 1. 4, 27. Again the ratio of BO to BE is half that of BG to BE, that is half 
that of HG to AE by YI. 4, that is half that of HB to AB by YI. 2. Draw 
HK parallel to DC ; then DF is equal to FK by I. 26. Therefore the ratio 
of DF to DA is half that of D% to DA, that is half that of HB to AB by 
VI. 2. Therefore DF is to DA as BO is to BE. 

592. Join AB, 4F. First we shall shew that the square on AB is equal 
to the rectangle AE, AD. We have the square on AB equal to the square on 
AE together with the rectangle BE, EC by the note on III. 35 and III. 36 
on page 277 of the Euclid. Also the rectangle BE, EC is equal to the rect- 
angle AE, ED by HI. 35, therefore the square on AB is equal to the square 
on AE together with the rectangle AE, ED, that is it is equal to the rectangle 
AE, AD. But AB is equal to AF : therefore the square on AF is equal to 
the rectangle AE, AD, therefore by the converse of VI. 8 we have the angle 
AEF a right angle. Similarly the angle AEG is a right angle, therefore 
GE, EF are in one straight line by 1. 14. 

593. The triangle ADE is equal to the triangle BFE by I. 38, therefore 
the triangle ADE together with the triangle ABE is equal to the triangle 
AFE ; therefore by I. 38 the triangle ADE together with the triangle BCG 
is equal to the triangle FCG. Take away the common part the triangle 
GHC ; therefore the triangle ADE together with the triangle BHC is equal 
to the triangle FHG. 

594. Let CPQ be the straight line drawn from the angle C meeting the 
intersection of the two straight lines at P and the side AB at Q. 

The triangle PEC is equal to one- third of the triangle PAE by VI. 1 ; 
also the triangle BEG is equal to one-third of the triangle BAE ; therefore 
the triangle BPA is equal to three times the triangle BPC, that is to twelve 
times the triangle BPD, therefore the straight line PA is equal to twelve 
times the straight line PD, therefore the triangle PDC is equal to one- 
twelfth of the triangle PAG by VI. 1, therefore the triangle BPD is equal to 
one thirty-sixth of the triangle PAC : therefore the triangle BPC is equal to 
one-ninth of the triangle PAC. Therefore this is also the ratio of the tri- 
angle BPQ to the triangle APQ, therefore it is the ratio of BQ to AQ. 
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595. The tangents bo drawn are parallel to the sides of the inscribed 
figure, as may be shewn by drawing radii to the points of contact. Then the 
required result follows by Exercise 35. 

596. Let ABC, CBD be the two right-angled triangles, then the angle 
ACD is a right angle. Make BE equal to BC. Join EC : then BEC is the 
required triangle, for the three triangles are as AB, BD, EB by VI. 1, and 
EB is a mean proportional between AB and BD by construction and VI. 8 
Corollary. 

597. Join BE. Then DE is parallel to AB by VI. 2. From the similar 
triangles DCE, CAB, CD is to DE as CA is to AB, but CD is equal to one- 
third of CA, therefore ED is equal to one-third of AB. From the similar tri- 
angles OED, BOA, OE is to ED as OA is to BA, but ED is equal to one- 
thud of BA, therefore OE is equal to one-third of OA, that is to one-fourth 
of EA. Similarly OD is equal to one-fourth of DB, 

598. Let and P be the centres of the two circles. Join CD, PE. 
Then the angle CD A is a right angle by HE. 31 ; also the angle BED is a 
right angle by HX 18, therefore PE is parallel to CD by I. 28, therefore 
AD is to DE as AC is to CP by VI. 2, therefore AD is to twice DE as AC 
is to twice CP by V. 4. Similarly BF is to twice FG as twice CP is to 
twice CO. Hence AD is to twice DE, as twice GF is to FB, by V. 11 : 
therefore the rectangle AD, FB is equal to four times the rectangle FG, 
DE by VI. 16. 

599. When circles cut at right angles the tangents at a point of intersec- 
tion are at right angles to each other ; and thus the radius of each circle is a 
tangent to the other circle at this point. Let D be the point where the 
circles which have B and C as centres meet ; we have only to shew that the 
angle BDC is a right angle. 

Since BD is equal to the tangent from B to the circle AC, the square 
on BD is equal to the rectangle BA, BC by IIL 36. Similarly the square on 
CD is equal to the rectangle CA, CB. Therefore by II. 2 the square on BC 
is equal to the sum of the squares on BD, DC, therefore the angle BDC is 
a right angle by L 48. 

600. Let BF cut AD at P. Then it may be shewn that the angle APB 
is a right angle and that the angle PAB is two-thirds of a right angle. 
Hence it follows that PA is one-half of AB. Also AD is twice AB : See 
IV. 15 Corollary. Hence AP is one-fourth of AD and therefore AP is one- 
third of PD. 

601. Since the angle A is equal to the angle D, and AB is equal to DF, 
therefore the perpendicular from'B on AC is equal to the perpendicular from 
F on DE. Therefore by VI. 1, the triangles are as AC to DE. 

602. Let E be the centre of the inscribed D of the escribed circle, then 
B, E, D, are in one straight line. Draw EF, DG perpendicular to BA. 
Then BE is to BD as FE is to DG, that is as EM is to DP, therefore PD 
is parallel to EM by VI. 7 and I. 28. And ND is parallel to EM. There- 
fore PD and DN must lie in a straight line, 

603. The triangle DMA is similar to the triangle BAC ; therefore AM is 
to MD as CM is to AB by VI. 4. Therefore by V. 16, AM is to CA as MD is 
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to AB, that is as NA is to AB, therefore the triangle CAM is similar to 
the triangle BAN, by VI. 6, therefore the angle AUG is equal to the angle 
ANB, therefore the angle BMC is equal to the angle BNC by 1. 13. 

604. Let B be the middle point of the are ABC. From B draw any 
two straight lines BF, BG, meeting the circumference at F and G, and the 
chord AC at D and E, respectively. 

The angle BED is equal to the sum of the angles BO&, EBC, that is to 
the sum of the angles BFC, CFG by III. 27 and ILL 21, that is to the angle 
BFG. Now BED and D&G are equal to two right angles ; therefore BFG 
and DEG are equal to two right angles, therefore the points F, D, E, G are 
on the circumference of a circle. See page 276 of the Euclid. 

605. Let H be the centre of the inscribed K of the escribed circle. The 
angle HAK is equal to the angle HBK that is to a right angle by IV. 4; 
therefore a circle would go round HAKB : see page 276 of the Euclid. 
Produce H D to meet the circumference of this circle again at L, ; then the 
angle KLH is a right angle by UL 31 ; therefore DEKZ, ;s a rectangle and 
EK is equal to DL. And the rectangle AD, DB is equal to the rectangle 
HD, DL, that is to HD, EK. Similarly the rectangle 4E, EB is equal to 
the rectangle HD, EK. 

606. Lei ABC be any triangle. Let DE be drawn parallel to the base 
BC. - Let F be the middle point of DE. Join AF and produce it to meet 
Btfat G. 

Then AB is to AD as CA is to AE by VI. 2 ; but BA is to AD as BG is 
to DF and CA is to AE as CG is to FE by VI. 4, therefore DF is to FE as 
BG is to GC, but DF is equal to FE, therefore BG is equal to GC. Hence 
the locus of F is the straight line drawn from A to the middle point of 
BC. 

607. Let ABC be a triangle, AC the base and D the middle point of 
AC; then BD bisects every straight line parallel to AC: see Exercise 606. 
Let EHLG be the parallelogram having the side HL in AC, and the sides 
EH, GL parallel to the fixed direction. Then F, the middle point of EG, is 
on BD. Draw FK parallel to the fixed direction ; then P the middle point 
of FK is the intersection of the diagonals of the parallelogram EHLG. 
Now the straight line FK moves always parallel to itself and so the locus 
of its middle point is a fixed straight line passing through D. 

608. The three bisectors meet at a point, see page 311 of the Euclid', 
the locus is a circle having its centre at the middle point of AB and its 
radius equal to one-sixth of AB. For let C be the right angle. Let the 
bisectors be BD, AE, CF and let them intersect at G. Because AF is equal 
to FB, the triangle AGF is equal to the triangle GFB. Again because 
AD is equal to DC the triangle ADB is equal to the triangle DCB and the 
triangle ADG is equal to the triangle DCG by I. 38, therefore the triangle 
AGB is equal to the triangle CGB, therefore the triangle FGB is equal 
to half the triangle CGB, therefore GF is equal to half GC, that is to one- 
third of FC. See VI. 1. But CF is equal to FA by Exercise 59, therefore 
the radius FG is equal to one-sixth of AB. 

609. Draw a common tangent; let this meet the straight line which 
. joins the centres at A. Then a straight line drawn through A and the 
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Riven point is the one required, for the parte intercepted by the circles oat 
off arcs bearing in both circles the same ratio to the whole circumference. 
See page 303 of the Euclid, 

610. Let ABC be the given triangle and AC the base. With ecntro A 
and radius AC describe a circle; join S to the given point I) and produce 
BD to meet the circumference of the circle at E, Join AE: draw DF 
parallel to AE meeting All at F, and FG parallel to AC meeting BC at G. 
Then Fl> is to AE aaBFUloBA, that is as FG is to AC, by VI 4, but AE 
is equal to AC, therefore FD is equal to FG ; and DF, FQ are two adjacent 
sides of the required rhombus. 

611. The triangle AFH is similar to the triangle EAC: for the angle 
FAH is equal to the angle BAG together with one right angle by IV. 0, 
that U to the angle EAC: and FA is to All as EA ia to AC, therefore the 
angle AFH is equal to the angle AFC by VI. 6. Similarly the angle BFG 
is equal to the angle CDB and the angle ECD is equal to the sum of 
the angles AEC and BDC as may be seen by drawing through C a straight 
line parallel to AE, therefore the angle ECD together with the iin^lo JJW; 
is equal to the angle AFB that is to a right angle by IV. 9 
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Draw OD perpendicular to the fixed straight lioe.'Cjj Wj^/i 
a point E such that the rectangle OE, OD may be equal 1 
OQ, OP. Join EQ. 

Since OE is to OQ as OP is to OD and since the triangles EOQ, POD 
have a common angle DOP, they are similar by VI. 6 ; therefore the angle 
OQE is equal to the angle ODP, that is it is a right angle. Therefore the 
locus of Q is a circle having OE for its diameter. See page 276 of the 
Euclid. 

613. Draw the diameter OD. In OD take a point E such that the 
rectangle OE, OD may be equal to the rectangle OQ, OP. Join EQ, PD. 
Then as in Exercise 612 the triangles OEQ, OPD are similar. But the 
angle OPD is a right angle by in. 31 ; therefore the angle OEQ u a right 
angle. Now £ is a fixed point, therefore EQ ia a fixed straight line. 
Hence the locus of Q is a straight line. 

614 Let ABCD be a quadrilateral figure inscribed in a circle. Let BA 
and CD produced meet at P, and AD and BC produced, meet at Q. From 
B draw BE meeting PQ at E making the angle PBE equal to the angle 
PQD. Theu the angle QBE is equal to the angle QPD : because the anglea 
ADC, ABC are together equal to two right angles by in. 22. Then the 
triangle PBE is similar to the triangle PQA, therefore the rectangle PA, 
PB is equal to the rectangle FE, PQ by VI. 4 and VI. 16. Similarly the 
rectangle QC, QB is equal to the rectangle QE, QP. Therefore by addition 
the rectangle PA, PB together with the rectangle QC, QB is equal to the 
rectangle PQ, PE together with the rectangle QE, PQ, that is to the square 
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on PQ. But the rectangle PA, PB is equal to the square on the tangent 
from P, and the rectangle QC, QB is equal to the square on the tangent from 
Q by m. 36. 

615. Let H be the centre of the given circle, G the middle point of EF. 
Join HA, HE, HG, HF. 

Then twice the square on EG together with twice the square on GH 
is equal to the sum of the squares on EH, FH by page 293 of the Euclid, 
that is to the rectangle EA, ED together with the rectangle FB, FA, to- 
gether with twice the square on HA ; that is to the square on EF, together 
with twice the square on HA by Exercise 614, that is to four times the 
square on EG together with twice the square on HA. Therefore the square 
on GH is equal to the sum of the squares on HA, EG, and thus the radii 
drawn from H and G to a point of intersection of the two circles are at right 
angles by L 48. 

616. Let ABC be a right-angled triangle having the angle at B a right 
angle. Let BD be drawn from the angle at B perpendicular to AC: from D 
let DE, DF be drawn perpendicular to CB, BA. Join FE. Then FED is a 
triangle having the perpendiculars DF, DE as two of its sides. Also the 
angle EDF is a right angle since FDEB is a right-angled parallelogram. 

Since D is on a circle of which BG is a diameter by HE. 31, DE is not 
greater than one-half of BC. Similarly DF is not greater than one-half 
of AB. 

617. Let PQ, RS be the two straight lines. Let them intersect at O. 
Let A be the middle point of RP, B of RS, C of QS, D of PQ. Then ABCD 
shall be a parallelogram. For AB and DC are both parallel to PS by 
Exercise 106. Therefore they are parallel to one another. Similarly AD 
and BC are parallel. 

Now DC is half PS by Exercise 109 ; and by VI. 4 it may be shewn that 
the perpendicular from D on PS is half the perpendicular from Q on PS, 
and that the perpendicular from B on PS is half the perpendicular from R 
on PS. The parallelogram ABCD is equal to the difference of two parallelo- 
grams, each having DC for base, one having for height the perpendicular 
from B on PS, and the other having for height the perpendicular from 
D on PS. Thus the parallelogram ABCD is half the difference of two 
parallelograms each having DC for base, one having for height the perpen- 
dicular from R on PS, and the other having for height the perpendicular 
from Q on PS. Thus the parallelogram ABCD is half the difference of the 
triangles RPS and QPS, that is half the difference of the triangles ROP 
and QOS. 

618. Let Q be the middle point of AB, and S the middle point of AC. 
Let O be the centre of the circle. Join AO cutting QS at P. 

The difference of the squares on QO and OB is equal to the square on 
QB by I. 47, that is to the square on QA, that is to the squares on AP, PQ : 
therefore the difference of the squares on PO and OB is equal to the square 
on PA : therefore the difference of the squares on RO, OB is equal to the 
square on RA, that is the square on the tangent from R is equal to the 
square on RA : see III. 36. Therefore RA is equal to the tangent from R. 

619. By the preceding Exercise the rectangle RQ, RP is equal to the 
square on RA, therefore RQ is to RA as RA is to RP by VL 17 ; therefore 
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the triangle QRA is similar to the triangle ARP by VI. 6, therefore the 
angle AQR is equal to the angle RAP. 

620. Let ABGD be the quadrilateral. Let a, b, c, d be the middle 
points of AB, BC, CD, DA, respectively ; let E, F be the middle points 
of AC, DB respectively. Let be the intersection of the circles round the 
triangles aFd, aEb ; we will prove that a circle will pass through dcEO. 

The angle FOa is the difference of two right angles and the angle adF ; 
that is the difference of two right angles and the angle ABD. The angle 
aOE is the difference of two right angles and the angle abE, that is the 
difference of two right angles and the angle BAG. We shall obtain the 
angle dOE by subtracting from four right angles, the excess of the angles 
aOE, and aOF above the angle FOd : thus the angle dOE is equal to the 
sum of the angles ABD, BAG, FOd ; that is to the sum of the angles ABD, 
BAG, Fad; that is to the sum of the angles ABD, BAG, ADB ; that is to 
the excess of two right angles and the angle BAC over the angle BAD ; 
that is to the difference of two right angles and the angle DAC ; that is to 
the difference of two right angles and the angle dcE. Therefore a circle 
can be described round dcEO, by page 276 of the Euclid. 

Similarly a circle can be described round cFQb. 

621. Let OA, OB, OC be the three straight lines which bisect the angles 
of an equilateral triangle. They meet at one point 0, by page 312 of the 
Euclid. Let P be the given point from which PA, PB, PC are drawn 
perpendicular to OA, OB, OC respectively. Then the straight line PA shall 
be equal to the sum of the straight lines PB and PC, supposing PA to be 
the longest perpendicular. Draw PD parallel to OB meeting OC at D. 
Draw DH from D perpendicular to OA, and DF perpendicular to PA. Then 
DH is equal to BP because OC bisects the angle BOH. 

From the triangles PCD, PFD, PC is equal to PF. Also BP has been 
shewn to be equal to DH, that is to AF % But AF, FP are together equal to 
AP, therefore BP, PC are together equal to AP. 

622. Draw the straight line AF bisecting the exterior angle between AC 
and AD, and meeting the circle ABC at E ; and draw the tangents TE, TF 
meeting at T. Then the angles EAC, FAD are equal ; therefore FBD, EBC 
are equal by HE. 21. Therefore the complements of these angles are equal, 
that is ABF is equal to ABE, and thus by III. 32 the angles TEF and TFE 
are equal. Therefore T is on the line AB produced ; see Exercise 527. 

If the interior angle between AC and AD be bisected the proof is sub- 
stantially the same. 

623. Let ABC be the given triangle. Through E and D the middle 
points of AC and AB respectively draw parallel straight lines EF, DG 
meeting BC at the given angle. Through A draw a straight line parallel to 
BC and let GD, FE produced meet this straight line at K and H respec- 
tively. Then FGKH is the parallelogram required ; for it is obvious that 
the triangle AEH is equal to the triangle FEC, and that the triangle KAD 
is equal to the triangle BDG. 

624. Draw the diagonals iCa^d BD intersecting at 0. Suppose P to 
be within the triangle DOC. 

T. EX. 8 
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We have to shew that the triangle PAC is equal to the difference of the 
triangles FAB and PAD ; this we will do by shewing that the sum of the 
triangles PAD and PAC is equal to the triangle PAB. 

The sum of the triangles PAD and PAC is equal to the sum of toe 
triangles POD, DOA, POC. The triangle FAB is equal to the sum of the 
triangles POB, BOA, POA. Now AC and BD bisect each other by Exercise 
78, therefore by I. 38 the triangle POD is eqnal to the triangle POB ; the 
triangle DOA is eqnal to the triangle BOA and the triangle POC is equal to 
the triangle POA. Thus the required result is obtained. 

In a similar way any other case can be treated. 

626. Let 7;, Q he the two points where the circles cat one another. 

The rectangle AC, CD is eqnal to the rectangle RC, CQ, that is to the 
rectangle EC, CB by m. 85 ; therefore A C ia to CE as CB is to CD by VI. 
16 ; therefore by V. 18 AE is to CE as BD is to CD : therefore AE is to If D 
as CE is to CD by V. 16. Similarly AE is to BD as CA ia to CB ; there- 
fore the square on AE is to the square on BD as the rectangle AC, CE 
is to the rectangle JIC, CD, therefore the square on BD is to the square on 
AE as the rectangle BC, CD is to the rectangle AC, CE. 
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Other volumes will follow. 



CLASSICAL. 

ASOHYI.US— THE EUMENIDES. The Greek Text, with 
Introduction, English Notes, and Verse Translation. By 
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THE POLITICS. Translated by J. E. C. Welldon, B.A., 
"Fellow of King's College, Cambridge. 8vo. [In preparation. 
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BXIsCUBB,— SHORT EXERCISES IN LATIN Ff&SE 
COMPOSITION AND EXAMINATION PAPERS IN 
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SHORT EXERCISES IN LATIN PROSE COMPOSE 
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BXiAOKXB— GREEK AND ENGLISH DIALOGUES FOR 
USE IN SCHOOLS AND COLLEGES. By John 
Stuart Blackib, Professor of Greek in the University of 
^Edinburgh. New Edition. Fcap. 8yo. 2s. 6d. 

OICER0— THE ACADEMICA. The Text revised and^ei^fe^ned 
by Jamks Reid, M.A., Fellow of Caius College, .Cambridge. 
New Edition. With Translation. 8vo. \In the press. 
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SELECT LETTERS.- -After the E^iti^n of Albert 
Watson, M.A. Translated by G. E. Jeans, M.A., Fellow 
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CLASSICAL. 



CLASSICAL WRITERS. Edited by J. R. Green, M.A. 
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A Series of small volumes upon some of the principal 
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BUffl— PRACTICAL HINTS ON THE QUANTITATIVE 
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.Teachers and Linguists. By A. J. .Ellis, AA., F.R.S. 
Extra Jcap.8vo. 4*. 6d. 

ENGLAND— EXERCISES ON LATIN SYNTAX AND 
IDIOM, ARRANGED WITH REFERENCE TO 
ROBY'S SCHOOL LATIN GRAMMAR. By E. B. 
England, M.A., Assistant Lecturer at the Owens College, 
Manchester. Crown 8vo. [In preparation. 



BURIPIDSS— MEDEA. Edited, with Introduction and Notes, by 
A. W. Verrall, M.A., Fellow and Lecturer of Trinity 
College, Cambridge. 8vo, . [In preparation. 



QEDDES— THE PROBLEM OF THE HOMERIC POEMS. 
By W. D. Geddes, Professor of Greek in the University of 
Aberdeen. 8vo. 14s. 

OXdU>8TONB— Works by the Rt Hon. W. E. Gladstone, M.P. 
yUVENTUS MUNDI; or, Gods and Men of the Heroic 
Age. Second Edition. Crown 8vo. 10s. 6d. 
. THE TIME AND PLACE OF HOMER. Crown 8vo. 
6s.6a\ 
A PRIMER OP HOMER. 1 8 mo. is. 
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OOODWIN— Works by W. W. Goodwin, Professor of Greek in 
Harvard University, U.S.A. 

SYNTAX OF THE MOODS AND TENSES OF THE 

GREEK VERB. New Edition, revised. Crown 8vo. 

6s. 6d. 

AN ELEMENTARY GREEK GRAMMAR. New Edition, 

revised. Crown 8vo. dr. 

" It is the best Greek Grammar of its sixe in the English language."— 
Atherutum* 

GOODWIN-^ TEXT-BOOK OF GREEK PHILOSOPHY, 
based on Ritter and Preller's "Historiae Philosophiae 
Graecae et Romanae." By Alfred Goodwin, M.A. Fellow 
of Bailiol College, Oxford, and Professor of Greek in 
University College, London. 8vo. \In preparation. 

ORSJBNWOOD— THE ELEMENTS OF GREEK GRAM- 
MAR t iiiMiyitng Accidence, Irregular Verbs, and Principles of 
Derivation and Composition ; adapted to the System of Crude 
Forms. By J. G. Greenwood, Principal of Owens College, 
Manchester. New Edition. Crown 8vo. 5/. &£, 

HERODOTUS, Books I.— HI.— THE EMPIRES OF THE 
EAST. Edited, with Notes and Introductions, by A. H. 
Sayce, M.A, Fellow and Tutor of Queen's College, Oxford, 
and Deputy-Professor of Comparative Philology. 8vo. 

[In preparation. 

HODGSON -MYTHOLOGY' FOR LATIN VERSIFICA- 
TION. A brief Sketch of the Fables of the Ancients, 
prepared to be rendered into Latin Verse for Schools. - . Bjt 
F. Hodgson, B.D., late Provost of Eton. New Edition, 
revised by F. C. Hodgson, M.A. i8mo. $s. 

HOMER— THE ODYSSEY. Done into English by S. H. 
Butcher, M.A., Fellow of University -College, Oxford, ,and 
Andrew Lang, M.A., late Fellow of Merton College, Oxford. 
Second Edition, revised and corrected, -with new Introduction, 
additional Notes and Illustrations. Crown 8vo. lor* 6d. 
THE ILIAD. Edited, with Introduction and Notes, by 
Walter Leaf, M.A., Fellow of Trinity College, Cambridge, 
and the late J. H. Pratt, M.A. 8vo. {In preparation. 
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SOMBBIO BZOTZOVABT. For Use in Schools and Colleges. 
Translated from the German of Dr. ;G. Antenreith, with 
Additions and Corrections by R. p/keep, Ph.D. With 
numerous Illustrations. Crown 8vo. 6s. 

HORAOB— THE WORKS OF HORACE, rendered into 
English Prose, with Introductions, Running Analysis, and 
Notes, by J. Lonsdale, M.A., and S. Lib, M.A. Globe 
8vo. 3-r. 6d. 

THE ODES OF HORACE IN A METRICAL PARA- 
PHRASE. By R. M. Hovenden. Extra fcap. Svo. +f. 

HORACES LIFE AND CHARACTER.. An Epitome of 
his Satires and Epistles. By R. M. Hovenden. Extra fcap. 
8vo. 4J. 6d. 

WORD FOR. WORD FROM HORACE. . The Odes 
literally Versified, By W. T. Thornton, C.B. Crown 
Svo, p. &£ 

JACKSON— FIRST STEPS TO GREEK PROSE COM- 
POSITION By Blomfield Jackson, M.A. Assistant- 
Master in King's College School, London. New Edition 
revised and enlarged, i8mo. is. 6d. 

SECOND STEPS TO GREEK PROSE COMPOSITION, 
with Miscellaneous Idioms, Aids to Accentuation, and Exami- 
nation Papers in Greek Scholarship. i8mo. 2s. 6d. 

# ? # A Key to both Parts, for the use of Teachers only, is in 
preparation. 

JACKSON— ,4 MANUAL OF GREEK PHILOSOPHY. By 
Henry Jackson, M.A., Fellow and Prelector in Ancient 
Philosophy, Trinity College, Cambridge. \In preparation. 

JBBB— Works by R. C. Jebb, M.A., Professor of Greek in the 
University of Glasgow. 

THE ATTIC ORATORS FROM ANTIPHON TO 
ISAEOS. 2 vols. 8vo. 2$s. 

SELECTIONS PROM THE A TTIC OR A TORS, ANTI- 
PHON, ANDOKIDES, LYSIAS, ISOKRATES, AND 
ISALOS. Edited, with Notes. Being a companion volume to 
the preceding work. 8vo. 12s 6d. 
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Continued — 

THE CHARACTERS OF THEQPMRASZUS. Translated 
from a revised Text, with Iiitroductionand .Notes. -Extra fcap. 
8vo. .6s. 6d. 

A PRIMER OF GREEK LITERATURE, i&no. I*. 

A H/STOR Y OF GREEK LITER A TURF. C*Qwn,8vo. 

, [In preparation. 

JVVim AX*— THIRTEEN SA TIRES OF JUVENAL. With 
a Commentary. By John E. B. Mayor, M.A., Kennedy 
Professor of Latin at Cambridge. Vol. I. -Second Edition, 
enlarged. Crown 8vo. Js. 6d. Vol. II. .Crown 8vo. iar. 6d. 

"For really ripe scholarship, extensive acquaintance with Latin- litera* 
ture, and familiar knowledge of continental criticism, ancient and modern, 
it is unsurpassed among English editions." — Prof. Conington in 
'•Edinburgh Review." 

" Mr. Mayor's work is beyond the reach of common literary compli- 
ment. It is not only a commentary on Juvenal, but a mine of the most 
valuable and interesting information on the history, social condition, 
manners, and beliefs of the Roman world during the period of the early 
Empire." — Prof. Nettleship in the "Academy. 

" Scarcely any valuable contribution that has been hitherto made to the 
interpretation of Juvenal will be sought in vain in this commentary . . 
This excellent work meets the long felt want of a commentary .to Juvenal 
on a level with the demands of modern science.— Prof. Friedlandkk 
of KSnigsberg in " Jahresbericht furAlterthumswissenschaft." 

Kmv&T— MANUAL OF ANCIENT GEOGRAPHY, 
Translated from the German of Dr. Hbinrich Kiepert. 

[In the press. 

KYNABTON— EXERCISES IN THE COMPOSITION OF 

GREEK IAMBIC VERSE by Translations from English 

Dramatists. By Rev. H. Kynaston, M.A., Principal of 

Cheltenham College. With Introduction, Vocabulary, .&c. 

JExtra Fcap. Svo. 4s. 6d. 

KEY TO THE SAME #br Teachers only). .Extra fcap. 
8vo. 4f. 6d. 

EXEMPLARIA CHELTONIENSIA : siye.quae discipulis 
suis Carmina identidem Latine reddenda proposuit ipse red- 
didit ex cathedra dictavit Herbert Kynasiw, ALA., 
Principal of Cheltenham College. Extra fcap. $vo. 5.J. 

* • 

WVT, Aw** WI.—XXV. Translated Jy A. J. .Church, 
M.A., and W. J. B&odribb, M.A. [In preparation. 
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tOMm^T»£ AGE OF PERICLES, A History of the 
Politics afed- Arte* of Greece from the Persian to the Pelopon- 
nfisfenWan By William Watkiss Lloyd, a vols. Svo. 21s. 

MAOMlLLAN— FlR'ST LA'Tlfr GRAMMA^ By M. C. 
Uaxm iiAtAVt M 4 A., late Scholar of Christ's College, Cambridge . 
Assfctant Mtfttfcr in St; Paul 1 * Schooh iSmo. is. 6a. 

MAHAFFY— Works by J. P. Mahaffy, MT.A'., Professor of 
Ancient History in Trinity College, Dublin. 

SOCIAL LIFE IN GREECE ; from Homer to Menander. 
Third Edition, revised and enlarged. Crown $vo. gs. 

RAMBLES AND STUDIES IN GREECE. With Illus- 
trations. Second Edition. With Map. Crown 8vo. ios.6d. 

A PRIMER OF GREEK ANTIQUITIES. With Illus- 
trations. i8mo. ix. 

EURIPIDES, i&mo. is. 6d. 

MARSHALL — A TABLE OF IRREGULAR GREER 
VERBS $ classified according to the arrangement of Curtius 
Greek Grammar. By J. M. Marshall, M.A., one of the 
Masters in Clifton College. 8vo. cloth. New Edition, is. 

MAlLTlAlr-SELECT EPIGRAMS FROM MARTIAL FOR 
ENGLISH READERS. Translated by W. T. Webb, 
M.A., Professor of History and Political Economy, Presidency 
College, Calcutta. Extra fcap. 8vo. 4s. 6d. 

BOOKS 7. AND II. OF THE EPIGRAMS. Edited, 
with. Introduction and Notes, by- Professor J. E, B. Mayor, 
M. A. 8vo* [In preparation. 

MAYOR (JOHN B. B.)— FIRST GREEk READER. Edited 
after Kahx. Halm; wfth Corrections arid large Additions by 
Professor John E.- B. Mayor,* MtA., Fellow of St John's 
CoHege/- Cambridge. New Edition, revised. Fcap. 8va 
4s. 6d. 

BIBLIOGRAPHICAL CLUE TO LATIN LITERA* 
TURE. Edited after Hubner, with large Additions by 
Professor John E. B, Mayor. Crown Svo. 6s. 6d. 
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MAYOR (JOSEPH B.)— GREEK FOR BEGINNERS. By 
the Rev. J: B. Mayor, M. A., Professor of Classical Literature 
In King's College, London. Fart I., with Vocabulary, is. 6d. 
Farts II. and III., with Vocabulary and Index, 3*. 6d. com- 
plete in one Vol. New Edition. Fcap. 8vo. cloth. 41. 6d. 

NIXON— PARALLEL EXTRACTS arranged for translation 
into English and Latin, with Notes on Idioms. By J. E. 
Nixon, M.A., Fellow and Classical Lecturer, King's College, 
Cambridge. Fart I. — Historical and Epistolary. New Edition, 
revised and enlarged. Crown 8vo. 3*. <W. * 

A FEW NOTES ON LATIN RHETORIC. With 
Tables and Illustrations!, By J. E. Nixon, M.A. Crown 
Svo. ' 2s. 

PBIX.B (JOHN, M.A.)— AN INTRODUCTION TO GREEK 
AND LATIN ETYMOLOGY. By John Peile, M.A., 
Fellow and Tutor of Christ's College, Cambridge, formerly 
Teacher of Sanskrit in the University of Cambridge. Third 
and Revised Edition. Crown 8vo. ior. 6a\ 
A PRIMER OF PHILOLOGY. i8ma is. By the same 
Author. 

PINDAR— THE EXTANT ODES OF PINDAR. Translated 
into English, with an Introduction and short Notes, by Ernest 
Myers, M.A., Fellow of Wadham College, Oxford. Crown 
8vo. 5*. 

PLATO— THE REPUBLIC OF PLATO. Translated into 
English, with an Analysis and Notes, by J. Ll. Davtes, 
M.A., and D. J. Vaughan, M.A. New Edition, with 
Vignette Portraits of Plato and Socrates, engraved by Jeens 
from an Antique Gem. iSmo. 41. 6a\ 

PHILEBUS. Edited, with Introduction and Notes, by 
Henry Jackson, M.A., Fellow of Trinity College, Cambridge. 
8vo- \In preparation. 

THE TRIAL AND DEATH OF SOCRATES. Being 
the Euthyphro, Apology, Crito, and Phaedo of Plato. Trans- 
lated by F. J. Church. Crown 8vo. 4J. 67/. 
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PfcAUTUS— THE MOSTELLARIA OF PLAUTUS. With 

Notes, Prolegomena, -and Excursus. By William Ramsay, 

M«A», for me r ly - Professor of Humanity in the University of 

• Glasgow. Edited by Professor Giorgx G. Ramsay, M. A., 

of the University of Glasgow. 8va 14/. 

POTTS (A. W.j M.A.) — Works by ALEXANDER W. POTTS, 
M~A., LL.D., late Fellow of St John's College, Cambridge ; 
Head Master of the Fettes College, Edinburgh, 

BINTS TOWARDS LATIN PROSE COMPOSITION. 
New Edition. Extra fcap. 8vo. 3*. 

PASSAGES FOR TRANSLATION INTO LATIN 
PROSE. Edited with Notes and References to the above. 
Extra fcap. 8vo. * 2s. 

LATIN VERSIONS OF PASSAGES FOR TRANSLA- 
TION INTO LA TIN PROSE. For Teachers only. 2s. 6d. 

EXERCISES IN LA TIN PROSE. With Introduction, 
Notes, &c, for the Middle Forms of Schools. Extra fcap. 8vo. 

[In preparation. 

BOBY— A GRAMMAR OF THE LATIN LANGUAGE, from 
Plautus to Suetonius. By H. J. Roby, M.A.* late Fellow of 
St John's College, Cambridge. In Two Parts. Third Edition. 
Part L containing : — Book I. Sounds. Book H. Inflexions. 
Book III. Word-formation. Appendices. Crown 8vo. $s. 6d. 
Part IL — Syntax, Prepositions, &c. Crown 8vo. ior. 6d. 

** Marked hy the dear and practised insight of a matter in his art* 
A book that would do honour to any country. —Atbrkmvu. 

SCHOOL LATIN GRAMMAR. By the same Author. 
Crown 8vo. $s. 

BUSH- SYNTHETIC LATIN DELECTUS. A First Latin 
Construing Book arranged on the Principles of Grammatical 
Analysis. With Notes and Vocabulary. By E. Rush, B.A. 
With Preface by the Rev. W. F. Moulton, M.A., D.D. 
'Extra fcap. 8vo; 2s. 

BUST— FIRST STEPS TO LATIN PROSE COMPOSITION. 
By the Rev. G. Rust, M.A. of Pembroke College, Oxford, 
Master of the Lower School, King's College, London. New 
Edition. l8mo. is. 6d. 



16 MACMILLAN'S EDUCATIONAL CATALOGUE. 

RUTHBRPOHD- A FIRST GREEK GRAMMAR. ByW^G. 
Ruthxkfokd, M.A., Assistant Matter in St Paul's School, 
London. Extra Heap; 8m New Edition, enlarged, is. 6d. 

SEELEY— A PRIMER OF LATIN LITERATURE* By 
Prof. J. R; SttKLCr. [Infbtpara&m. 

SIMPSON— PROGRESSIVE EXERCISES IN LATIN 

PROSE COMPOSITION Founded on Passages selected 

from Cicero, Livy, &c. By F. P. Simpson, B.A., of Balliol 

College, Oxford. [In preparation. 

TACITUS— COMPLETE WORKS TRANSLATED. By A. J. 
Church, M.A., and W. J. Brodribb, M.A. 

THE HISTORY. With Notes and a Map. New Edition. 
Crown 8vo. 6s. 

THE ANNALS. With Notes and Maps, New Edition. 
Crown 8vo. Is. 6d. 

THE AGRICOLA AND GERMANY, WITH THE 
DIALOGUE ON ORATORY. With Maps and Notes. 
New and Revised Edition, Crown 8va 4*. 6a\ 

THEOCRITUS, BION and MOSCHU8. Rendered into 
English Prose with Introductory Essay by Andrew Lang, 
M.A. Crown 8vo. 6s. 

TfeBOPHRASTUS— THE CHARACTERS OF THEO- 
PHRASTUS. An English Translation from a Revised Text 
With Introduction and Notes. By R. C Jsbb, M.A., Pro- 
fessor of Greek in the University of Glasgow; Extralcap; fcvo. 
6s. U 

THRING^-Works by the Rev. E. Thring, m!a 1 /, Head- 
Master of Uppingham School. 

A LATIN GRADUAL. A First Latin Construing Book 
for Beginners. New Edition, enlarged, with Coloured Sentence 
Ma(>8. Fcap. 8vo. 2s. 6d. 

A MANUAL OF MOOD CONSTRUCTIONS. Fcap. 
8vo. is. 6d. 

A CONSTRUING BOOK. Fcap. 8vo. 2s. 64* 
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V1B.QIIm—TH£ WORKS OF VIRGIL RENDERED INTO 
ENGLISH PROSE, with Notes, Introductions, Running 
Analysis, and an Index, by James Lonsdale, M.A., and 
Samuel Lee, M.A. New Edition, Globe 8va $s. 6d. ; 
gilt edges, 4*. (td. 

WHITE— FIRST LESSONS IN GREEK. Adapted to Good- 
win's Greek Grammar. By John Williams White, Ph.D., 
Assistant-Prof, of Greek in Harvard University. Crown 8vo. 

[In the press. 

WILKINS— ^ PRIMER OF ROMAN ANTIQUITIES. By 
A. S. Wilkins, M.A., Professor of Latin in the Owens 
College, Manchester. With Illustrations. i8mo. ix. 

» 

WRIGHT— Works by J. Wright, M.A., late Head Master of 
Sutton Coldfield School. 

AELLENICA; OR, A BISTORY OF GREECE IN 
GREEK, as related by Diodorus and Thucydides ; being a 
First Greek Reading Book, with explanatory Notes, Critical 
and Historical. New Edition with a Vocabulary. Fcap. 8vo. 
3s. &£ 

A HELP TO LATIN GRAMMAR; or, The Form 
and Use of Words in Latin, with Progressive Exercises. 
Crown 8vo. 4s* && 

THE SEVEN KINGS OF ROME. An Easy Narrative, 
abridged from the First Book of Livy by the omission of 
Difficult Passages; being a First Latin Reading Book, with 
Grammatical Notes and Vocabulary. New and revised 
edition. Fcap. 8vo. y. 6d. 

FIRST LATIN STEPS; OR, AN INTRODUCTION 
BY A SERIES OF EXAMPLES TO THE STUDY 
OF THE LA TIN LANGUA GE. Crown 8vo. $s. 

ATTIC PRIMER. Arranged for the Use of Beginners. 
Extra fcap. 8vo. as. 6d. 

A COMPLETE LATIN COURSE, comprising Rules with 
Examples, Exercises, both Latin and fEnglish, on each Rule, 
and Vocabularies. Crown 8vo. as. 6d. 
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MATHEMATICS. 

AIRY —Works by Sir G. 1 B. Airy, K.C.B., Astronomer 
Royal:— 

ELEMENTARY TREATISE 0A PARTIAL DIE- 
FERENTIAL EQUATIONS. Designed for the Use of 
Students in the Universities. With Diagrams. Second Edition. 
Crown 8vo. $s. 6d. 

ON THE ALGEBRAICAL AND* NUMERICAL 
THEORY OF ERRORS OF OBSERVATIONS AND 
THE COMBINATION OF OBSERVATIONS. Second 
Edition, revised. Crown 8vo. 6s. 6d. 

UNDULATORY THEORY OF OPTICS. Designed for 
the Use of Students in the University. New Edition. Crown 
8vo. 6s. 6d. 

ON SOUND AND ATMOSPHERIC VIBRATIONS. 
With the Mathematical Elements of Music. Designed for the 
Use of Students in the University. Second Edition, Revised 
and Enlarged. Crown 8vo. gs. 

A TREATISE OF MAGNETISM. Designed for the Use 
of Students in the University. Crown 8vo. <p. 6£ 

AIRY (OSMUNDM TREATISE ON GEOMETRICAL 
OPTICS. Adapted for the use of the Higher Classes in 
Schools. By Osmund Airy, B.A., one of the Mathematical 
Masters in Wellington College. Extra f cap. 8vo. 31. 6d. 

BAYMA- THE ELEMENTS OF MOLECULAR MECHA- 
NICS. By Joseph Bayma, S.J., Professor of Philosophy, 
Stonyhurst College. Demy 8vo. ioj. 6d. 

UBABVBY—AN ELEMENTARY TREATISE ON PLANE 
TRIGONOMETRY. With Examples. ByR. D. Bkaslky, 
M.A., Head Master of Grantham Grammar School. Fifth 
Edition, revised and enlarged. Crown 8vo. 3*. 6d. 

BLACKBURN (HUGH) — ELEMENTS OF PLANE 
TRIGONOMETRY, for the use of the Junior Class in 
Mathematics n the University of Glasgow. By Hugh 
Blackburn, M. A, Professor of Mathematics in the Univer- 
sity of Glasgow. Globe 8va is. 6d. 
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BOOLE— Works by G. Boole, D.C.L., F.R.S., late Professor 
of Mathematics in the Queen's University, Ireland. 
A TREATISE ON DIFFERENTIAL EQUATIONS. 
Third and Revised Edition, Edited by I. Todhunter. Crown 
8vo. 14J. 

A TREATISE ON DIFFERENTIAL EQUATIONS. 
Supplementary Volume. Edited by L Todhunter. Crown 
8vo. Ss. 6d, 

THE CALCULUS OF FINITE DIFFERENCES. 
Crown 8vo. ior. 6d. New Edition, revised by J; F. 

MOULTON. 

BROOK-SMITH {J.}— ARITHMETIC IN THEORY AND 
PRACTICE. By J. Brook-Smith, M.A., LL.B., St. 
John's College, Cambridge ; Barrister-at-Law ; one of the 
Masters of Cheltenham College. New Edition, revised. 
Crown 8vo. 4s. 6d. 

CAMBRIDGE SENATE-HOUSE PROBLEMS mad RIDERS 
WITH SOLUTIONS 1— 

1875— PROBLEMS AND RIDERS. By A. G. Greenhill, 

M.A. Crown 8vo. 8j. 6j£ 

^78— SOLUTIONS OF SENATE-HOUSE PROBLEMS. 
By the Mathematical Moderators and Examiners. Edited by 
J. W. L. Glaisher, M.A., Fellow of Trinity College, 
Cambridge, 12s. 

CANDLER— HELP TO ARITHMETIC. Designed for the 
use of Schools. By H. Candler, M.A., Mathematical 
Master of Uppingham School. Extra fcap. 8vo %s. 6d. 

CHEYNB- AN ELEMENTARY TREATISE ON THE 
PLANETARY THEORY. By C. H. H. Cheyne, M.A., 
F.R.A.S. With a Collection of Problems. Second Edition. 
Crown 8vo. dr. 6d. 

CHRISTIE— ,4 COLLECTION OF ELEMENTARY TEST 
QUESTIONS IN PURE AND MIXED MA THE* 
MA TICS ; with Answers and Appendices on Synthetic 
Division, ^and on the Solution of Numerical Equations by 
Horner's Method. By Jambs R. Christie, F.R.S., Roya 
Military Academy, Woolwich. Crown 8vo. Ss. 6d. 
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CLIFFORD— THE ELEMENTS Of DYNAMIC. An In- 
traduction to the Study of Motion and Rest in Solid and Fluid 
Bodies. By W. K. Clifford, F.R.S., Professor of Applied 
Mathematics and Mechanics at University College, London, 
Part I.— KINEMATIC. Crown 8vo. Js. 6d. 

CUMMINO-^/^ INTRODUCTION TO THE THEORY 
OF ELECTRICITY. By Linnjeus Cumming, M.A., 
one of the Masters of Rugby School With Illustrations. 
Crown 8vo. Ss. 6a\ 

omwOLVB.TBOV^EUCLIDIAN GEOMETRY. By Francis 
Cuthbkrtson, M.A., LL.D., Head Mathematical Master of 
the City of London School. Extra fcap. 8vo. 4*. 6d. 

DAXrtON— Works by the Rev. T. Dalton, M.A., Assistant 
Master of Eton College. 

RULES AND EXAMPLES IN ARITHMETIC. New Edi- 
tion. i8mo. is. 6d. [Answers to the Examples are appended. 

RULES AND EXAMPLES IN ALGEBRA. Part I. 
New Edition. i8mo. 2s. Part II. iSmo. 2s. 6d. 

DAY— PROPERTIES OF CONIC SECTIONS PROVED 
GEOMETRICALLY. Part I., THE ELLIPSE, with 
Problems. By the Rev. H. G. Day, M.A. Crown 8vo. 

y.6d. 

SKEW— GEOMETRICAL TREATISE ON CONIC SEC- 
TIONS. By W. H. Drew, M.A., St John's College, 
Cambridge. New Edition, enlarged. Crown 8vo. 5/. 

SOLUTIONS TO THE PROBLEMS IN DREWS 
CONIC SECTIONS. Crown 8vo. 41. 6d. 

DYER— GRADUATED EXERCISES IN ANALYTICAL 
GEOMETRY, Compiled and arranged by J. M. Dyer, 
M.A., Senior Mathematical Master in Cheltenham College. 
Crown 8vo. [In preparation. 
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BDOAB (J. H.) and PRITCHARD (O. B.y~NOTR*BOOK 
ON PRACTICAL SOLID OR DESCRIPTIVE GEO- 
METRY. Containing Problems with help for Solutions. By 
J. H. Edgar, M. A., Lecturer on Mechanical Drawmg at the 
Royal School of Mines, and G. S. Pritchard. Fourth 
Edition, revised and enlarged. By Arthur Meeze. Globe 
&vo. 4f , 6d. 

FHRRBRS— Works by the Rev. N. M. Ferrers, M.A., Fellow 
and Tutor of Gonville and Caius College, Cambridge. 

AN ELEMENTARY TREATISE ON TRI LINEAR 
CO-ORDINATES, the Method of Reciprocal Polars, and 
the Theory of Projectors. New Edition, revised. Crown 8vo. 
6s. 64 

AN ELEMENTARY TREATISE ON SPHERICAL 
HARMONICS, AND SUBJECTS CONNECTED WITH 
THEM. Crown 8va p. 6d. 

FROST— Works by Percival Frost, M.A., formerly Fellow 
of St. John's College, Cambridge ; Mathematical Lecturer of 
King's College. 

AN ELEMENTARY TREATISE ON CURVE TRA- 
CING. By Percival Frost, M.A. 8vo. 12*. 

SOLID GEOMETRY. A New Edition, revised and enlarged 
of the Treatise by Frost and Wolstenholme. In a Vols. 
VoL- 1. 8vo. x6>. 

GODFRAY— Works by Hugh Godfray, M.A., Mathematical 
Lecturer at Pembroke College, Cambridge. 

A TREATISE ON ASTRONOMY, for the Use of Colleges 
and Schools. New Edition. 8vo. vis. 6d. 

AN ELEMENTARY TREATISE ON THE LUNAR 
THEORY, with a Brief Sketch of the Problem up to the time 
of Newton. Second Edition, revised. Crown 8vo. $s. 6d. 

HBJffMINO— AN ELEMENTARY TREATISE ON THE 
DIFFERENTIAL AND INTEGRAL CALCULUS, for 
the Use of Colleges and Schools. ByG. W. Hemming, MJL, 
Fellow of St John's College, Cambridge. Second Edition, 
with Corrections and Additions. 8vd oj. 
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■ 

JACKSON — GEOMETRICAL CONIC SECTIONS. An 

Elementary Treatise in which the Conic Sections are defined 
as the Plane Sections of a Cone, and treated by the Method 
of Projection. By J. Stuart Jackson, M.A., late Fellow of 
Gonville and Cains College, Cambridge. Crown 8vo. 4*. 6a\ 

JBX.UBT (JOHN H.M TREATISE ON THE THEORY 
OF FRICTION By John H. Jrllet, B.D., Senior Fellow 
of Trinity College, Dublin; President of the Royal Irish 
Academy. 8vo. $s . 6d\ 

JONES and OHBTNB- ALGEBRAICAL EXERCISES. 
Progressively Arranged. By the Rev. C A. Jones, M.A., and 
C. H. Cheyne, M.A., F.R.A.S., Mathematical Masters of 
Westminster School. New Edition. i8mo. 2s. 6a. 

KELI^ND and TA1T— INTRODUCTION TO QUATER. 
NIONS, with numerous examples. By P. Kblland, M. A., 
F.R.S. ; and P. G. Tait, M.A., Professors in the department 
of Mathematics in the University of Edinburgh. Crown £vo, 
is. 6d. 

KITCHENER— A GEOMETRICAL NOTE-BOOK, containing 
Easy Problems in Geometrical Drawing preparatory to the 
Study of Geometry. For the use of Schools. By F. E. 
Kitchener, M.A., Mathematical Master at Rugby. New 
Edition. 4to. zs. 

MAUIiT— NATURAL GEOMETRY: an Introduction to the 

Logical Study of Mathematics. For Schools and Technical 

Classes. With Explanatory Models, based upon the Tachy- 

metrical Works of Ed. Lagout By A. Mault. i8mo. is. 

Models to Illustrate the above, in Box, izr. 6d. 

MBRRIMAN — ELEMENTS OF THE METHOD OF 
LEAS! SQUARES. By Mansfield Merriman, Ph.D. 
Professor of Civic and Mechanical Engineering, Lehigh Uni- 
versity, Bethlehem, Penn. Crown 8vo. p. 6d. 

HllAt&R-ELEMENTS OF DESCRIPTIVE GEOMETRY. 
By J. B. Millar, C.E., Assistant Lecturer in Engineering in 
Owens College, Manchester. Crown 8vo. 6s. 
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MORGAN — A COLLECTION OF PROBLEMS AND 
EXAMPLES IN MATHEMATICS. With Answers 
By H. A. Morgan, M.A., Sadlerian and Mathematical 
Lecturer of Jesus College, Cambridge. Crown 8vo. dr. &£ 

MUIR— DETERMINANTS. By Thos. Muir. Crown 8vo. 

[In preparation, 

NBWTON'p PRINCIPIA. Edited by Pro£ Sir W. Thomson 
and Professor Blackburn. 4to. cloth. 31J. 6d. 
THE FIRST THREE SECTIONS OF NEWTON'S 
PRINCIPIA, With Notes and Illustrations. Also a col- 
lection of Problems, principally intended as Examples of 
Newton's Methods. By Pbrcival Frost, M.A. Third 
Edition. 8vo. 12s. 

PARKINSON— Works by S. Parkinson, D.D., F.R.S., Tutor 
and Prselector of St John's College, Cambridge. 
AN ELEMENTARY TREATISE ON MECHANICS. 
For the Use of the Junior Classes at the University and the 
Higher Classes in Schools. With a Collection of Examples. 
New Edition, revised. Crown 8vo. cloth, oj. 6a\ 

A TREATISE ON OPTICS. New Edition, revised and 
enlarged. Crown 8vo. cloth, iox. 6a\ 

PEDI.EY— EXERCISES IN ARITHMETIC for the Use of 
Schools. Containing more than 7,000 original Examples. 
By S. Pkdlby, late of Tamworth Grammar School. Crown 
8vo. 5*. 

PHEAR- ELEMENTARY HYDROSTATICS. With Nu- 
merous Examples. By J. B. Phrar, M.A., Fellow and late 
Assistant Tutor of Clare College, Cambridge. New Edition. 
Crown 8vo. cloth. $s. 6d. 

PZRIE— LESSONS ON RIGID DYNAMICS. By the Rev. 
G. Pirie, M.A., late Fellow and Tutor of Queen's College, 
Cambridge; Professor of Mathematics in the University of 
Aberdeen. Crown 8vo. dr. 

PUCKUa- AN ELEMENTARY TREATISE ON CONIC 
SECTIONS AND ALGEBRAIC GEOMETRY. With 
Numerous Examples and Hints for their Solution; especially 
designed for the Use of Beginners. By G. H. PucklS, M.A. 
New Edition, revised and enlarged. Crown 8vo» Js. 6d. 
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RAWItlNSON— ELEMENTARY STATICS, by the Rev. 
George Rawlinson, M.A. Edited by the Rev. Edward 
Sturges, M.A. Crown 8vo. 4*. 6d. 

RAYI.EIGH— THE THEORY OF SOUND. By Lord 
Rayleigh, M.A., F.R.S., formerly Fellow of Trinity College, 
Cambridge. 8vo. VoL I. 12s. 6d. Vol. II. 12s. 6d\ 

[Vol, III. in the press. 

REYNOLDS- MODERN METHODS IN ELEMENTARY 
GEOMETRY. By E. M. Reynolds, M.A., Mathematical 
Master in Clifton College. Crown 8vo. 3*. 6d. } 

SOUTH — Works [by Edward John Routh, M.A., F.R.S., 
late Fellow and Assistant Tutor of St. Peter's College, Cam- 
bridge ; Examiner in the University of London. 
AN ELEMENTARY TREATISE ON THE DYNAMICS 
OF THE SYSTEM OF RIGID BODIES. With numerous 
Examples. Third and enlarged Edition. 8vo. 21s. 

STABILITY OF A GIVEN STATE OF MOTION, 
PARTICULARLY STEADY MOTION. Adams' Prize 
Essay for 1877. 8vo - &• &*• 

SMITH — Works by the Rev. Barnard Smith, M.A., Rector 
of Glaston, Rutland, late Fellow and Senior Bursar of St 
Peter's College, Cambridge. 

ARITHMETIC AND ALGEBRA, in their Principles and 
Application ; with numerous systematically arranged Examples 
taken from the Cambridge Examination Papers, with especial 
reference to the Ordinary Examination for the B.A. Degree. 
New Edition, carefully revised. Crown 8vo. ioj. 6d\ . 

ARITHMETIC FOR SCHOOLS. New Edition. Crown 
8vo. 4J. 6d. 

A KEY TO THE ARITHMETIC FOR SCHOOLS. 
New Edition. Crown 8vo. &r. 6d. 

EXERCISES IN ARITHMETIC. Crown 8vo. limp doth. 
28. With Answers. 2s. 6a. , 

Or sold separately, Part L is. ; Part IL is. ; Answers, 6d. 

SCHOOL CLASS-BOOK OF ARITHMETIC. l8mo. 
cloth. 3/. 

Or sold separately, in Three Parts, is. each. 
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SMITH Continued—] 

KEYS TO SCHOOL CLASS-BOOK OF ARITHMETIC 
Parts I., II., and III., 2x. 6d. each. 

SHILLING BOOK OF ARITHMETIC FORNA TIONAL 

AND ELEMENTARY SCHOOLS. i8mo. cloth. Or 

separately, Part I. 2d. ; Part IL yl. ; Part III. Id. Answers. * 

6d. 

7 HE SAME, with Answers complete. i8mo, cloth, is. 6d. 

KEY TO SHILLING BOOK OF ARITHMETIC. 
i&no. 4J. 6d. 

EXAMINA TION PAPERS IN ARITHMETIC. i8mo. 
ij. 6d. The same, with Answers, i8mo. 2s. Answers, 6d. 

KEY TO EXAMINATION PAPERS IN ARITH. 
ME TIC. i8mo. 4*. 6d. 

THE METRIC SYSTEM OF ARITHMETIC, ITS 
PRINCIPLES AND APPLICATIONS, with numerous 
Examples, written expressly for Standard V. in National 
Schools. New Edition. i8mo. cloth, sewed. $d. 

A CHART OF THE METRIC SYSTEM, on a Sheet, 
size 42 in. by 34 in. on Roller, mounted and varnished, price 
3*. 6d. New Edition. 

Also a Small Chart on a Card, price id. 

EASY LESSONS IN ARITHMETIC, combining Exercises 
in Reading, Writing, Spelling, and Dictation. Part I. for 
Standard L in National Schools. Crown 8vo. gd. 

EXAMINATION CARDS IN ARITHMETIC. (Dedi- 
cated to Lord Sandon.) With Answers and Hints. 

Standards I. and II. in box, is. Standards IIL, IV. and V., 
in boxes, is. each. Standard VX in Two Parts, in boxes, 
ij. each. 

A and B papers, of nearly the same difficulty, are given so as to 
prevent copying, and the Colours of the A and B papers differ in 
each Standard, and from those of every other Standard, so that a 
master or mistress can see at a glance whether the children have the 
proper papers. 
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SNOWBALL — THE ELEMENTS OF PLANE AND 
SPHERICAL TRIGONOMETRY; with the Construction 
and Use of Tables of Logarithms. By J. C. Snowball, M. A* 
New Edition, Crown 8vo. 7-r. 6d. 

* 

SYLItABUS OF PIiANB GEOMETRY (corresponding to 
Euclid, Books I. — VI.). Prepared by the Association for the 
Improvement of Geometrical Teaching. New Edition. Crown 
8vo. li. 

TAXT and STEELE— A TREATISE ON DYNAMICS OP 
A PARTICLE. With numerous Examples. By Professor 
Tait and Mr. Steele. Fourth Edition, revised. Crown 8vo. 

I2J. 

TEBAY— ELEMENTARY MENSURATION FOR 
SCHOOLS. With numerous Examples. By Septimus 
Tebay, B.A., Head Master of Queen Elizabeth's Grammar 
School, Rivington. Extra fcap. 8vo. $s. 6d. 

TODHUNTER— Works by I. ToDHUNTBR, M.A., P.R.&., of 
St John's College, Cambridge. 

" Mr. Todhunter is chiefly known to students of Mathematics as the 
author of a series of admirable mathematical text-books, which possess 
the rare qualities of being clear in style and absolutely free from mistakes, 
typographical or other."— Saturday Review. 

THE ELEMENTS OF EUCLID. For the Use of Colleges 
and Schools. New Edition. l8rao, %s. 6d. 

MENSURATION FOR BEGINNERS. With numerous 
Examples. New Edition. i8mo. 2s. 6d. 

ALGEBRA FOR BEGINNERS. With numerous Examples. 
New Edition. i8mo. zs. 6d. 

KEY TO ALGEBRA FOR BEGINNERS. Crown 8vo. 
6s. 6d. 

TRIGONOMETRY FOR BEGINNERS. With numerous 
Examples. New Edition. i8mo. zs. 6d. 

KEY TO TRIGONOMETRY FOR BEGINNERS. 
Crown 8vo. 8*. 6d. 
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TODHUNTSR Continued— 

MECHANICS FOR BEGINNERS. With numerous 
Examples. New Edition. i8mo. 4*. 6d. 

KEY TO MECHANICS FOR BEGINNERS. Crown 
8vo. 6s. 6d. 

ALGEBRA. For the Use of Colleges and Schools. New 
Edition. Crown 8vo. 7*. 6d. 

KEY TO ALGEBRA FOR THE USE OF COLLEGES 
AND SCHOOLS. Crown 8vo. ior. 6d. 

AN ELEMENTARY TREATISE ON THE THEORY 
OF EQUATIONS. New Edition, revised. Crown 8vo. 
7i. 60. 

PLANE TRIGONOMETRY. For Schools and Colleges. 
New Edition. Crown 8vo. 5*. 

KEY TO PLANE TRIGONOMETRY. Crown 8vo. 
ior. 6d. 

A TREATISE ON SPHERICAL TRIGONOMETRY. 
New Edition, enlarged. Crown 8vo. 4s, 6d. 

PLANE CO-ORDINATE GEOMETRY, as applied to the 
Straight Line and the Conic Sections. With numerous 
Examples. New Edition, revised and enlarged. Crown 8vo. 
Js. 6d. 

A TREATISE ON THE DIFFERENTIAL CALCULUS. 
With numerous Examples. New Edition. Crown 8vo. 
ior. 60. 

A TREATISE ON THE INTEGRAL CALCULUS AND 
IIS APPLICATIONS. With numerous Examples. New 
Edition, revised and enlarged. Crown 8vo. ior. 60. 

EXAMPLES OF ANALYTICAL GEOMETRY OF 
THREE DIMENSIONS. New Edition, revised. Crown 
8vo. 4J. 

A TREATISE ON ANALYTICAL STATICS. With 
numerous Examples. New Edition, revised and enlarged 
Crown 8vo. ior. 60. 
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TODHUNTER ConHnuedr— 

A HISTORY OF THE MATHEMATICAL THEORY 
OF PROBABILITY, from the time of Pascal to that of 
Laplace. 8vo. i&r. 

RESEARCHES IN THE CALCULUS OF VARIA- 
TIONS, principally on the Theory of Discontinuous Solutions : 
an Essay to which the Adams Prize was awarded in the 
University of Cambridge in 187 1. 8vo. 6r» 

A HISTORY OF THE MATHEMATICAL THEORIES 
OF ATTRACTION, AND THE FIGURE OF THE 
EARTH, from the time of Newton to that of Laplace. 2 vols, 
8vo. 24J. 

. AN ELEMENTARY TREATISE ON LAPLACE S, 
LAMES, AND B ESSE US FUNCTIONS. Crown 8vo. 
ioj. &£ 

WILSON (J. M.)— ELEMENTARY GEOMETRY. Books 
I. to V. Containing the Subjects of Euclid's first Six 
Books. Following the Syllabus of the Geometrical Association. 
By J. M. Wilson, M.A., Head Master of Clifton College. 
New Edition. Extra fcap. 8vo. 41. 6d. 

SOLID GEOMETRY AND CONIC SECTIONS. With 
Appendices on Transversals and Harmonic Division. For the 
Use of Schools. By J. M. Wilson, M.A. New Edition. 
Extra fcap. 8vo. 3*. 6d. 

WILSON— GRADUATED EXERCISES IN PLANE TRI- 
GONOMETRY. Compiled and arranged by J. Wilson, 
M.A., and S. R. Wilson, B.A. Crown 8vo. As. 6d. 

" The exercises seem beautifully graduated and adapted to lead a student 
on most gently and pleasantly. "—£. J. Routh, F.R.S., St. Peter's College, 
Cambridge. 

WILSON (W. P.)— A TREATISE ON DYNAMICS. By 
W. P. Wilson, M.A., Fellow of St. John's College, Cam- 
bridge, and Professor of Mathematics in Queen's College, 
Belfast. 8vo. oj. 6d. 
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W01**TRHTL01MJL— MATHEMATICAL PROBLEMS, on 
Subjects included in the First and Second Divisions of the 
Schedule of Subjects for the Cambridge Mathematical Tripos 
Examination. Devised and arranged by Joseph Wolstbn- 
holmk, late Fellow of Christ's College, sometime Fellow of 
St John's College, and Professor of Mathematics in the Royal 
Indian Engineering College. New Edition greatly enlarged. 
8vo. i&r. 

SCIENCE. 

SCIENCE PRIMERS FOR ELEMENTARY 

SCHOOLS. 

Under the joint Editorship of Professors Huxley, Roscoe, and 

. Balfour Stewart. 

"These Primers are extremely simple and attractive! and thoroughly 
answer their purpose of Just leading; the young beginner up to the thresh- 
old of the long avenues in the Palace of Nature which these titles suggest " 
—Guardian. 

"They are wonderfully dear and lucid in their instruction, simple in 
style, and admirable in plan. "—Educational Times. 

INTRODUCTORY— By T. H. Huxley, F.R.S., Professor of 
Natural History in the Royal School of Mines. i8mo. is. 

CHEMISTRY — By ?H. E. Roscoe, F.R.S., Professor of 
Chemistry in Owens College, Manchester. With numerous 
Illustrations. i8mo. is. New Edition. With Questions. 

"A very model of perspicacity and accuracy."— Chbmist and Dbug- 
gist. 

PHYSICS— By BALFOUR Stewart, F.R.S., Professor of Natural 

Philosophy in Owens College, Manchester. With numerous 

Illustrations. i8mo. is. New Edition. With Questions. 

PHYSICAL OROGRAPHY— By ARCHIBALD GEIKIE, F.R.S., 

Murchison Professor of Geology and Mineralogy at Edin- 
burgh. With numerous Illustrations. New Edition, with 
Questions. i8mo. is. 

"Everyone of his lessons is marked by simplicity, clearness, and 
correctness."— Athknjbum. 

GEOLOGY — By Professor Geikie, F.R.S. With numerous 

Illustrations. New Edition. i8mo. cloth, is. 

" It is hardly possible for the dullest child to misunderstand the meaning 
of a classification of stones after Professor Geikie's explanation. "—School 

BOAKD ChKONICUB. 
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SCIENCE PRIMERS Continued-— 

PHYSIOLOGY— By Michael FOSTER, M.D., F.R.S. With 
numerous Illustrations. New Edition. i8mo. is. 

" The book seems to us to leave nothing to be desired as an elementary 
text-book."— Academy. 

ASTRONOMY — By J. NoRMAN LOCKYKR, F.R.S. With 

numerous Illustrations. New Edition. i8mo. is. 

* * This is altogether one of the most likely attempts we have ever seen to 
bring astronomy down to the capacity of the young child." — School 
Board Chronicle. 

BOTANY— By Sir J. D. Hooker, K.C.S.I., CB., F.R.S. 
With numerous Illustrations. New Edition. i8mo. is. 

"To teachers the Primer will be of inestimable value, and not only 
because of the simplicity of the language and the clearness witjh which the 
subject matter is treated, but also on account of its coming from the highest 
authority, and so furnishing positive information as to the most suitable 
methods of teaching the science of botany."— Nature. 

LOGIC— By Professor Stanley Jevons, F.R.S. New Edition. 

1 8 mo. is. 

" It appears to us admirably adapted to serve both as an introduction 
to scientific reasoning, and as a guide to sound judgment and reasoning 
in the ordinary affairs of life."— Academy, 

POLITICAL ECONOMY— By Professor STANLEY JEYONS, 

F.R.S. i8mo. is. 

"Unquestionably in every respect an admirable primer."— School 
Board Chroniclk. 

In preparation : — 
ZOOLOGY. By Professor Huxley. &c &c. 



ELEMENTARY CLASS-BOOKS. 

ASTRONOMY, by the Astronomer Royal. 

POPULAR ASTRONOMY. With Illustrations. By Sir 
G. B. Airy, K.C.B., Astronomer Royal. New Edition. 
i8mo. 4*. 6d. 
ASTRONOMY. 

ELEMENTARY LESSONS IN ASTRONOMY. With 
Coloured Diagram of the Spectra of the Sun, Stars, and 
Nebulae, and numerous Illustrations. By J. Norman Lockyer, 
F.R.S. New Edition. Fcap. 8vo. 5j. 6d. 

"Full, clear, sound, and worthy of attention, not only as a popular 
exposition, but as a scientific * Index.' "— Athjsnaum. 
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ELEMENTARY CLASS-BOOKS ConHntud— 

QUESTIONS ON LOCKYERS ELEMENTARY LES- 
SONS IN ASTRONOMY. For the Use of Schools. By 
John Forbes-Robertson. i8mo. cloth limp. is. 6d. 

PHYSIOLOGY. 

LESSONS IN ELEMENTARY PHYSIOLOGY. With 
numerous Illustrations. ByT. H. Huxley, F.R.S., Professor 
of Natural History in the Royal School of Mines. New 
Edition. Fcap. 8vo. 4J. 6d. 

" Pure gold throughout "—Guardian. 

"Unquestionably the dearest and most complete elementary treatise 
on this subject that we possess in any language."— Westminster Review. 

QUESTIONS ON HUXLEY'S PHYSIOLOGY FOR 
SCHOOLS. By T. Alcock, M.D. i&no. is. 6d. 

BOTANY. 

LESSONS IN ELEMENTARY BOTANY. By D. 
Oliver, F.R.S., F.L.S., Professor of Botany in University 
College, London. With nearly Two Hundred Illustrations. 
New Edition. Fcap. Svo. 4*. 6d. 



CHEMISTRY. 

LESSONS IN ELEMENTARY CHEMISTRY, IN- 
ORGANIC AND ORGANIC. By Henry E. Roscoe, 
F.R.S., Professor of Chemistry in Owens College, Manchester. 
With numerous Illustrations and Chromo-Litho of the Solar 
Spectrum, and of the Alkalies and Alkaline Earths. New 
Edition. Fcap. 8vo. 4*. 6d. 

"Asa standard general text-book it deserves to take a leading place."— 
Spectator. 

" We unhesitatingly pronounce it the best of all our elementary treatises 
on Chemistry." — Medical Times. 

A SERIES OF CHEMICAL PROBLEMS, prepared with 
Special Reference to the above, by T. E. Thorpe, Ph.D., 
Professor of Chemistry in the Yorkshire College of Science, 
Leeds. Adapted for the preparation of Students for the 
Government, Science, and Society of Arts Examinations. With 
a Preface by Professor Roscoe. New Edition, with Key. 
181110. 2S. 
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HLHMENTARY CLAflft-BOOU Ctntitmtd— 

POLITICAL ECONOMY. 

POLITICAL ECONOMY FOR BEGINNERS. By 
Millicsnt G. Fawcett. New Edition. i8mo. as. &£ 

" dear, compact, and comprehensive/'— Daily News. 
" The relations of capital and labour have never been mam Haply or 
more clearly expounded.'*— Contemfokaey Review. 

LOGIC. 

ELEMENTARY LESSONS IN LOGIC; Deductive and 

Inductive, with copious Questions and Examples, and a 

Vocabulary of Logical Terms. By W. Stanley Jevons, M.A., 

Professor of Political Economy in University College, London. 

New Edition. Fcap. 8vo. $r. 6d. 

" Nothing can be better for a school-book."— Guardian. 

" A manual alike simple, interesting, and scientific"— Athe^jkjm. 

PHTSICS. 

LESSONS IN ELEMENTARY PHYSICS. By Balfour 

Stewart, F.R.S., Professor of Natural Philosophy in Owens 

College, Manchester. With numerous Illustrations and Chromo 

litho of the Spectra of the Sun, Stars, and Nebulae. New 

Edition. Fcap. 8vo. 4*. 6d. 

" The beau4deal of a scientific text-book, clear, accurate, and thorough.'* 
— Educational Times. 

PRACTICAL CHEMISTRY. 

THE OWENS COLLEGE JUNIOR COURSE OF 
PRACTICAL CHEMISTRY. By Francis Jones, Chemical 
Master in the Grammar School, Manchester. With Preface by 
Professor Roscos, and Illustrations. New Edition. i8mo. 

CHBMISTRY. 

QUESTIONS ON CHEMISTRY. A Series of Problems 
and Exercises in Inorganic and Organic Chemistry. By 
Francis Jones, F.R.S.E., F.C.S., Chemical Master in the 
Grammar School, Manchester. Fcap. 8vo. 3*. 
ANATOMY. 

LESSONS IN ELEMENTARY ANATOMY. By St. 
George Mivart, F.R.S., Lecturer in Comparative Anatomy 
at St. Mary's Hospital With upwards of 400 Illustrations. 
Fcap. 8vo. 6s. 6d. 

" It may be questioned whether any other work on anatomy contains in 
like compass so proportionately great a mass of information. "— Lawcet. 

"The work is excellent, and should be in the hands of every student of 
human anatomy."— Medical Times 
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BLBMHNTARY OLAJS-BOOU Continued— 

MECHANICS OF MACHINERY. 

AN ELEMENTARY TREATISE. By A. B. W. 
Kennedy, M. Inst. C.E., Professor of Engineering and Me- 
chanical Technology in University College, London. With 
Illustrations. [In the press. 



. AN ELEMENTARY TREATISE. By John Perry, 

Professor of Engineering, Imperial College of Engineering, 

Yedo. With numerous Woodcuts and Numerical Examples 

and Exercises. iSmo. 4/. 6d. 

" The young engineer and those seeking for a comprehensive knowledge 
of the use, power, and economy of steam, could not have a more useful 
work* as it is very intelligible, well arranged, and practical throughout. "— 
Ironmonger, 

PHYSICAL GEOGRAPHY. 

ELEMENTARY LESSONS IN PHYSICAL GEO- 
GRAPHY. By A. Gkikik, F.R.S., Murchison Professor 
of Geology, &c 9 Edinburgh. With numerous Illustrations. 
Fcap. 8vo. 4J. 6d. % 

QUESTIONS ON THE SAME. is. 6d. 



CLASS-BOOK OF GEOGRAPHY. By C. B.CLARKB, M.A., 
F.R.G.S. Fcap. 8m New Edition, with Eighteen Coloured 
Maps. 34. 

NATURAL PHILOSOPHY. 

NATURAL PHILOSOPHY FOR BEGINNERS. By 
L Todhdnter, M.A., F.R.S. Part L The Properties oi 
Solid and Fluid Bodies. i8mo. $s. 6a\ 
Part IL Sound, Light, and Heat i8mo. 31. 6d. 

MORAL PHILOSOPHY. 

AN ELEMENTARY TREATISE. By Prof. E. Caird, 
of Glasgow University. [In preparation. 

ELECTRICITY AND HAGNETIMS. 

ELEMENTARY LESSONS IN ELECTRICITY AND 
MAGNETISM. By Prof. Sylvanus Thompson, of Uni- 
versity College, Bristol. With Illustrations. [Tn preparation. 

c 
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EUIMENTARY CLASS BOOKS Continued, 

SOUND. 

AN ELEMENTARY TREATISE. By W. H. Stone, 
M.B. With Illustrations. i8ma 3*. 6d. 

PSYCHOLOGY. 

ELEMENTAR Y LESSONS IN PSYCHO LOG Y. By G. 
Croom Robertson, Professor of Mental Philosophy, &c, 
University College, London. [In preparation. 

AQB.ICVImTUBJI-'ELEMENTARY LESSONS IN AGRI- 
CULTURE. By H. Tanner, F.C.S., Professor of Agri- 
cultural Science, University College, Aberystwith. 

[In preparation. 

MARSHALL— THE ECONOMICS OF INDUSTRY. By A. 
Marshall, M.A., late Principal of University College, 
Cheltenham, and Mary P. Marshall, late Lecturer at 
Newnham Hall, Cambridge. Extra fcap. 8yo. 2s. 6d. 

"The book is of sterling value, and will be of great use to students and 

teachers." — Ath enjBUM. 

* 

Others in Preparation* 



MANUALS FOR STUDENTS. 

Crown 8vo. * 

DYER AND vim*— THE STRUCTURE OP PLANTS. By 
Professor Thiselton Dyer, F.R.S., assisted by Sydney 
Vines, B.Sc, Fellow and Lecturer of Christ's College, 
Cambridge. With numerous Illustrations. [In preparation. 

PAWCBTT—^ MANUAL OP POLITICAL ECONOMY. 
By Professor Fawcett, M.P. New Edition, revised and 
enlarged. Crown 8vo. 12s. 6d. 

FLEISCHER— A SYSTEM OP VOLUMETRIC ANALY- 
SIS. Translated, with Notes and Additions, from the second 
German Edition, by M. M. Pattison Muir, F.R.S.E. With 
Illustrations. Crown 8vo. 7^ &£ 
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MANUALS FOR STUDENTS Continued. 

FLOWER (W. H.)—AN INTRODUCTION TO THE OSTE- 
OLOGY OF- THE MAMMALIA. Being the substance of 
the Course of Lectures delivered at the Royal College of 
Surgeons of England in 187a By Professor W. H. Flower, 
F.R.S* F.R.C.S. With numerous Illustrations. New Edition, 
enlarged. Crown 8vo. 10s. 6a. v 

FOSTER and LANGLEY— A COURSE OF ELEMENTARY 
PRACTICAL PHYSIOLOGY. By Michael Foster, 
M.D., F.R.S., and J. N. Langlky, B.A. New Edition. 
Crown 8vo. 6s. 

HOOKER— THE STUDENTS FLORA OF THE BRITISH 
ISLANDS. By Sir J. D. Hooker, K.C.S.I., C.B., 
F.R.S., M.D., D.C.L. New Edition, revised. Globe 8vo. 
lOf. 6d 



—PHYSIOGRAPHY. An Introduction to the Study of 
Nature. By Professor Huxley, F.R.S. With numerous Illus- 
trations, and Coloured Plates. New Edition. Crown 8 vo. p.6d. 

HUXLEY and MARTIN— <4 COURSE OF PRACTICAL 
INSTRUCTION IN ELEMENTARY BIOLOGY. By 
Professor Huxley, F.R.S., assisted by H. N. Martin, M.B., 
D.Sc New Edition, revised. Crown 8vo. 6s. 

HUXLEY and PARKER— ELEMENTARY BIOLOGY. 
PART II. By Professor Huxley, F.R.S., assisted by 
T. J. Parker. With Illustrations. [In preparation. 

JEVONS— THE PRINCIPLES OF SCIENCE. A Treatise 
on Logic and Scientific Method. By Professor W. Stanley 
Jevons, LL.D., F.R.S. New and Revised Edition. Crown 
8vo. 12s. 6a\ 

EXERCISES IN DEDUCTIVE LOGIC By Professor 
W. Stanley Jevons, LL.D., F.R.S. Crown 8vo. 

[In the press. 

OJ»r7Bn{Prottmmor r -FIRSTB00E'0FINDIANB0TANY. 

By Professor Daniel Oliver, F.R.S., F.L.S., Keeper of 

the Herbarium and Library of the Royal Gardens, Kew. 

With numerous Illustrations. Extra fcap. 8vo. 6s. 6d. 

c 2 
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MANUALS FOR 8TUDBNTS Continued— 

PARKRR mnd BBTTAK Y — THE MORPHOLOGY OF 
THE SKULL. By Professor Parker and G. T. Bettany. 
Illustrated. Crown 8vo. 10s. 6d. 

V AIT— AN ELEMENTARY TREATISE ON, HE A 7. By 
Professor Tait, F.R.S.E. Illustrated. [In the press. 

THOMSON— ZOOLOGY. By Sir C. Wyville Thomson, F.R.S. 
Illustrated. [In preparation. 

TYI.OR— ANTHROPOLOGY. An Introduction to the Study of 
Man and Civilisation. By E. B. Tylor, M.A., F.R.S. 
Ulustrated. [In the press* 

Other volumes of these Manuals will follow. 



SCIENTIFIC TEXT-BOOKS. 

BALFOUR— A TREATISE ON COMPARATIVE EMBRY- 
OLOGY. With Illustrations. By F. M. Balfour, M.A., 
F.R.S., Fellow and Lecturer of Trinity College, Cambridge. 
In 2 vols. 8vo. Vol. L i$s. now ready. [Vol. II. in the press. 

BALI. (R. S., KM.}— EXPERIMENTAL MECHANICS. A 
Course of Lectures delivered at the Royal College of Science 
for Ireland. By R. S. Ball, A.M., Professor of Applied 
Mathematics and Mechanics in the Royal College of Science 
for Ireland. Royal 8vo. l6x. 

OfcAUSIUS— MECHANICAL THEORY OF HEAT. By R. 
Clausius. Translated by Walter R. Browne, M.A., late 
Fellow of Trinity College, Cambridge. Crown 8vo. ior. 6d. 

DANIELLr- ,4 TREATISE ON PHYSICS FOR MEDICAL 
STUDENTS. By ALFRED Daniell. With Illustrations. 
8vo. [In preparation. 

POSTER— A TEXTBOOK OF PHYSIOLOGY. By Michael 
Foster, M.D., F.R.S. With Illustrations. Third Edition, 
revised, 8vo. 21s. 
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SCIENTIFIC TEXT-BOOKS Continued— 

GAMOEE — A TEXT-BOOK, SYSTEMATIC AND PRAC- 
TICAL, OF THE PHYSIOLOGICAL CHEMISTRY OF 
THE ANIMAL BODY. Including the changes which the 
Tissues and Fluids undergo in Disease. By A, Gamgee, 
M.D., F.R.S., Professor of Physiology, Owens College, 
Manchester. 8va [In the press. 

OEGENBAUR- ELEMENTS OF COMPARATIVE ANA- 
TOMY. By Professor Carl Gegenbaur. A Translation by 
F. Jeffrey Bell, B. A. Revised with Preface by Professor, 
E. • Ray Lankester, F.R.S. With numerous Illustrations. 
8vo. 2IS. 

OBIKIB— TEXT-BOOK OF GEOLOGY By Archibald 
GEIKIE, F.R.S., Professor of Geology in the University of 
Edinburgh. With numerous Illustrations. 8vo. [In the press. 

OKAY— STRUCTURAL BOTANY, OR ORGANOGRAPHY 
ON THE BASIS OF MORPHOLOGY. To which are 
added the principles of Taxonomy and Phytography, and a 
Glossary of Botanical Terms. By Professor Asa Gray, 
LL.D. 8vo. \os. 6d. 

mvrcoviB— POPULAR ASTRONOMY. By S. Newcomb, 
LL.D., Professor U.S. Naval Observatory. With lis Illus- 
trations and 5 Maps of the Stars. 8vo. i8j. 

*' It is unlike anything else of its kind, and will be of mere use in cir- 
culating a knowledge of astronomy than nine-tenths of the books which 
have appeared on the subject of late years."— Saturday Rtvirw. 

RBUI.EAUX — THE KINEMATICS OF MACHINERY. 
Outlines of a Theory of Machines. By Professor F. Reulbaux. 
Translated and Edited by Professor A. B. W. Kennedy, 
CE. With 450 Illustrations. Medium 8 vo. sis. 

BOSCOE and SCHORLEMMER'— INORGANIC CHEMIS- 
TRY. A Complete Treatise on Inorganic Chemistry. By 
Professor H. E. Roscos, F.R.S., and Professor C Schor- 
lbmmer, F.R.S. With numerous Illustrations. Medium 8vo. 
Vol. I.— The Non-Metallic Elements. 21s. Vol. II.— Metals. 
Part I. 18/. Vol. II. Part II.— Metals, i&r. 



38 MACMILLAN'S EDUCATIONAL CATALOGUE. 

SCIENTIFIC TEXT-BOOK8 Continued— 

ORGANIC CHEMISTRY. A complete Treatise on Or- 
ganic Chemistry. By Professors Roscoe and Schorlemmer. 
With numerous Illustrations. Medium 8vo. [In the press. 

SCHORLEMMER—^ MANUAL OF THE CHEMISTRY OP 
THE CARBON COMPOUNDS, OR ORGANIC CHE- 
MISTRY. By C. Schorlemmer, F.R.S., Professor of 
Chemistry, Owens College, Manchester. With Illustrations. 
8vo. 14/. 

THORPE AND RttCKER— A TREA T7SE ON CHEMICAL 
PHYSICS. By Professor Thorpe, F.R.S., and Professor 
Rucker, of the Yorkshire College of Science. Illustrated. 
8vo. [In preparation, 

NATURE SERIES. 

THE SPECTROSCOPE AND ITS APPLICATIONS. By 
J. Norman Lockyer, F.R.S. With Coloured Plate and 
numerous Illustrations. Second Edition. Crown 8vo. 31. 6a\ 

THE ORIGIN AND METAMORPHOSES OF INSECTS. 
By Sir John Lubbock, M.P., F.R.S., D.C.L. With nume- 
rous Illustrations. Second Edition. Crown 8vo. 3*. 6d. 

THE TRANSIT OF VENUS. By G. Forbes, M.A., Pro- 
fessor of Natural Philosophy in the Andersonian University, 
Glasgow. Illustrated. Crown 8va y. 6d. 

THE COMMON FROG. By St. George Mivart, F.R.S., 
Lecturer in Comparative Anatomy at St. Mary's Hospital. 
With numerous Illustrations. Crown 8vo. y. 6a\ 

POLARISATION OF LIGHT. By W. Spottiswoodb, P.R.S. 
With many Illustrations. Second Edition. Crown 8vo. 
p.6a\ 

ON BRITISH WILD FLOWERS CONSIDERED IN RE- 
LATION TO INSECTS. By Sir John Lubbock, M.P., 
F.R.S. With numerous Illustrations. Second Edition. Crown 
8vo. qs. °^» • 
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HATUKB 0BRIES Co 

1 HE SCIENCE OF WEIGHING AND MEASURING, AND 
THE STANDARDS OF MEASURE AND WEIGHT. 
By H. W. Chisholm, Warden of the Standards. With 
numerous Illustrations. Crown 8vo. 4*. 6d. 

HOW TO DRAW A STRAIGHT LINE : a Lecture on link- 
ages. ByA. B. Kempk. With Illustrations. Crown 8 vo. is. 6a*. 

LIGHT: a Series of Simple, entertaining, and Inexpensive Expe- 
riments in the Phenomena of Light, for the Use of Students of 
every age. By A. M. Mayer and C. Barnard. Crown 8vo, 
with riumerous Illustrations. 2s. 6a\ 

SOUND : a Series of Simple, Entertaining, and Inexpensive Ex- 
periments in the Phenomena of Sound, for the use of Students 
of every age. By A. M. Mayer, Professor of Physics in 
the Stevens Institute of Technology, &c With numerous 
Illustrations. Crown 8vo. 31. 6d. 

SEEING AND THINKING. By Professor W. K. Clifford, 
F.R.S. With Diagrams. Crown 8vo. y. 6d. 

DEGENERATION— By Prof. E. Ray Lankester, F.R.S. 
With Illustrations. Crown 8vo. 2s. 6d. 

Other volumes to follow. 

EASY LESSONS IN SCIENCE. 
Edited by Prof. W. F. Barrett. ; 

HEAT. By Miss C. A. Martineau. Illustrated. Extra fcap. 
8vo. 2s. 6d. 

LIGHT. By Mrs. Awdry. Illustrated. 2s. 6d. 
ELECTRICITY. By Prof. W. F. Barrett. [In preparation. 

SCIENCE LECTURES AT SOUTH 

KENSINGTON. 

VOL. I. Containing Lectures by Capt Abney, Prof. Stokes, 
Prof. Kennedy, F. G. Bramwell, Prof. G. Forbes, H. C. 
Sorby, J. T. Bottomley, S. H. Vines, and Prof. Carey 
Foster. Crown 8vo. 6s. 
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VOL. 11. Containing Lectures by W. Spottcswoodr, P.R.S., 
Profc Forbes, Prof. Pigot, Prof. Barrett, Dr. Btsrdon- 
Sanderson, Dr.. Lauder Brunton, F.R.S., Prof. Roscos, 
and others. Crown 8vo. 6s. 

MANCHESTER SCIENCE LECTURES 
FOR THE PEOPLE. 

Eighth Series, 1876-7. Crown 8to. Illustrated. 6d. each. 

WffAT THE EARTH IS COMPOSED OP. Tiy Professor 
Roscqe, F.R.S. 

THE SUCCESSION OP ZJPE ON THE EARTH. By 
Professor Williamson, F.R.S. 

WHY THE EARTHS CHElASTRY IS AS IT IS. By 
J. N. Lockyer, F.R.S. 
Also complete in One Volume. Crown 8vo. doth. 2j. 



KUESLKHWOSL—ELEMENTAR Y APPLIED MECHANICS; 
being the simple and more practical Cases of Stress and Strain 
wrought out individually from first principles by means of 
Elementary Mathematics. By T. Alexander, C.E., Professor 
of Civil Engineering in the Imperial College of Engineering, 
Tokei, Japan. Crown 8vo. 41. 6d. 

Bl^ANFORD— THE RUDIMENTS OP PHYSICAL GEO. 
GRAPHYPOR THE USE OP INDIAN SCHOOLS ; with 
a Glossary of Technical Terms employed. By H. F. Blanford, 
F.R.S. New Edition, with Illustrations. Globe 8vo. *s. 6d. 



r— UNITS AND PHYSICAL CONSTANTS. By 
J. D. Everett, F.R.S., Professor of Natural Philosophy, 
Queen's College, Belfast. Extra fcap. 8vo. 4*. 6d. 

OBIKIE— OUTLINES OP FIELD GEOLOGY. By Prof. 
GEIKIE, F.R.S. With Illustrations. Extra fcap. 8vo. y. 6d. 

OOMVON— AN ELEMENTARY BOOK ON HEAT. By 
J. E. H. Gordon, B.A., Gonville and Cains College* Cam- 
bridge, Crown 8vo. 2s. 



HISTORY. 4! 



lAmAXmsi-BLOWPIPE ANALYSIS. By J. Landatjer. 
Authorised English Edition by J. Taylor and W. E. Kay, of 
Owens College, Manchester. Extra fcap. 8vo. 4s. 6d. 

WO!*— PRACTICAL CHEMISTRY FOR MEDICAL STU- 
DENTS. Specially arranged for the fast M.B. Course. By 
M. M. Pattison Mum, F.R.S.E. Fcap. 8vo. is. 6d. 

WKJBMBaieWL— OUTLINES OF PHYSIOLOGY IN ITS 
RELATIONS TO MAN. By J. G. M'Kendrick, M.D. 
F.R.S.E. With Illustrations. Crown 8vo. 12s. 6d. 

Wim— STUDIES IN COMPARATIVE ANATOMY. 

No. I.— The Skull of the Crocodile : a Manual for Students. 

By L. C. Miall, Professor of Biology in the Yorkshire College 

and Curator of the Leeds Museum. 8vo. 2s. 6d. 

No. IL — Anatomy of the Indian Elephant. By L. C. Miall 

and F. Greenwood. With Illustrations. 8vo. 5*. 
SHANN- AN ELEMENTARY TREATISE ON HEAT, IN 

RELATION TO STEAM AND THE STEAM-ENGINE. 

By G. Shann, M.A. With Illustrations. Crown 8vo. 4s. 6d. 

WRIGHT— METALS AND THEIR CHIEF INDUSTRIAL 
APPLICATIONS. By C. Alder Wright, D.Sc., &c. 
Lecturer on Chemistry in St Mary's Hospital Medical School. 
Extra fcap. 8vo. y. 6d. 

HISTORY. 

/LRtfOIiD- THE ROMAN SYSTEM OF PROVINCIAL 

ADMINISTRATION TO THE ACCESSION OF CON- 

STANTINE THE GREAT By W. T. Arnold, B.A. 

Crown 8vo. 6s. 

"Ought to prove a valuable, handbook to the student of Roma 
history. — Guardian. 

BEMLY- STORIES FROM THE HISTORY OF ROME. 
By Mrs. Beesly. Fcap. 8vo. 2s. 6d. 

" The attempt appears, to us in every way successful. The stories are 
interesting in themselves, and are told with perfect simplicity and good 
feeling. "—Daily News. 

FREEMAN (EDWARD A.)— OLD-ENGLISH HISTORY. 
By Edward A. Freeman, D.C.L., LL.D., late Fellow of 
Trinity College, Oxford. With Five Coloured Maps. New 
Edition. Extra fcap. 8vo. half-bound. 6s. 
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GREEN— A SHORT HISTORY OF THE ENGLISH 

PEOPLE. By John Richard Green, M.A., LL.D. With 

Coloured Maps, Genealogical Tables, and Chronological 

Annals. Crown 8va &r. 6d. Sixty-third Thousand. 

" Stands alone as the one general history of the country, for die take 
of which all others, if young and old are wise, will be speedily and surely 
set aside."— Academy. 

READINGS FROM ENGLISH HISTORY. Selected 

and Edited by John Richard Green, M.A., LL.D., 

Honorary Fellow of Jesus College, Oxford. Three Parts. 

Globe 8vo. is. 6d. each. L Hengist to Cressy. IL Cressy 

to Cromwell. III. Cromwell to Balaklava, 

ausrr— lectures on the history op England. 

By M. J. Guest. With Maps. Crown 8to. 6j. 

"It is not too much to assert that this is one of the very best class books 
of English History for young students ever published." — Scotsman. 

HISTORICAL COURSB FOR SCHOOLS — Edited by 
Edward A. Freeman, D.C.L., late Fellow of Trinity 
College, Oxford. 

I. GENERAL SKETCH OF EUROPEAN HISTORY. 

By Edward A. Freeman, D.C.L. New Edition, revised 

and enlarged, with Chronological Table, Maps, and Index. 

l8mo. cloth. 3 s. 6d. 

" It supplies the great want of a good foundation for historical teaching. 
The scheme is an excellent one, ana this instalment has been executed in 
a way that promises much for the volumes that are yet to appear."— 
Educational Times. 

II. HISTORY OP ENGLAND. By Edith Thompson. 
New Edition, revised and enlarged, with'.Maps. i8mo. 2s. 6d. 

III. HISTORY OF SCOTLAND. By Margaret 
Macarthur. New Edition. i8mo. 2s. 

" An excellent summary, unimpeachable as to facts, and putting thesa 
in the clearest and most impartial light attainable."— Guaxdiak. 

IV. HISTOR Y OFITAL Y. By the Rev. W. Hunt, M. A. 
i8mo. 3s. 

" It possesses the same solid merit as its predecessors ... .the same 
scrupulous care about fidelity in details. ... It is distinguished, too, by 
information on art, architecture, and social politics, in which the writers 
grasp is seen by the firmness and clearness of his touch" — Educational 

XI MBS. 

V. HISTORY OF GERMANY. By J. Sime, M.A. 
i8mo. 3*. 

**A remarkably clear and impressive history of Germany. Its great 
events are wisely kept as central figures, and the smaller events are care- 
fully kept, not only subordinate and subservient, but most skilfully woven 
Into the texture of the historical tapestry presented to the eye."— 
Standard. 
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HISTORICAL COURSB FOR SCHOOLS Continued— 

VI. HISTORY OF AMERICA. By John A. Doyle. 

With Maps. i8mo. \s. 6a. 

" Mr. Doyle has performed his task with admirable care, fulness, and 
clearness, and for the first time we have for schools an accurate and inter- 
esting history of America, from the earliest to the present time."* 
Standard. 

EUROPEAN COLONIES. By E. J. Payne, M. A. With 

Maps. i8mo. 4*. 6d. 

"We have seldom met with an Historian Capable of forming a more 
comprehensive, far-seeing, and unprejudiced estimate of events and 
peoples, and we can commend this little work as one certain to prove e£ 
the highest interest to all thoughtful readers." — Timks. 

FRANCE. By Charlotte M. Yonge. With Maps. i8mo. 
y.6d. 

" An admirable text-book for the lecture room."— Academy. 

GREECE. By Edward A. Freeman, D.C.L. 

[In preparation. 

ROME. By Edward A. Freeman, D.C.L. [In preparation. 

CUSTOR? PRIMERS— Edited by JOHN RICHARD Green. 

Author of " A Short History of the English People." 

ROME. By the Rev. M. Creighton, M.A., late Fellow 

and Tutor of Merton College, Oxford. With Eleven Maps. 

i8mo. is. 

"The author has been curiously successful in telfing in an intelli- 
gent way the story of Rome from first to last."— School Board 
Chronicle. 

GREECE. By C. A. Fyffe, M.A., Fellow and late Tutor 

of University College, Oxford. With Five Maps. i8mo. is. 

"We give our nnqnaHfifd praise to this little manual. "— School- 

MASTKK. 

EUROPEAN HISTORY. By E. A. Freeman, D.C.U 

II..D. With Maps. i8mo. is. 

"The work is always dear, and forms a Imuinous key to European 
history."— §chool Boakd Chkonicul 

GREEK ANTIQUITIES. By the Rev. J. P. Mahaffy, 

M.A. Illustrated. i8mo. is. 

" All that is necessary for the scholar to know is told so compactly yet 
so fully, and in a style so interesting, that it is impossible for even the 
dullest boy to look on this little work in the same fight as he regards his 
other school books."— Schoolmastdl 

CLASSICAL GEOGRAPHY. By H. F. Tozer, M.A. 

i8mo. is. 

"Another valuable aid to the study of the ancient world. ... It 
contains an enormous quantity of information packed into a small space* 
and at the sasse time rnntmmr' m f' kA in a very readable shape."— Johh 
Bull* 



44 MACMIIXAN'S EDUCATIONAL CATALOGUE. 



HISTORY PRIMERS Continued— 

GEOGRAPHY. By George Grove, D.C.L. With Maps. 
i8mo. is. 

**A model of what such a work should be .... we know of! no short 
treatise better suited to infuse life and spirit into the dull lists of proper 
names of which our ordinary class-books so often almost exclusively 
consist. "—Tinas. 

ROMAN ANTIQUITIES. By Professor Wilkins. Illus- 
trated. i8mo. u. 

" A little book that throws a blase of fight on Roman History, and 
is, moreover, intensely interesting. "—.SVA00/ Board CkromcU. 

FRANCE. By Charlotte M. Yonge. iSmo. is. 

" May be considered a wonderfully successful piece of work Its 

general merit as a vigorous and clear sketch, giving in a small space a 
vivid idea o£ the History of France, remains undeniable."— Saturday 
Review. 

In preparation : — 
ENGLAND. By J. R. Green, M.A. 

LETHBRIDGE-^ SHORT MANUAL OF THE HISTORY 
OF INDIA, WITH AN INTRODUCTORY ACCOUNT 
OF INDIA AS IT IS. By Roper Lethbridge, M.A., 
CLE. Crown 8vo. [In the press. 

MICHELET— A SUMMARY OF MODERN HISTORY. 
Translated from the French of M. Michslet, and continued to 
the Present Time, by M. C. M. Simpson. Globe 8m 4/. && 

OTTi- SCANDINAVIAN HISTORY. By E. C. Ottk. 
With Maps. Globe 8va 6s. 

VAVll— PIC 7 URES OF OLD ENGLAND. By Dr. R. 
Pauli. Translated with the sanction of the Author by 
£. C. Otte. Cheaper Edition. Crown 8vo. 6s. 

RAM BAY—/* SCHOOL HISTORY OF ROME. By G. G. 
Ramsay, M.A., Professor of Humanity in the University of 
Glasgow. With Maps. Crown 8vo. [In preparation* 

TAXT— ANAL YSIS OF ENGLISH HISTOR Y t based on Green's 
"Short History of the English People." By C. W. A. Tait, 
M.A., Assistant-Master, Clifton College. Crown 8vo. 3*. 6d. 

WHEELER-^ SHORT HISTORY OF INDIA AND OF 

THE FRONTIER STATES OF AFGHANISTAN, 

NEFAUL, AND BURMA. By J. Talboys Wheeler. 

With Maps. Crown 8vo. lis. 

'* It is the best book of the kind we have ever seen, and we recommend 
it to a place in every school library."— Educational Times. 
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YONOE (CHARLOTTE M.)— A PARALLEL HISTORY OF 
FRANCE AND ENGLAND : consisting of Outlines and 
Dates. By Charlotte M. Yongk, Author of " The Heir 
of Redclyffe," &c, &c Oblong 4to. y. 6d. 

CAMEOS FROM ENGLISH HISTORY. — FROM 
ROLLO TO EDWARD II. By the Author of " The Heir 
of Redclyffe." Extra fcap. 8vo. New Edition. 5*. 

A SECOND SERIES OF CAMEOS FROM ENGLISH 
HISTORY— THE WARS IN FRANCE. New Edition. 
Extra fcap. 8vo. 5*. 

A THIRD SERIES OF CAMEOS FROM ENGLISH 
HISTORY— THE WARS OF THE ROSES. New Edition. 
Extra fcap. 8vo. $s. 

A FOURTH SERIES— REFORMATION TIMES. Extra 
Fcap. 8vo. 5*. 

EUROPEAN HISTORY. Narrated in a Series of 
Historical Selections from the Best Authorities. Edited and 
arranged by E. M. Sewell and C. M. Yongs. First Series, 
1003 — 1 1 54. Third Edition. Crown 8vo. 6s. Second 
Series, xo88 — 1228. New Edition. Crown 8vo. 6s. 

DIVINITY. 

V For other Works by these Authors, see Theological 

Catalogue. 

ABBOTT (REV. B. A.)— BIBLE LESSONS. By the Rev. 

E. A. Abbott, D.D., Head Master of the City of London 

School. New Edition. Crown 8vo. 4s. 6d. 

" Wise, suggestive, and really profound initiation into religions thought " 
—Guardian. 

ARNOLD— A BIBLE-READING FOR SCHOOLS— THE 
GREAT ^PROPHECY OF ISRAEL'S RESTORATION 
(Isaiah, Chapters xL — lxvi.). Arranged and Edited for Young 
Learners. By Matthew Arnold, D.C.L., .formerly 
Professor of Poetry in the University of Oxford, and Fellow 
of OrieL New Edition. i8mo. cloth, is. 

ISAIAH XL.— LXVI. With the Shorter Prophecies allied 
to it Arranged and Edited, with Notes, by Matthew 
Arnold. Crown 8vo. 5*. 
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CURTEIS— MANUAL OF THE THIRTY-NINE AR- 
TICLES. By G. H. Curteis, M.A., Principal of the 
Lichfield Theological College. [In preparation, 

QABKOIN—THE CHILDREN'S TREASURY OF BIBLE 
STORIES. By Mrs. Herman Gaskoin. Edited with 
Preface by the Rev. G. F. Maclear, D.D. Part I.— OLD 
TESTAMENT HISTORY. i8mo u. Part II.— NEW 
TESTAMENT. i8mo. w. Part III.— THE APOSTLES : 
ST. JAMES THE GREAT, ST. PAUL, AND ST. JOHN 
THE DIVINE. i8mo. u. 

GOLDEN TREASURY PSALTER— Students' Edition. Being 
an Edition of "The Psalms Chronologically Arranged, by 
Four Friends," with briefer Notes. i8mo. 3<r. 6d. 

GREEK TESTAMENT. Edited, with Introduction and Appen- 
dices, by Canon Westcott and Dr. F. J. A. Hort. Two 
Vols. Crown 8vo. [In the press. 

HARDWICK — Works by Archdeacon Hardwick. 

A HISTORY OF THE CHRISTIAN CHURCH. 
Middle Age. From Gregory the Great to the Excommuni- 
cation of Luther. Edited by William Stubbs, M.A., Regius 
Professor of Modern History in the University of Oxford. 
With Four Maps. Fourth Edition. Crown 8vo. iar. 6d. 
A HISTORY OF THE CHRISTIAN CHURCH DURING 
THE REFORMA TION. Fourth Edition. Edited by Pro- 
fessor Stubbs. Crown 8vo. iar. 6d. 

KING- CHURCH HISTOR Y OF IRELAND. By the Rev. 

Robert King. New Edition. 2 vols. Crown 8vo. 

[In preparation. 
MACLEAR— Works by the Rev. G. F. Maclear, l D.D., 

Warden of St. Augustine's College, Canterbury. 

A CLASS-BOOK OF OLD TESTAMENT HISTORY. 

New Edition, with Four Maps. i8mo. 4*. 6d. 

A CLASS-BOOK OF NEW TESTAMENT HISTORY, 
including the Connection oi the Old and New Testament. 
With Four Maps. New Edition. i8mo. $s. 6d. 
A SHILLING BOOK OF OLD TESTAMENT 
HISTORY, for National arid Elementary Schools. With 
Map. i8mo. cloth. New Edition. , 
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Continued — 

A SHILLING BOOK OF NEW TESTAMENT 
HISTORY, for National and Elementary Schools. With 
Map. i8mo. cloth. New Edition. 

These works have been carefully abridged from the author's 
larger manuals. 

CLASS-BOOK OF THE CATECHISM OF THE 
CHURCH OF ENGLAND. New Edition. i8mo. doth. 
is. 6d. 

A FIRST CLASS-BOOK OF THE CA TECHISM OF 
THE CHURCH OF ENGLAND, with Scripture Proofc, 
for Junior Classes and Schools. i8mo. 6d. New Edition. 
A MANUAL OF INSTRUCTION FOR CONFIRMA- 
TION AND FIRST COMMUNION. WITH PRA YERS 
AND DEVOTIONS. 321110. cloth extra, red edges. 2s. 
MAURICE— THE LORD'S PRAYER, THE CREED, AND 
THE COMMANDMENTS. Manual for Parents and School- 
masters. To which is added the Order of the Scriptures. By the 
Rev. F. Denison Maurice, M.A. i8mo. cloth, limp. is. 

PROCTER—^ HISTORY OF THE BOOK OF COMMON 
PRAYER, with a Rationale of its Offices. By Francis 
Procter, M.A. Fourteenth Edition, revised and enlarged. 
Crown 8va ios. td. 

PROCTER AND MACVBAH— AN ELEMENTARY INTRO- 
DUCTION TO THE BOOK OF COMMON PRAYER. 
Re-arranged and supplemented by an Explanation of the 
Morning and Evening Prayer and the Litany. By the 
Rev. F. Procter and the Rev. Dr. Macular. New 
and Enlarged Edition, containing the Communion Service and 
the Confirmation and Baptismal Offices. i8mo. 2s. 6d. 

PSALMS OF DAVID CHRONOLOGICALLY ARRANGED. 
By Four Friends. An Amended Version, with Historical 
Introduction and Explanatory Notes. Second and Cheaper 
Edition, with Additions and Corrections. Cr. 8vo. &r, 6d. 

BAMBATT—THE CA TECHISEK S MANUAL ; or, the Church 
Catechism Illustrated and Explained, for the Use of Clergy- 
men, Schoolmasters, and Teachers. By the Rev. ARTHUR 
Ramsay, M.A. New Edition. i8mo. is. 6d. 
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SIMPSON— AN EPITOME OF THE HISTORY OF THE 
CHRISTIAN CHURCH. By William Simpson, M.A. 
New Edition. Fcap. 8vo. 3*. && 

TRENCH— By R. C. TRENCH, D.D., Archbishop of Dublin. 
LECTURES ON MEDIEVAL CHURCH HISTORY. 
Being the substance of Lectures delivered at Queen's College, 
London. Second Edition, revised. 8vo. 12s. 

SYNONYMS OF THE NEW TESTAMENT. Ninth 
Edition, revised. 8vo. 12s. 

WBSTCOTT— Works by Brooke Foss Westcott, D.D., Canon 
of Peterborough. 

A GENERAL SURVEY OF THE HISTORY OF THE 
CANON OF THE NEW TESTAMENT DURING THE 
FIRST FOUR CENTURIES. Fourth Edition. With 
Preface on "Supernatural Religion." Crown 8m ior. 6d. 

INTRODUCTION TO THE STUDY OF THE FOUR 
GOSPELS. Fifth Edition. Crown 8vo. 10/. 6d. 

THE BIBLE IN THE CHURCH. A Popular Account 
of the Collection and Reception of the Holy Scriptures in 
the Christian Churches. New Edition. i8mo. cloth. 
41. 6d. 

WI1.BOVI—THE BIBLE STUDENT'S GUIDE to the more 
Correct Understanding of the English Translation of the Old 
Testament, by reference to the original Hebrew. By William 
Wilson*, D D., Canon of Winchester, late Fellow of Queen's 
College, Oxford. Second Edition, carefully revised. 4to. 
cloth. 2$s. 

TOMB (CHARLOTTE M.)— SCRIPTURE READINGS FOR 
SCHOOLS AND FAMILIES. By Charlotte M. Yonge, 
Author of "The Heir of RedclynV' In Five Vols. 

First Series. Genesis to Deuteronomy. Globe 8vo. 
u. 6d. With Comments, 3*. 6d. 

Second Series. From Joshua to Solomon. Extra fcap. 
8vo. is. 6d. With Comments, 3/. 6d, 



/ 



MISCELLANEOUS. 49 



CHARLOTTE M. YONGB — Continued. 

Third Series. The Kings and the Prophets. Extra fcap. 
8vo. I/. 6d. With Comments! y. 6d. 

Fourth Series. The Gospel Times, is. 6a\ With 
Comments, extra fcap. 8vo., $s, 6d. 

Fifth Series. Apostolic Times. Extra fcap. 8vo. is. 6d 
With Comments, 3*. 6d. 



MISCELLANEOUS. 

Including works on Modern Languages and Literature, Art 

Hand-books, <Srv., <5rv. 

ABBOTT— A SHAKESPEARIAN GRAMMAR. An Attempt 
to illustrate some of the Differences between Elizabethan and 
Modern English. By the Rev. E. A. Abbott, D.D., Head 
Master of the City of London School. New Edition. Extra 
fcap. 8vo. 6>. 

ANDERSON — LINEAR PERSPECTIVE, AND MODEL 
DRA WING. A School and Art Class Manual, with Questions 
and Exercises for Examination, and Examples of Examination 
Papers. . By Laurence Anderson. With Illustrations. 
Royal 8vo. 2s. 



—FIRST LESSONS IN THE PRINCIPLES OF 
COOKING. By Lady Barker. New Edition. i8mo. is. 

BOWim-EIRST LESSONS IN IRENCH. By g. Cour- 
thope Bowen, M.A. Extra fcap. 8vo. is. 



BARBIER DE SE VILLE. Edited, 
with Introduction and Notes, by L. P. Blouet, Assistant 
Master in St. Paul's School. Fcap. 8vo. $s. 6d. 

BERNBRS— itfttST LESSONS ON HEALTH. By J. Bur- 
ners. New Edition. i8mo. is. 

d 
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BLAKISTON— THE TEACHER. Hints o» School Manage- 
ment. A Handbook for Managers, Teachers' Assistants, and 
Pupil Teachers. By J. R. Blakiston, M.A. Crown 8vo. 
2s. 6d. (Recommended by the London, Birmingham, and 
Leicester School Boards.) 

" Into a comparatively small book he has crowded a great deal of ex- 
ceedingly useful and sound advice. It is a plain, common-sense bobk, 
full of hints to the teacher on the management of his school and his 
children. — School Board Chronicle. 

BREYHANN- Works by Hermann BreYMann, Ph.D., Pro- 
fessor of Philology in the University of Munich. 

A FRENCH GRAMMAR BASED ON PHILOLOGICAL 
PRINCIPLES. Second Edition. Extra fcap. 8vo. 41. 6a\ 

FIRST FRENCH EXERCISE BOOK. Extra fcap. 8vo, 
4*. 6d. 

SECOND FRENCH EXERCISE BOOK. Extra fcap. cVa 
%s. 6d. 



r— MILTON By Rev, Stopford Brooke, M,A, 
Fcap. 8vo. is. 6d* (Green's Classical Writers.) 

&JTIXB.—HUDIBRAS. Edited, with Introduction and Notes, 
by Alfred Milnes,. B. A. [In preparation. 

OALDERWOOD- HANDBOOK OF MORAL PHILOSOPHY. 
By the Rev. Henry Calderwood, LL.D., "Professor of 
Moral Philosophy, University of Edinburgh. Sixth Edition. 
Crown 8vo. 6s. 

DANTE- THE PURGATORY OF bANTE* Edited, with 
Translation and Notes, by A. J. Butler, M.A., late FeHow 
of Trinity College, Cambridge. Crown 8vo. 12s. 6d. 

DBLAMOTTB— A BEGINNER'S DRAWING BOOK. Fy 
P. H. Delamotte, F.S.A. Progressively arranged. New. 
Edition improved. Crown 8vo. y. 6d. 

PAWOBTT— TALES IN POLITICAL ECONOMY. By 
Millicbnt Garrett Fawcett. Globe 8vo. y. 
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PHARON— SCtfOOL INSPECTION. By D. R. Fearon, 
M.A., Assistant Commissioner of Endowed Schools. Third 
Edition. Crown 8vo. zs. &/. , 



I— HINTS TO HOUSEWIVES ON SEVERAL 
POINTS, PARTICULARLY ON THE PREPARATION 
OF ECONOMICAL AND TASTEFUL DISHES. By 
Mrs. Frederick. Crown 8vo. 2s, 6d. 

" This unpretending and useful little volume distinctly supplies a de- 
sideratum The author steadily keeps in view the simple aim of 

* making everyday meals at home, particularly the dinner, attractive/ 
without adding to the ordinary household expenses." — Saturday Rrvtiw. 

GLADSTONE— SPELLING REFORM FROM AN EDU- 
CATIONAL POINT OF VIEW. By J. H. Gladstone, 
Ph.D., F.R.S., Member of the School Board for London. 
New Edition. Crown 8vo. is. 6d. 

GOLDSMITH— THE TRA VELLER 9 or a Prospect of Society ; 
and THE DESERTED VILLAGE. By Oliver Gold- 
SMITH. With Notes Philological and Explanatory, by J. W. 
Hales M.A. Crown 8to. 6d. 

ORAND'HOMME- CUTTING OUT AND DRESSMAKING. 
From the French of Mdlle. E. Grakd'homme. With Dia- 
grams. i8mo. is. 

OBEISN-^ SHORT GEOGRAPHY OF THE BRITISH 
ISLANDS. By John Richard Green and Alice 
Stopford Green. With Maps. Fcap. 8vo. 3*. 6d. 

The Times says : — "The method of the work, so far as real instruction 
is concerned, is nearly all that could be desired. . . . Its great merit, in 
addition to its scientific arrangement and the attractive style so familiar 
to the readers cf Green's Short History is that the facts are so presented 
as to compel the careful student to think for himself. . . . The work may 
be read with pleasure and profit by anyi ne ; we trust that it will gradually 
find its way into the higher forms of our schools. With this text-book at 
his guide, an intelligent teacher might make geography what it really is— 
one of the most interesting and widely-instructive studies." 



—LONGER ENGLISH POEMS, with Notes, Philo- 
logical and Explanatory, and an Introduction on the Teaching 
of English. Chiefly for Use in Schools. Edited by J. W. 
Hales, M.A, Professor of English Literature at King's 
College, London. New Edition. Extra fcap. 8vo. 41. 6d, 

d 2 
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HOLE— A GENEALOGICAL STEMMA OF THE KINGS 
Of ENGLAND AND FRANCE. By the Rev. C. Hole. 
On Sheet. 

JOHNSON'S LIVES OF THE POETS. The Six Chief Lives 
(Milton, Dryden, Swift; Addison, Pope, Gray), with Macaulay's 
"Life of Johnson." Edited with Preface by Matthew 
Arnold. Crown 8vo. 6s. 

LITERATURE PRIMERS— Edited by JOHN RICHARD GREEN, 
Author of " A Short History of the English People." 

ENGLISH GRAMMAR. By the Rev. R. Morris, LL.D., 
sometime President of the Philological Society, i&no. 
cloth, is. 

ENGLISH GRAMMAR EXERCISES. By R. Morris, 
LL.D., and H. C. ItoWEN, M.A. i8mo. is. 

THE CHILDREN'S TREASURY OF LYRICAL 
POETRY. Selected and arranged with Notes by Francis 
Turner Palgrave. In Two Parts. i8mo. is. each. 

ENGLISH LITERATURE. By the Rev. Stobford 
Brooks, M.A. New Edition. 181110. is. 

PHILOLOGY. By J. Peile, M.A. i8mo. u. 

GREEK LITERATURE. By Professor J ebb, M.A. i8ma u. 

SHAKSPERE. By Professor Dowden. l8mo. I*. 

HOMER, By the Right Hon. W. E. Gladstone, M.P. 
i8mo. is. 

ENGLISH COMPOSITION. By Professor Nichol. i8mo. 

IX. 

In preparation : — 

LA TIN LITERA TURE. By Professor Seelet. 

HISTORY OF THE ENGLISH LANGUAGE. By 
J. A. H. Murray, LL.D. 
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MAQMILIiAN'a COPY-BOOKS— 

Published in two sizes, viz. t— 

1. Large Post 4to. Price 4^. each. 
2.. Post Oblong* Price ta. each. 

V INITIATORY EXERCISES & SHORT LETTERS. 

**. WORDS CONSISTING OF SHORT LETTERS. 

•3. LONG LETTERS* With words containing Long 
Letters — Figures. 

•4. WORDS CONTAINING LONG LETTERS. 

4a. PRACTISING AND REVISING COPY-BOOK. For 
. Nos. 1 to 4. 

*5. CAPITALS AND SHORT HALF-TEXT. Words 
beginning with a Capital. 

•6. HALF- TEXT WORDS, beginning with a Capital— 
Figures. 

•7. SMALL-HAND AND HALF-TEXT. With Capitals 
and Figures. 

*8. SMALL-HAND AND HALF-TEXT. With Capitals 
and Figures. 

8a. PRACTISING AND REVISING COPY-BOOK. For 
Nos. 5 to 8. 

*9. SMALL-HAND SINGLE HEADLINES— Figures. 

10. SMALL-HAND SINGLE HEADLINES— Figure*. 

•11. SMALL-HAND DOUBLE HEADLINES— Figure*. 

12. COMMERCIAL AND ARITHMETICAL EX- 
AMPLES, <5rv. 

12a. PRACTISING AND REVISING COPy-BOOK. For 
Nos. 8 to 12. 

* These numbers may be had with Goodman* s Patent Sliding 
- Copies. Large Post 4to. Price 6d. each. 
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MAOMILIiAN'S COPY-BOOKS Continued— 

By a simple device the copies, which are printed upon separate 
slips, are arranged with a movable attachment, by which they 
are adjusted so as to be directly before the eye of the pupil at 
all points of his progress. It enables him, also, to keep his 
own faults concealed, with perfect models constantly in view 
for imitation. Every experienced teacher knows the advantage 
of the slip copy, but its practical application has never before 
been successfully accomplished. This feature is secured ex- 
clusively to Macmillan's Copy-books under Goodman's patent 

MAOMILLAN'S PROGRESSIVE FRENCH COURSE— By 

G. Eugene-Fasnacht, Senior Master of Modern Languages, 
Harpur Foundation Modern School, Bedford, 

I. — First Year, containing Easy Lessons on the Regular Ac- 
cidence. Extra fcap. 8vo. is, 

II. — Second Year, containing Conversational Lessons on 
Systematic Accidence and Elementary Syntax. With Philo- 
logical Illustrations and Etymological Vocabulary, is. 6d. 

III. — Third Year, containing a Systematic Syntax, and 
Lessons in Composition. [In the press. 

MACBflLIiAN'S PROGRESSIVE FRENCH REAPERS— 

By G. Eugene-Fasnacht. 

First and Second Years. [In the press. 

MACMTWiATTB PROGRESSIVE OERBKART COURSE— By 

G. Eugene Fasnacht. 

Part I. — First Year. Easy Lessons and Rules on the Regular 
Accidence. Extra fcap. 8vo. is. 6d. 

Part IL — Second Year. Conversational Lessons in Sys- 
tematic Accidence and Elementary Syntax. With Philological 
Illustrations and Etymological Vocabulary. Extra fcap. 
8vo. 2s. 

MARTIN — THE POETS HOUR: Poetry selected and 
arranged for Children. By Frances Martin. Third 
Edition. i8mo. zs. 6d. 

SPRING-TIME WITH THE POETS: Poetry selected by 
Frances Martin. Second Edition. i8mo. p. 6d, 
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MAHON (OU8TAVB)— A COMPENDIOUS DICTIONARY 
OF THE FRENCH LANGUAGE (French-English and 
English-French). Followed by a List of the Principal Di- 
verging Derivations, and preceded by Chronological and 
Historical Tables. By Gustave Masson, Assistant-Master 
and Librarian, Harrow School Fourth Edition. Crown 8m 
half-bound. 6s. 

MOLIBRB— LE MALADE IMAGTNAIRE. Edited, With 
Introduction and Notes, by Francis Tarver, M. A., Assistant- 
Master at Eton. Fcap. 8vo. 2s. 6d. 

MORRIS — Works by the Rev. R. Morris, LL.D., Lecturer 
on Englkh language and Literature in King's College 
School, 

HISTORICAL OUTLINES OF ENGLISH ACCIDENCE, 
comprising Chapters on the History and Development of the 
Language, and on Word-formation. New Edition. Extra 
fcap. 8vo. 6s. 

ELEMENTARY LESSONS IN HISTORICAL 
ENGLISH GRAMMAR, containing Accidence and Word- 
fonnation. New Edition. i8mo. 2s. 6d. 

PRIMER OF ENGLISH GRAMMAR. i8mo. 1*. 

NICOL— HISTORY OF THE FRENCH LANGUAGE, 
with especial reference to the French element in English. By 
Henry Nicol, Member of the Philological Society. 

[In preparation. 

OUFBANT-7^ OLD AND MIDDLE ENGLISH. A 
New Edition of " THE SOURCES OF STANDARD 
ENGLISH" revised and greatly enlarged. By T. Kington 
Oliphant. Extra fcap. 8vo. 9s. 

PALQRAVE-7^ CHILDREN'S TREASURY OF 
. LYRICAL POETRlr. Selected and Arranged with Notes 
by Francis Turner Palgravb. i8mo. 2s. 6d. Also in 
Two parts. i8mo. is. each. 

PltTTTAROH-*— Being a Selection from the Lives which Illustrate 
Shakespeare. North's Translation. Edited, with Intro- 
ductions, Notes, Index of Names, and Glossarial Index, by 
the Rev. W. W. Skiat, M.A. Crown 8vo. dr. 
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VYlADm—NEW GUIDE TO GERMAN CONVERSA- 
TION: containing an Alphabetical List of nearly 800 Familiar 
Words followed by Exercises, Vocabulary of Words in frequent 
use ; Familiar Phrases and Dialogues ; a Sketch of German 
Literature, Idiomatic Expressions, &c. By L. Pylodet. 
i8xno. cloth limp. 2s. 6d. 

A SYNOPSIS OF GERMAN GRAMMAR. From tire 
above. i8mo. 6d. 

READING BOOKS — Adapted to the English and Scotch Codes. 
Bound in Cloth. 

PRIMER. iBmo. (48 pp.) id. 

BOOK I. for Standard I. i8mo. (96 pp.) 4^. 



»> 
>t 

ti 



II. 


»» 


II. 


III. 


1* 


III. 


IV. 


l» 


IV. 


V. 




v. 


VI. 


II 


VI 



i8mo. (144 pp.) $d. 
i8mo. (160 pp.) 6d. 
i8mo. (176 pp.) 80. 
i8mo. (380 pp.) Is. 
VI. Crown 8vo. (430 pp.) 2s. 



Book VI. is fitted for higher Classes, and as an Introduction to 
English Literature. 

"They are far above any others that have appeared both in form and 
substance. "" ' "~ " * • • « . . ., .th- 

reading 
accurate, 

them a good literary taste, and at arousing a'desire of further reading. 
This is done by taking care to select the extracts from true English classics, 
going up in Standard VI. course to Chaucer, Hooker, and Bacon, as well 
as Wordsworth, Macaulay, and Froude. . . . This is quite on the right 
track, and indicates justly the ideal which we ought to set before us. — 
Guardian. 




SHAKESPEARE MANUAL. By F. O. 
Fleay, M. A., late Head Master of Skipton Grammar School. 
Second Edition. Extra fcap. 8vo. 4s. 6d. 

AN ATTEMPT TO DETERMINE THE CHRONO- 
LOGICAL ORDER OF SHAKESPEARE 'S PLAYS. 
By the Rev. H. Paink Stokes, B.A. Extra fcap. 8vo. 
45. 6dTi 

THE TEMPEST. With Glossarial and Explanatory Notes. 
By the Rev. J. M. Jrphson. New Edition. i8mo. is. 
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SONNSNSOHBIN and MEIKLB JOHN — - THE ENGLISH 
METHOD OF TEACHING TO READ. By A. Son- 
nenschein and J. M. D. Meikxejohn, M. A. Fcap. 8vo. 

comprising : 

7 HE NURSERY BOOK, containing all the Two-Letter 
Words in the Language, id. (Also in Large Type on 
Sheets for School Walls. 5-r.) 

THE FIRST COURSE, consisting of Short Vowels with 
Single Consonants. 6d, 

THE SECOND COURSE, with Combinations and Bridges, 
consisting of Short Vowels with Double Consonants, 6V. 

THE THIRD AND FOURTH COURSES, consisting of 
Long Vowels, and all the Double Vowels in the Language. 
6d. 



**< 



1 These are admirable books, ( because thejr are constructed on a prin- 
ciple, and that the simplest principle on which it is possible to learn to read 
English.' — Spectator. 

TANNER— FIRST PRINCIPLES OF A GRICUL TURE. By 
H. Tanner, F.C.S., Professor of Agricultural Science, 
University College, Aberystwith, &c i8mo. is. 

TMLYLOBr-WORbs AND PLACES; or, Etymological Illus- 
trations of History, Ethnology, and Geography. By the Rev, 
Isaac Taylor, M.A. Third and cheaper Edition, revised 
and compressed. With Maps. Globe 8vo. 6s. 

TAYLOR— ,4 PRIMER OF PIANOFORTE PLA YING. By 
Franklin Taylor. Edited by George Grovk. i8mo. is. 



— HOUSEHOLD MANAGEMENT AND 

COOKERY. . With an Appendix of Recipes used by. the 

Teachers of the National School of Cookery, By W. B. 

Tegetmeier. Compiled at the request of the School Board 

for London. i8mo. is. 

"Admirably adapted to the use for which it is designed." — Athekaum. 

"A seasonable and thoroughly practical manual. ... It can be consulted 
readily and the information it contains is given in the simplest language.". 
— Pall Mall Gazette. 
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T-FIRST LESSONS IN BOOKKEEPING. By 
J. Thornton. Crown 8vo. 2s. 6d. 

The ^object of this volume is to make the theory of Book-keeping suf- 
ficiently plain for even children to understand it. 

THRINO — Works by Edward Thring, M.A., Head Master of 
Uppingham. 

THE ELEMENTS OF GRAMMAR TAUGHT /A 
ENGLISH. With Questions. Fourth Edition. i8mo. 2s. 

TRENCH (ARCHBISHOP)— Works by R. C. Trench, D.D., 
Archbishop of Dublin. 

HOUSEHOLD BOOK OF ENGLISH POETRY. Selected 
and Arranged, with Notes. Third Edition. Extra fcap. 8vo. 
$s. 6d. 

ON THE STUDY OF WORDS. Seventeenth Edition, 
revised. Fcap. 8vo. 5^ 

ENGLISH, PAST AND PRESENT. Tenth Edition, 
revised and improved. Fcap. fcvo. 5*. 

A SELECT GLOSSARY OF ENGLISH WORDS, used 
formerly in Senses Different from their Present. Fifth 
Edition, revised and enlarged. Fcap. 8vo. $s. 

VAUGHAN (O. M.)- WORDS FROM THE POETS. By 
C. M. Vaughan. New Edition. i8mo. cloth, is. 

VINCENT and DlCKBOVt— HANDBOOK TO MODERA 

GREEK. By Edgar Vincent, Coldstream Guards, and 

T. G. Dickson, M.A. 'With Preface by Professor J. S. 

Blackie. Extra fcap. 8vo. 5*. 

" This is a grammar and conversation hook in one, and avoids with great 
success die tediousness too common in grammars and the silliness too 

common in conversation hooks It will not be Messrs. Vincent and 

Dickson's fault if their work does not contribute materially to the study 
of Greek by Englishmen as a living language."— Pall Mall Gazbttb. 

WHITNEY— Works by WILLIAM D. Whitney, Professor of 
Sanskrit and Instructor in Modern Languages in Yale College. 

A COMPENDIOUS GERMAN GRAMMAR. Crown 
8vo. ds. 6d. 

A GERMAN READER IN PROSE AND VERSE, with 
Notes and Vocabulary. Crown 8ra $s 
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WH IT NEY AMD EDQRBN— A COMPENDIOUS GERMAN 
AND ENGLISH DICTIONARY, with Notation of Cor- 
respondences and Brief Etymologies. By Professor W. D. 
. Whitney, assisted by A. H. EdgrbxT. Crown 8vo. p.6d. 

THE GERMAN-ENGLISH PART, separately, £r. 

WRIGHT— THE SCHOOL COOKERY BOOK, Compiled 
and Edited by C. E. Guthrie Wright, Hon. Sec. to the 
Edinburgh School- of Cookery. i8mo. is. 

Sir T. D. Acland, Bart., says of this book :— " I think the " Schoo 
Cookery Book " the best cheap manual which I have seen on the subject. 
I hope teachers will welcome it. But it seems to me likely to be even 
more useful for domestic purposes in all ranks short of those served by 
professed cooks The receipts are numerous and precise, the explana- 
tion of principles clear. The chapters on the adaptation of food to 
varying circumstances, age, climate, employment, health, and on infants' 
food, seem to me excellent." 

YONGB (CHARLOTTE M>— THE ABRIDGED BOOK OP 
GOLDEN DEEDS. A Reading Book for Schools and 
general readers. By the Author of "The Heir of Red. 
clyffe." i8mo. cloth, u. 



